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1 Introduction

Multiple images, microlensing (with appreciable magni cations) and arcs in
clusters are phenomena oftrong lensing In weak gravitational lensing the
Jacobi matrix A is very close to the unit matrix, which implies weak dis-
tortions and small magni cations. Those cannot be identi ed in individual
sources, but only in a statistical sense. Because of that, # accuracy of any
weak lensing study will depend on the number of sources whicban be used
for the weak lensing analysis. This number can be made largether by having
a large number density of sources, or to observe a large solahgle on the sky,
or both. Which of these two aspects is more relevant dependsmothe speci ¢
application. Nearly without exception, the sources emploed in weak lensing
studies up to now are distant galaxies observed in the optickor near-IR pass-
band, since they form the densest population of distant objets in the sky
(which is a statement both about the source population in the Universe and
the sensitivity of detectors employed in astronomical obsevations). To ob-
serve large number densities of sources, one needs deep otstions to probe
the faint (and thus more numerous) population of galaxies. Rint galaxies,
however, are small, and therefore their observed shape isrsingly a ected by
the Point Spread Function, caused by atmospheric seeing (foground-based
observations) and telescope e ects. These e ects need to beell understood
and corrected for, which is the largest challenge of obsertmnal weak lensing
studies. On the other hand, observing large regions of the gkquickly leads
to large data sets, and the problems associated with handlig them. We shall
discuss some of the most important aspects of weak lensing sérvations in
Sect. 3.

The e ects just mentioned have prevented the detection of wak lensing
e ects in early studies with photographic plates (e.g., Tyson et al. 1984); they
are not linear detectors (so correcting for PSF e ects is notreliable), nor are
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they sensitive enough for obtaining su ciently deep images Weak lensing re-
search came through a number of observational and technicaldvances. Soon
after the rst giant arcs in clusters were discovered (see S&. 1.2 of Schnei-
der, this volume; hereafter referred to as IN) by Soucail et & (1987) and
Lynds & Petrosian (1989), Fort et al. (1988) observed objecs in the lensing
cluster Abell 370 which were less extremely stretched thanhe giant arc, but
still showed a large axis ratio and was aligned in the directhn tangent to its
separation vector to the cluster center; they termed these mages “arclets'.
Indeed, with the spectroscopic veri cation (Mellier et al. 1991) of the arclet
A5 in A 370 being located at much larger distance from us than he lensing
cluster, the gravitational lens origin of these arclets wasproven. When the
images of a few background galaxies are deformed so stronglyat they can
be identi ed as distorted by lensing, there should be many meoe galaxy im-
ages where the distortion is much smaller, and where it can dg be detected
by averaging over many such images. Tyson et al. (1990) reptad this sta-
tistical distortion e ect in two clusters, thereby initiat ing the weak lensing
studies of the mass distribution of clusters of galaxies. Tks very fruitful eld
of research was put on a rigorous theoretical basis by Kaise® Squires (1993)
who showed that from the measurement of the (distorted) shaps of galaxies
one can obtain a parameter-free map of the projected mass digbution in
clusters.

The ourishing of weak lensing in the past ten years was mainy due to
three di erent developments. First, the potential of weak lensing was realized,
and theoretical methods were worked out for using weak lensg measure-
ments in a large number of applications, many of which will bedescribed in
later sections. This realization, reaching out of the lenahg community, also
slowly changed the attitude of time allocation committees, and telescope
time for such studies was granted. Second, returning to theriitial remark,
one requires large elds-of-views for many weak lensing apigation, and the
development of increasingly large wide- eld cameras instéed at the best as-
tronomical sites has allowed large observational progres® be made. Third,
quantitative methods for the correction of observations e ects, like the blur-
ring of images by the atmosphere and telescope optics, haveebn developed,
of which the most frequently used one came from Kaiser et al. 995). We
shall describe this technique, its extensions, tests and #rnative methods in
Sect. 3.5.

We shall start by describing the basics of weak lensing in Séc2, namely
how the shear, or the projected tidal gravitational eld of t he intervening
matter distribution can be determined from measuring the shapes of images
of distant galaxies. Practical aspects of observations andhe measurements
of image shapes are discussed in Sect. 3. The next two sect®are devoted
to clusters of galaxies; in Sect. 4, some general propertiesf clusters are
described, and their strong lensing properties are consided, whereas in Sect.
5 weak lensing by clusters is treated. As already mentionedthis allows us
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to obtain a parameter-free map of the projected (2-D) mass ditribution of
clusters.

We then turn to lensing by the inhomogeneously distributed matter distri-
bution in the Universe, the large-scale structure. Starting with Gunn (1967),
the observation of the distortion of light bundles by the inhomogeneously dis-
tributed matter in the Universe was realized as a unique proke to study the
properties of the cosmological (dark) matter distribution. The theory of this
cosmic shear e ect, and its applications, was worked out in he early 1990's
(e.g., Blandford et al. 1991). In contrast to the lensing siuations studied in
the rest of this book, here the de ecting mass is manifestly hree-dimensional,
we therefore need to generalize the theory of geometricalithin mass distri-
butions and consider the propagation of light in an inhomog@eous Universe.
As will be shown, to leading order this situation can again bedescribed in
terms of an “equivalent' surface mass density. The theoretal aspects of this
large-scale structure lensing, or cosmic shear, are contad in Sect. 6. Al-
though the theory of cosmic shear was well in place for quite ame time, it
took until the year 2000 before it was observationally discoered, indepen-
dently and simultaneously by four groups. These early resus, as well as the
much more extensive studies carried out in the past few yearsare presented
and discussed in Sect. 7. In Sect. 8, we consider the weak lémg e ects of
galaxies, which can be used to investigate the mass pro le ajalaxies. As we
shall see, this galaxy-galaxy lensing, rst detected by Branerd et al. (1996),
is directly related to the connection between the galaxy digribution in the
Universe and the underlying (dark) matter distribution; th is lensing e ect is
therefore ideally suited to study the biasing of galaxies; v shall also describe
alternative lensing e ects for investigating the relation between luminous and
dark matter. In the nal Sect. 9 we discuss higher-order cosnt shear statis-
tics and how lensing by the large-scale structure a ects thelens properties
of localized mass concentrations. Some nal remarks are gén in Sect. 10.

Until very recently, weak lensing has been considered by a csiderable
fraction of the community as “black magic' (or to quote one menber of a PhD
examination committee: \You have a mass distribution about which you don't
know anything, and then you observe sources which you don't kow either,
and then you claim to learn something about the mass distribdion?"). Most
likely the reason for this is that weak lensing is indeed weakOne cannot “see'
the e ect, nor can it be graphically displayed easily. Only by investigating
many faint galaxy images can a signal be extracted from the d&@, and the
human eye is not su cient to perform this analysis. This is di erent even
from the analysis of CMB anisotropies which, similarly, nea to be analyzed
by statistical means, but at least one can display a temperatire map of the
sky. However, in recent years weak lensing has gained a lot afredibility,
not only because it has contributed substantially to our knowledge about
the mass distribution in the Universe, but also because di eent teams, with
di erent data set and di erent data analysis tools, agree on their results.
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Weak lensing has been reviewed before; we shall mention onlye ex-
tensive reviews. Mellier (1999) provides a detailed compdtion of the weak
lensing results before 1999, whereas Bartelmann & Schneidé001; hereafter
BS01) present a detailed account of the theory and technicaaspects of weak
lensing! More recent summaries of results can also be found in Wittman
(2002) and Refregier (2003a), as well as the cosmic shear iew by van
Waerbeke & Mellier (2003).

The coverage of topics in this review has been a subject of choe; no
claim is made about completeness of subjects or references particular,
due to the lack of time during the lectures, the topic of weak Ensing of
the CMB temperature uctuations has not been covered at all, and is also
not included in this written version. Apart from this increa singly important
subject, | hope that most of the currently actively debated aspects of weak
lensing are mentioned, and the interested reader can nd hemway to more
details through the references provided.

2 The principles of weak gravitational lensing

2.1 Distortion of faint galaxy images

Images of distant sources are distorted in shape and size, ivg to the tidal

gravitational eld through which light bundles from these s ources travel to us.
Provided the angular size of a lensed image of a source is musmaller than
the characteristic angular scale on which the tidal eld varies, the distortion
can be described by the linearized lens mapping, i.e., the &bi matrix A.
The invariance of the surface brightness by gravitational Ight de ection,

I( )= 1®] ()] together with the locally linearized lens equation,

0o=A(0) ( 0); 1)
where ,= ( o), then describes the distortion of small lensed images as
1()= 197 o+ A( 0) ( o)l : @)
We recall (see IN) that the Jacobi matrix can be written as
_ 1 o o . _ ()
A()=(Q1 ; where = — 3
is the reduced shear, and theg , = 1;2, are its Cartesian components.

The reduced shear describes the shape distortion of imagebrough gravita-
tional light de ection. The (reduced) shear is a 2-componen quantity, most

1 We follow here the notation of BSO01, except that we denote the angular diameter
distance explicitly by D?"9, whereasD is the comoving angular diameter distance,
which we also write as fk , depending on the context; see Sect. 4.3 of IN for more
details. In most cases, the distance ratio Dys=Ds is used, which is the same for
both distance de nitions.
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conveniently written as a complex number,
= 1+ =] ¢ g=mtig=igée | @

its amplitude describes the degree of distortion, whereasts phase' vyields
the direction of distortion. The reason for the factor “2' in the phase is the
fact that an ellipse transforms into itself after a rotation by 180 . Consider a
circular source with radius R (see Fig. 1); mapped by the local Jacobi matrix,
its image is an ellipse, with semi-axes

R R _ R R

T 1 @ )aje ~ T +jj @ Ha+id)

and the major axis encloses an anglé with the positive i-axis. Hence,
if sources with circular isophotes could be identi ed, the measured image
ellipticities would immediately yield the value of the reduced shear, through
the axis ratio

.. 1 b=a 9_1jgj
9= T9p=a *  a T+jg

and the orientation of the major axis ' . In these relations it was assumed
that b a, and jgj < 1. We shall discuss the casggj > 1 later.

convergence and

: . N
L L

1) convergence only

Fig. 1. A circular source, shown at the left, is mapped by the inverse Jacobian A 1!

onto an ellipse. In the absence of shear, the resulting imageis a circle with modi ed

radius, depending on . Shear causes an axis ratio di erent from unity, and the

orientation of the resulting ellipse depends on the phase of the shear (source: M.
Bradac)

However, faint galaxies are not intrinsically round, so tha the observed
image ellipticity is a combination of intrinsic ellipticit y and shear. The strat-
egy to nevertheless obtain an estimate of the (reduced) sheaconsists in
locally averaging over many galaxy images, assuming that ta intrinsic ellip-
ticities are randomly oriented. In order to follow this strategy, one needs to
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clarify rst how to de ne “ellipticity' for a source with arb itrary isophotes

(faint galaxies are not simply elliptical); in addition, seeing by the atmo-

spheric turbulence will blur { and thus circularize { observed images, together
with other e ects related to the observation procedure. We will consider these
issues in turn.

2.2 Measurements of shapes and shear

De nition of image ellipticities. Let 1 ( ) be the brightness distribution
of an image, assumed to be isolated on the sky; the center of ¢himage can

be de ned as R
G2 L(O)all()]
a2 1 ()all()l

where g (1) is a suitably chosen weight function; e.g., ifgq (1) = H(l 1),

where H(x) is the Heaviside step function, would be the center of light
within a limiting isophote of the image. We next de ne the ten sor of second
brightness moments,

R
@1 (Rl OIG DG D)
@1 ()al()] |

Note that for an image with circular isophotes, Q11 = Q22, and Q12 = 0.
The trace of Q describes the size of the image, whereas the traceless pait o
Qj contains the ellipticity information. From Qj;; , one de nes two complex
ellipticities,

Qi1 Q22 +2iQ1 a Qi1 Q22 +2iQu e
Qu1 + Q2 Q1+ Q22 +2(Q11Q2 )2

Both of them have the same phase (because of the same numeratobut a

di erent absolute value. Fig. 2 illustrates the shape of images as a function
of their complex ellipticity . For an image with elliptical isophotes of axis
ratio r 1, one obtains

®)

Qi = ij 2f1;,29: (6)

O A

Sree T ®)

i

Which of these two de nitions is more convenient depends on lhe context;
one can easily transform one into the other,

2
= = —. 9
1+ j A2 1+jj? ©
In fact, other (but equivalent) ellipticity de nitions hav e been used in the lit-
erature (e.g., Kochanek 1990; Miralda{Escuck 1991; Bonne& Mellier 1995),
but the two given above appear to be most convenient.
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00 0 0 0 0 0 0 0 o = Fig.2. The shape of image ellipses

for a circular source, in dependence
on their two ellipticity components 1
or) 0 0 0 0o o o o o = <=+ and »; a corresponding plot in term
of the ellipticity components ; would
look quite similar. Note that the ellip-

b v e e e s s s = idities are rotated by 90 when !
T NN (source: D. Clowe)
NN N Y D <
NN N
‘71 7[‘)5 C‘] 015 1
From source to image ellipticities. In total analogy, one de nes the

®

second-moment brightness tensoQy”, and the complex ellipticites © and

®) for the unlensed source. From

R
1O al9ONC D )
21O )gIe( ) '

one nds with d2 =det A d? , = A , that

QY = ij 2f1,29; (10)

Q® = AQAT = AQA; (11)

where A A (). Using the de nitions of the complex ellipticities, one n ds
the transformations (e.g., Schneider & Seitz 1995; Seitz & &hneider 1997)

© 29+ ¢ L® =

= Tvjg? Re@ ) (12)

8
9 ig 1
315 Md L
31 g

if jgj > 1:

The inverse transformations are obtained by interchangingsource and image
ellipticities, and g! g in the foregoing equations.

Estimating the (reduced) shear. In the following we make the assump-
tion that the intrinsic orientation of galaxies is random,

E () = 0=E ©) : (13)

which is expected to be valid since there should be no direatin singled out in
the Universe. This then implies that the expectation value d is [as obtained
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by averaging the transformation law (12) over the intrinsic source orientation]
8
<g ifjg 1
EC)=. (14)
1=g ifjg>1:

This is a remarkable result (Schramm & Kaiser 1995; Seitz & Seneider 1997),
since it shows that each image ellipticity provides an unbiged estimate of the
local shear, though a very noisy one. The noise is determinebly the intrinsic

ellipticity dispersion q
= ® ©

in the sense that, when averaging oveiN galaxy images all subject to the
same reduced shear, the 1-deviation of their mean ellipticity from the true

shear is = N. A more accurate estimate of this error is

= 1 min jgi%jg * = N (15)
(Schneider et al. 2000). Hence, the noise can be beaten dowiy kveraging
over many galaxy images; however, the region over which thehgar can be
considered roughly constant is limited, so that averaging wer galaxy images is
always related to a smoothing of the shear. Fortunately, weile in a Universe
where the sky is “full of faint galaxies', as was impressivgldemonstrated by
the Hubble Deep Field images (Williams et al. 1996) and prevausly from
ultra-deep ground-based observations (Tyson 1987). Thefere, the accuracy
of a shear estimate depends on the local number density of gaties for which
a shape can be measured. In order to obtain a high density, oneequires
deep imaging observations. As a rough guide, on a 3 hour expa® with a
4-meter class telescope, about 30 galaxies per arcrdinan be used for a shape
measurement.

In fact, considering (14) we conclude that the expectation alue of the
observed ellipticity is the same for a reduced sheag and for g° = 1=g.
Schneider & Seitz (1995) have shown that one cannot distinggh between
these two values of the reduced shear from a purely local meaement, and
term this fact the “local degeneracy’; this also explains tle symmetry between
jgi and jgj ! in (15). Hence, from a local weak lensing observation one can
not tell the case jgj < 1 (equivalent to detA > 0) from the one of jgj > 1
or detA < 0. This local degeneracy is, however, broken in large- eld bser-
vations, as the region of negative parity of any lens is smallthe Einstein
radius inside of whichjgj > 1 of massive lensing clusters is typically< 30°0
compared to data elds of several arcminutes used for weak lesing studies
of clusters), and the reduced shear must be a smooth functionf position on
the sky.

Whereas the transformation between source and image ellitity appears
simpler in the case of than {see (12), the expectation value of cannot be
easily calculated and depends explicitly on the intrinsic dipticity distribution
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of the sources. In particular, the expectation value of is not simply related
to the reduced shear (Schneider & Seitz 1995). However, in thweak lensing
regime, 1,jj 1, one nds

g hi h_2|: (16)

2.3 Tangential and cross component of shear

Components of the shear. The shear components ; and , are de ned
relative to a reference Cartesian coordinate frame. Note tht the shear isnot
a vector (though it is often wrongly called that way in the lit erature), owing
to its transformation properties under rotations: Whereas the components
of a vector are multiplied by cos' and sin' when the coordinate frame is
rotated by an angle' , the shear components are multiplied by cos(2) and
sin(2' ), or simply, the complex shear gets multiplied by e 2" . The reason for
this transformation behavior of the shear traces back to itsoriginal de nition
as the traceless part of the Jacobi matrixA. This transformation behavior is
the same as that of the linear polarization; the shear is theefore apolar. In
analogy with vectors, it is often useful to consider the sheacomponents in
a rotated reference frame, that is, to measure them w.r.t. a derent direc-
tion; for example, the arcs in clusters are tangentially algned, and so their
ellipticity is oriented tangent to the radius vector in the c luster.

Fig. 3. llustration of the tangen-
tial and cross-components of the
shear, for an image with ; =0:3,
0:3 2 =0, and three di erent direc-
0:0 tions with respect to a reference
point (source: M. Bradac)

If species a direction, one de nes thetangential and cross components
of the shearrelative to this direction as

= Re e? : =lm e? ; (17)

For example, in case of a circularly-symmetric matter distibution, the shear
at any point will be oriented tangent to the direction toward s the center
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of symmetry. Thus in this case choose to be the polar angle of a point;
then, = 0. In full analogy to the shear, one de nes the tangential and
cross components of an image ellipticity, ¢ and . An illustration of these
de nitions is provided in Fig. 3.

The sign in (17) is easily explained (and memorized) as follws: consider
a circular mass distribution and a point on the j-axis outside the Einstein
radius. The image of a circular source there will be stretche in the direction
of the ,-axis. In this case, =0 in (17), the shear is real and negative, and
in order to have the tangential shear positive, and thus to dene tangential
shear in accordance with the intuitive understanding of the word, a minus
sign is introduced. Negative tangential ellipticity impli es that the image is
oriented in the radial direction. We warn the reader that sign conventions and
notations have undergone several changes in the literatureand the current
author had his share in this.

Minimum lens strength for its weak lensing detection. As a rst
application of this decomposition, we consider how massiva lens needs to
be in order that it produces a detectable weak lensing signaFor this purpose,
consider a lens modeled as an SIS with one-dimensional veltycdispersion

v. In the annulus j, out » Centered on the lens, let there beN galaxy
images with positions ; = j(cos j;sin ;) and (complex) ellipticities ;. For
each one of them, consider the tangential ellipticity

i=Re jedi : (18)

The weak lensing signal-to-noise for the detection of the les obtained by
considering a weighted average over the tangential elliptity is (see BS01,
Sect. 4.5)

S p—Pp ———
L T T(PPEY)
1=2 2
n 1 v
=84 —— — _— 19
30arcmin 2 0:3 600kms ! (19)
|I"I( out = in) =2 Dags .
In10 Ds '

where ¢ =4 ( ,=0?(Dgs=Ds) is the Einstein radius of an SIS,n the mean
number density of galaxies, and the average of the distanceatio is taken
over the source population from which the shear measuremestare obtained.
Hence, the S/N is proportional to the lens strength (as measted by g),
the square root of the number density, and inversely proportonal to , as
expected. From this consideration we conclude that clustes of galaxies with

v = 600knrs can be detected with su ciently large S/N by weak lensing,
but individual galaxies ( y < 200 knrs) are too weak as lenses to be detected
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individually. Furthermore, the nal factor in (19) implies that, for a given
source population, the cluster detection will be more di cu lt for increasing
lens redshift.

Mean tangential shear on circles. In the case of axi-symmetric mass
distributions, the tangential shear is related to the surface mass density ( )
and the mean surface mass density( ) inside the radius by ; = , as

can be easily shown by the relation in Sect. 3.1 of IN. It is rerarkable that
a very similar expression holds for general matter distribdions. To see this,
we start from Gauss' theorem, which states that
z I
d*#rr = dr n;
0
where the integral on the left-hand side extends over the ara of a circle of
radius (with its center chosen as the origin of the coordinate systm), is
an arbitrary scalar function, the integral on the right exte nds over the circle
with radius , and n is the outward directed normal on this circle. Taking
to be the de ection potential and noting that r 2 =2 , one obtains

Z I
1 @
m = dH #)= — d = 20
O = & @)= o (20)
where we used thatr n = . . Dierentiating this equation with respect
to yields |
dm _m @
= 4+ — v = :
g > d @z (21)
Consider a point on the j-axis; there, . = 5 3= + 1= t. This

last expression is independent on the choice of coordinatesd must therefore
hold for all * . Denoting by h ( )i and h {( )i the mean surface mass density
and mean tangential shear on the circle of radius, (21) becomes

dn m

G =+ hOih (Ol (22)

The dimensionless mass( ) in the circle is related to the mean surface mass
density inside the circle () by
z
m()= 2 ()=2 d# # h (#)i : (23)
0

Together with dm=d =2 h ()i, (22) becomes, after dividing through
hii= h i; (24)

a relation which very closely matches the result mentioned bove for axi-
symmetric mass distributions (Bartelmann 1995). One impotant immediate
implication of this result is that from a measurement of the tangential shear,
averaged over concentric circles, one can determine the amuthally-averaged
mass pro le of lenses, even if the density is not axi-symmeic.



12 P. Schneider

2.4 Magni cation e ects

Recall from IN that a magni cation  changes source counts according to

n(>s; ;z)= ) no >
wheren(> S;z) and no(> S; z) are the lensed and unlensed cumulative num-
ber densities of sources, respectively. The rst argument bny accounts for
the change of the ux (which implies that a magni cation > 1 allows the
detection of intrinsically fainter sources), whereas the pefactor in (25) stems
from the change of apparent solid angle. In the case thaho(S)/ S , this
yields

'z (25)

n(>S) _ 1.
no(>S) ’

and therefore, if > 1 (< 1), source counts are enhanced (depleted); the
steeper the counts, the stronger the e ect. In the case of wdalensing, where
j 1j 1, one probes the source counts only over a small range in ux,
so that they can always be approximated (locally) by a power aw. Provided

(26)

that 1,j j 1, afurther approximation applies,
: n(>s) :
1+2 ; and G S) 1+2( 1) : (27)

Thus, from a measurement of the local number densityn(> S) of galaxies,
can in principle be inferred directly. It should be noted that 1 for galax-
ies in the B-band, but in redder bands, < 1 (e.g., Ellis 1997); therefore,
one expects a depletion of their counts in regions of magni ation > 1.
Broadhurst et al. (1995) have discussed in detail the e ectsof magni cation
in weak lensing. Not only are the number counts a ected, but snce this is
a redshift-dependent e ect (since both and depend, for a given physi-
cal surface mass density, on the source redshift), the redgh distribution of
galaxies is locally changed by magni cation.

Since magni cation is merely a stretching of solid angle, Batelmann &
Narayan (1995) pointed out that magni ed images at xed surface bright-
ness have a larger solid angle than unlensed ones; in additip the sur-
face brightness of a galaxy is expected to be a strong functio of redshift
[I / (1+ z) *], owing to the Tolman e ect. Hence, if this e ect could be
harnessed, a (redshift-dependent) magni cation could be reasured statisti-
cally. Unfortunately, this method is hampered by observational di culties;
it seems that estimating a reliable estimate for the surfacebrightness from
seeing-convolved images (see Sect. 3.5) is even more di dihan determining
image shapes.
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, | Fig.4. The size of galaxies ob-
F : 1 served with the ACS camera on-
: board HST. Small dots denote
the half-light radius of individual
galaxies, bigger points with er-
ror bars show the mean size in
a magnitude bin. The horizon-
tal line of point at ry 0°bs
correspond to stellar images in
the ACS elds, as they have all
the same size but vary in magni-
tude, and points at even smaller
size are noise artefacts which are
not used for any lensing analysis
(source: T. Schrabback)
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3 Observational issues and challenges

Weak lensing, employing the shear method, relies on the sh@measurements
of faint galaxy images. Since the noise due to intrinsic elpticity dispersion is
/= n, one needs a high number densityh to beat this noise component
down. However, the only way to increase the number density ofjalaxies is
to observe to fainter magnitudes. As it turns out, galaxies d faint magni-
tudes are small, in fact typically smaller than the size of the point-spread
function (PSF), or the seeing disk (see Fig. 4). Hence, for ttm one needs
usually large correction factors between the true elliptidgty and that of the
seeing-convolved image. On the other hand, fainter galax&tend to probe
higher-redshift galaxies, which increases the lensing si@l due to Dys=Ds-
dependence of the “lensing e ciency'.

3.1 Strategy

In the present observational situation, only the optical sky is densely popu-
lated with sources; therefore, weak lensing observationsra performed with
optical (or near-IR) CCD-cameras (photometric plates are rot linear enough
to measure these subtle e ects). In order to substantiate ths comment, note
that the Hubble Deep Field North contains about 3000 galaxies, but only
seven radio sources are detected in a very deep integrationith the VLA

(Richards et al. 1998)2 In order to obtain a high number density of sources,

2 The source density on the radio sky will become at least comparable to that
currently on the optical sky with the future Square Kilomete r Array (SKA).
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long exposures are needed: as an illustrative example, to ga number den-
sity of useful galaxies (i.e., those for which a shape can be easured reliably)
ofn  20arcmin 2, one needs 2 hours integration on a 4-m class telescope
in good seeing < 1%

Furthermore, large solid angles are desired, either to getirge areas around
clusters for their mass reconstruction, or to get good stattics of lenses on
blank eld surveys, such as they are needed for galaxy-galaxlensing and cos-
mic shear studies. It is now possible to cover large area in esonable amounts
of observing time, since large format CCD cameras have recdn become
available; for example, the Wide-Field Imager (WFI) at the ESO/MPG 2.2-
m telescope at La Silla has (8K¥ pixels and covers an area of (0:5degy.
Until recently, the CFH12K camera with 8K 12K pixels and eld 3 4%°
was mounted at the Canada-French-Hawaii Telescope (CFHT) a Mauna Kea
and was arguably the most e cient wide- eld imaging instrum ent hitherto.
In 2003, MegaCam has been put into operation on the CFTH whichhas
(18K)2 pixels and covers 1dedf. Several additional cameras of comparable
size will become operational in the near future, including he 1 ded instru-
ment OmegaCAM on the newly built VLT Survey Telescope on Paranal. The
largest eld camera on a 10-m class telescope is SuprimeCAMy 34 27°
multi-chip camera on the Subaru 8.2-meter telescope. Unfdunately, many
optical astronomers (and decision making panels of large €lities) consider
the prime use of large telescopes to be spectroscopy; for erple, although
the four ESO VLT unit telescopes are equipped with a total of ten instru-
ments, the largest imagers on the VLT are the two FORS instrunents, with
a 6% eld-of-view.3

The typical pixel size of these cameras is 0°2, which is needed to sample
the seeing disk in times of good seeing. From Fig. 4 one condas immediately
that the seeing conditions are absolutely critical for weaklensing: an image
with 096 is substantially more useful than one with taken under the nore
typical condition of 0°8 (see Fig.5). There are two separate reasons why the
seeing is such an important factor. First, seeing blurs the mages and make
them rounder; accordingly, to correct for the seeing e ect,a larger correction
factor is needed in the worse seeing conditions. In additionsince the galaxy
images from which the shear is to be determined are faint, a laer seeing
smears the light from these galaxies over a larger area on thsky, reducing
its contrast relative to the sky noise, and therefore leads ¢ noisier estimates
of the ellipticities even before the correction.

% Nominally, the VIMOS instrument has a four times larger f.0. v., but our analysis
of early VIMOS imaging data indicates that it is totally usel ess for weak lensing
observations, owing to its highly anisotropic PSF, which ev en seems to show
discontinuities on chips, and its large variation of the seeing size across chips. It
may be hoped that some of these image defects are improved afr a complete
overhaul of the instrument which occurred recently.
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Fig.5. Mean number density of galaxy images for which a shape can be neasured
(upper row) and the r.m.s. noise of a shear measurement in an aea of 1 arcmin? as
a function of the full width at half maximum (FWHM) of the poin  t-spread function

(PSF) { i.e., the seeing. The data were taken on 20 di erent e Ids with the FORS2

instrument at the VLT, with dierent Iters (I, R, V and R). Sq uares show data
taken with about 2 hours integration time, circles those wit h 45 min exposure.
The right-most panels show the coadded data of I,R,V for the | ong exposures, and
1,V,B for the 45 min elds. The useful number of galaxy images is seen to be a strong
function of the seeing, except for the I-band (which is relat ed to the higher sky

brightness and the way objects are detected). But even more dramatically, the noise

due to intrinsic source ellipticity decreases strongly for better seeing conditions,

which is due to (1) higher number density of galaxies for which a shape can be
measured, and (2) smaller corrections for PSF blurring, red ucing the associated
noise of this correction. In fact, this gure shows that seei ng is a more important

quantity than the total exposure time (from Clowe et al. 2004 b)

Deep observations of a eld require multiple exposures. As &haracteristic
number, the exposure time for an R-band image on a 4-m class lescope is
not longer than 10 min to avoid the non-linear part of the CCD sensitivity
curve (exposures in shorter wavelength bands can be longesjnce the night
sky is fainter in these lIters). Therefore, these large-fomat cameras imply a
high data rate; e.g., one night of observing with the WFI yields 30 GB of
science and calibration data. This number will increase by afactor 6 for
MegaCam. Correspondingly, handling this data requires lage disk space for
e cient data reduction.
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3.2 Data reduction: Individual frames

We shall now consider a number of issues concerning the redimn of imaging
data, starting here with the steps needed to treat individua chips on indi-
vidual frames, and later consider aspects of combining theninto a coadded
image.

Flatelding.  The pixels of a CCD have di erent sensitivity, i.e., they yield
di erent counts for a given amount of light falling onto them . In order to
calibrate the pixel sensitivity, one needs at elding. Thr ee standard methods
for this are in use:

1. Dome- ats: a uniformly illuminated screen in the telescqpe dome is ex-
posed; the counts in the pixels are then proportional to thef sensitivity.
The problem here is that the screen is not really of uniform bightness.

2. Twilight- ats: in the period of twilight after sunset, or before sunrise, the
cloudless sky is nearly uniformly bright. Short exposures bregions of the
sky without bright stars are then used to calibrate the pixel sensitivity.

3. Super ats: if many exposures with di erent pointings are taken with a
camera during a night, then any given pixel is not covered by asource for
most of the exposures (because the fraction of the sky at higlgalactic
latitudes which is covered by objects is fairly small, as deronstrated by
the deep elds taken by the HST). Hence, the (exposure-time wrmalized)
counts of any pixel will show, in addition to a little tail due to those ex-
posures when a source has covered it, a distribution arounds sensitivity
to the uniform night-sky brightness; from that distributio n, the at- eld
can be constructed, by taking its mode or its median.

Bad pixels. Each CCD has defects, in that some pixels are dead or show
a signal unrelated to their illumination. This can occur as individual pixels,
or whole pixel columns. No information of the sky image is avdable at these
pixel positions. One therefore employs dithering: severakxposures of the
same eld, but with slightly di erent pointings (dither pos itions) are taken.
Then, any position of the eld falls on bad pixels only in a smal fraction
of exposures, so that the full two-dimensional brightness @tribution can be
recovered.

Cosmic rays. Those mimic groups of bad pixels; they can be removed owing
to the fact that a given point of the image will most likely be hit by a cosmic
only once, so that by comparison between the di erent expostes, cosmic rays
can be removed (or more precisely, masked). Another signate of a cosmic
ray is that the width of its track is typically much smaller th an the seeing
disk, the minimum size of any real source.
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Fig.6. A at eld for the CFH12K camera, showing the sensitivity var iations
between pixels and in particular between chips. Also, bad columns are clearly seen

Bright stars. Those cause large diraction spikes, and depending on the
optics and the design of the camera, re ection rings, ghostrnages and other

unwanted features. It is therefore best to choose elds whex no or very few

bright stars are present. The di raction spikes of stars nea to be masked, as
well as the other features just mentioned.

Fringes. Owing to light re ection within the CCD, patterns of illumin ation
across the eld can be generated (see Fig. 8); this is partidarly true for thin
chips when rather long wavelength lters are used. In clear ights, the fringe
pattern is stable, i.e., essentially the same for all imagesaken during the
night; in that case, it can be deduced from the images and subacted o
the individual exposures. However, if the nights are not clar, this procedure
no longer works well; it is then safer to observe at shorter waelength. For
example, for the WFI, fringing is a problem for I-band images but for the
R-band Iter, the amplitude of fringing is small. For the FOR S instruments
at the VLT, essentially no fringing occurs even in the | band (Maoli et al.
2001).

Gaps. The individual CCDs in multi-chip cameras cannot be brought to-
gether arbitrarily close; hence, there are gaps between th€CDs (see Fig.9
for an example). In order to cover the gaps, the dither pattem can be chosen
such as to cover the gaps, so that they fall on di erent parts d the sky in
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Fig.7. A raw frame from the CFH12K camera, showing quite a number of e f-
fects mentioned in the text: bad column, saturation of brigh t stars, bleeding, and
sensitivity variations across the eld and in particular be tween chips

di erent exposures. As we shall see, such relatively largeither patterns also
provide additional advantages.

Satellite trails, asteroid trails. Those have to be identi ed, either by
visual inspection (currently the default) or by image recogition software
which can detect these linear features which occur either dg once, or at
di erent positions on di erent exposures. These are then maked, in the same
way as some of the other features mentioned above.

3.3 Data reduction: coaddition

After taking several exposures with slightly di erent poin ting positions (for
the reasons given above), frames shall be coadded to a sumafne; some of
the major steps in this coaddition procedure are:

Astrometric solution. One needs to coadd data from the same true (or
sky) position, not the same pixel position. Therefore, one eeds a very precise
mapping from sky coordinates to pixel coordinates. Field détortions, which
occur in every camera (and especially so in wide- eld camers), make this
mapping non-linear (see Fig.10). Whereas the distortion ma of the tele-
scope/camera system is to a large degree constant and them® one of the



Weak Gravitational Lensing 19

Fig. 8. The two left panels show the fringe patterns of images taken with the WFI
in the I-band; the upper one was taken during photometric con ditions, the lower
one under non-photometric conditions. Since the fringe pattern is spatially stable,
it can be corrected for (left panels), but the result is satis factory only in the former
case (source: M. Schirmer & T. Erben)

N

o
Fig.9. Layout of the Wide Field
Wy | Imager (WFI) at the ESO/MPG
ot 2.2m telescope at La Silla. The
eight chips each have 2048
4096 pixels and cover 75 15°
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known features, it is not stable to the sub-pixel accuracy neded for weak lens-
ing work, owing to its dependence on the zenith angle (geometal distortions

of the telescope due to gravity), temperature etc. Therefoe, the pixel-to-sky
mapping has to be obtained from the data itself. Two methods @ used to
achieve this: one of them makes use of an external referencatalog, such
as the US Naval Observatory catalogue for point sources; it entains about

2 point sources per arcmifd (at high Galactic latitudes) with 0:3arcsec
positional accuracy. Matching point sources on the exposuwgs with those in
the USNO catalog therefore yields the mapping with sub-arcecond accuracy.
Far higher accuracy of the relative astrometry is achieved &énd needed) from
internal astrometry, which is obtained by matching objects which appear
at di erent pixel coordinates, and in particular, on diere nt CCDs for the

various dithering positions. Whereas the sky coordinates g constant, the

pixel coordinates change between dithering positions. Site the distortion

map can be described by a low-order polynomial, the comparen of many
objects appearing at (substantially) di erent pixel posit ions yield many more
constraints than the free parameters in the distortion map and thus yields

the distortion map with much higher relative accuracy than external data.

The corresponding astrometric solution can routinely achéve an accuracy of
0.1 pixel, or typically 0°02 { compared with a typical eld size of 3.

Photometric solution. Flat elding corrects for the di erent sensitivities
of the pixels and therefore yields accurate relative photoretry across indi-
vidual exposures. The di erent exposures are tied togetheiby matching the
brightness of joint objects, in particular across chip bourdaries. To achieve
an absolute photometric calibration, one needs external d& (e.g., standard
star observations).

The coaddition process.  Coaddition has to happen with sub-pixel accu-
racy; hence, one cannot just shift pixels from di erent expcsures on top of
each other, although this procedure is still used by some gups. The by-now
standard method is drizzling (Fruchter & Hook 2002), in which a new pixel
frame is de ned which usually has smaller pixel size than theoriginal image
pixels (typically by a factor of two) and which is linearly re lated to the sky
coordinates. The astrometrically and photometrically calibrated individual
frames are now remapped onto this new pixel grid, and the pixevalues are
summed up into the sub-pixel grid, according to the overlap aea between ex-
posure pixel and drizzle pixel (see Fig.11). By that, drizzing automatically
is ux conserving. In the coaddition process, weights are asigned, accounting
for the noise properties of the individual exposures (inclding the masks, of
course).

The result of the coaddition procedure is then a science fram, plus a
weight map which contains information about the pixel noise which is of
course spatially varying, owing to the masks, CCD gaps, remeed cosmic
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Fig.10. This gure shows the geometric distortion of the WFI. Plotte d is the
di erence of the positions of stars as obtained from a simple translation, and a
third-order astrometric correction obtained in the proces s of image reduction. The
patterns in the two left chips is due to their rotation relati ve to the other six chips.
Whereas this e ect looks dramatic at rst sight, the maximum length of the sticks
corresponds to about 6 pixels, or 2. Given that the WFI covers a eld of 33
the geometrical distortions are remarkably small { however , they are su ciently
large that they have to be taken into account in the coadditio n process (source: T.
Erben & M. Schirmer)

rays and bad pixels. Fig. 12 shows a typical example of a coaed image and
its corresponding weight map.

The quality of the coadded image can be checked in a number of ays.
Coaddition should not erase information contained in the oiginal exposures
(except, of course, the variability of sources). This meanghat the PSF of the
coadded image should not be larger than the weighted mean ohe PSFs of
the individual frames. Insu cient relative astrometry wou Id lead to a blurring
of images in the coaddition. Furthermore, the anisotropy ofthe PSF should
be similar to the weighted mean of the PSF anisotropies of thendividual
frames; again, insu cient astrometry could induce an arti cial anisotropy of
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Fig. 11. The principle of drizzling in the process of coaddition is sh own. The pixel
grid of each individual exposure is mapped onto an output gri d, where the shifts
and geometric distortions obtained during the astrometric solutions are applied.
The counts of the input pixel, multiplied by the relative wei ght of this pixel, are
then dropped onto the output pixels, according to the relati ve overlap area, where
the output pixels can be chosen smaller than the input pixels . The same procedure
is applied to the weight maps of the individual exposures. If many exposures are
coadded, the input pixel can also be shrunk before dropping onto the output pixel.
After processing all individual exposures in this way, a coadded image and a coadded
weight map is obtained (source: T. Schrabback)

the PSF in the coaddition (which can be easily visualized, byadding two
round images with a slight center o set, where a nite ellipt icity would be
induced).

Probably, there does not exist the “best' coadded image from given set of
individual exposures. This can be seen by considering a sef exposures with
fairly di erent individual seeing. If one is mainly interes ted in photometric
properties of rather large galaxies, one would prefer a coatition which puts
all the individual exposures together, in order to maximizethe total exposure
time and therefore to minimize the photometric noise of the @added sources.
For weak lensing purposes, such a coaddition is certainly rtooptimal, as
adding exposures with bad seeing together with those of gooseeing creates
a coadded image with a seeing intermediate between the goodd the bad.
Since seeing is a much more important quantity than depth forthe shape
determination of faint and small galaxy images, it would be better to coadd
only the images with the good seeing. In this respect, the facthat large
imaging instruments are operated predominantly in serviceobserving more
employing queue scheduling is a very valuable asset: data faveak lensing
studies are then taken only if the seeing is better than a speed limit; in
this way one has a good chance to get images of homogeneoustog seeing
conditions.

As a specic example, we show in Fig. 13 the “deepest wide- dl image
in the Southern sky', targeted towards the Chandra Deep Fietl South, one
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Fig.12. A nal coadded frame from a large number of individual exposu res with
the WFI is shown in the upper left panel, with the correspondi ng weight map at
the upper right. The latter clearly shows the large-scale in homogeneity of the chip
sensitivity and the illumination, together with the diere nt number of exposures
contributing to various regions in the output image due to di thering and the gaps
between CCDs. The two lower panels show a blow-up of the central part. Despite
the highly inhomogeneous weight, the coadded image appareitly shows no tracer
of the gaps, which indicates that a highly accurate relative photometric solution
was obtained (source: T. Erben & M. Schirmer)
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of regions in the sky in which all major observatories have ageed to obtain,
and make publically available, very deep images for a deta@ld multi-band
study. For example, the Hubble Ultra Deep Field (Beckwith et al. 2003) is
located in the CDFS, the deepest Chandra X-ray exposures artaken in this

eld, as well as two ACS@HST mosaic images, one called the GAU5 eld

(Great Observatories Origins Deep Survey; cf. Giavalisco &obasher 2004),
the other the GEMS survey (Rix et al. 2004).

3.4 Image analysis

The nal outcome of the data reduction steps described aboveas an image
of the sky, together with a weight map providing the noise prgerties of the
image. The next step is the scienti ¢ exploitation of this image, which in the
case of weak lensing includes the identi cation of sourcesand to measure
their magnitude, size and shape.

As a rst step, individual sources on the image need to be idetied, to
obtain a catalog of sources for which the ellipticities, sies and magnitudes
are to be determined later. This can done with by-now standad software, like
SExtractor (Bertin & Arnouts 1996), or may be part of specialized software
packages developed speci cally for weak lensing, such as IBAT, developed
by Nick Kaiser (see below). Although this rst step seems stiaightforward at
rst glance, it is not: images of sources can be overlappingthe brightness
distribution of many galaxies (in particular those with act ive star formation)
tends to be highly structured, with a collection of bright spots, and therefore
the software must be taught whether or not these are to be sptiinto di erent
sources, or be taken as one (composite) source. This is not lgna software
problem; in many cases, even visual inspection cannot deadwhether a given
light distribution corresponds to one or several sources. e shape and size
of the images are a ected by the point-spread function (PSF) which results
from the telescope optics, but for ground-based images, isaininated by the
blurring caused by the atmospheric turbulence; furthermore, the PSF may
be a ected by telescope guiding and the coaddition processeabcribed earlier.

The point-spread function. Atmospheric turbulence and the other e ects
mentioned above smear the image of the sky, according to
z
1°0S( )= d2#I#)P(  #); (28)

where | (#) is the brightness pro le outside the atmosphere,| °°3(#) the ob-
served brightness pro le, and P is the PSF; it describes how point sources
would appear on the image. To rst approximation, the PSF is a bell-shaped
function; its full width at half maximum (FWHM) is called the “seeing' of the
image. At excellent sites, and excellent telescopes, the smg has a median of
0°7{ (PB; exceptionally, images with a seeing of (®% can be obtained.
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Chandra Deep Field South (CDF-S)

+
(MPG/ESO 2.2-m + WEI) S
ESO PK Photo 024403 (10 January 2003) @ European Southern Observatory JES

Fig. 13. A multi-color WFI image of the CDFS; the eld is slightly larg  er than one-
half degree on the side. To obtain this image, about 450 di er ent WFI exposures
were combined, resulting in a total exposure time of 15.8 hours in B, 15.6 hours
in V, and 17.8 hours in R. The data were obtained in the frame of three di erent
projects { the GOODS project, the public ESO Imaging Survey, and the COMBO-
17 survey. These data were reduced and coadded by Mischa Schimer & Thomas
Erben; more than 2 TB of disk space were needed for the reduction.
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Recall that typical faint galaxies are considerably smalle than this seeing
size, hence their appearance is dominated by the PSF.

The main e ect of seeing on image shapes is that it makes an ditical
source rounder: a small source with a large ellipticity willnevertheless appear
as a fairly round image if its size is considerably smaller tan the PSF. If not
properly corrected for, this smearing e ect would lead to a ®rious underes-
timate of ellipticities, and thus of the shear estimates. Futhermore, the PSF
is not fully isotropic; small anisotropies can be introducel by guiding errors,
the coaddition, the telescope optics, bad focusing etc. An @isotropic PSF
makes round sources elliptical, and therefore mimics a sheaAlso here, the
e ect of the PSF anisotropy depends on the image size and is stngest for
the smallest sources. PSF anisotropies of several percenteatypical; hence,
if not corrected for, its e ect can be larger than the shear to be measured.

The PSF can be measured at the position of stars (point sourc® on the
eld; if it is a smooth function of position, it can be tted by a low-order
polynomial, which then yields a model for the PSF at all points, in particu-
lar at every image position, and one can correct for the e ect of the PSF.
A potential problem occurs if the PSF jumps between chips bouadaries in
multi-chip cameras, since then the coaddition produces PSHumps on the
coadded frame; this happens in cameras where the chips are thsu ciently
planar, and thus not in focus simultaneously. For the WFI@ESD/MPG 2.2-
m, this however is not a problem, but for some other cameras tis problem
exists and is severe. There is an obvious way to deal with thaproblem,
namely to coadd data only from the same CCD chip. In this casethe gaps
between chips cannot be closed in the coadded image, but for ost weak
lensing purposes this is not a very serious issue. In order hto lose too much
area in this coaddition, the dither pattern, i.e., the pointing di erences in the
individual exposures, should be kept small; however, it shoald not be smaller
than, say, 209 since otherwise some pixels may always fall onto a few large
galaxies in the eld, which then causes problems in construting a super at.
Furthermore, small shifts between exposures means that the@umber of ob-
jects falling onto di erent chips in di erent exposures is small, thus reducing
the accuracy of the astrometric solution. In any case, the dher strategy shall
be constructed for each camera individually, taken into acount its detailed
properties.

3.5 Shape measurements

Speci ¢ software has been developed to deal with the issuesentioned above;
the one that is most in use currently has been developed by Kakr et al. (1995;
hereafter KSB), with substantial additions by Luppino & Kai ser (1997), and
later modi cations by Hoekstra et al. (1998). The numerical implementation
of this method is called IMCAT and is publically available. T he basic features
of this method shall be outlined next.
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First one notes that the de nition (6) of the second-order moments of the
image brightness is not very practical for applying it to real data. As the
e ective range of integration depends on the surface brightess of the image
(through the weight function q ) the presence of noise enters the de nition
the Qj; in a non-linear fashion. Furthermore, neighboring images an lead
to very irregularly shaped integration ranges. In addition, this de nition is
hampered by the discreteness of pixels. For these reasond)e de nition is
modi ed by introducing a weight function q ( ) which depends explicitly on
the image coordinates,

R
g Q1O DG )
d2q ()I()

where the size of the weight functionq is adapted to the size of the galaxy
image (for optimal S/N measurement). One typically choosesq to be cir-
cular Gaussian. The image center is de ned as before, but also with the
new weight function q ( ), instead of g (I ). However, with this de nition, the
transformation between image and source brightness momestis no longer
simple; in particular, the relation (11) between the secondorder brightness
moments of source and image no longer holds. The explicit spial depen-
dence of the weight, introduced for very good practical reasns, destroys the
convenient relations that we derived earlier { welcome to reility.

In KSB, the anisotropy of the PSF is characterized by its (conplex) el-
lipticity g, measured at the positions of the stars, and tted by a low-order
polynomial. Assume that the (reduced) shearg and the PSF anisotropyq are
small; then they both will have a small e ect on the measured dlipticity. Lin-
earizing these two e ects, one can write (employing the Eingein summation
convention)

Qi = ©oij 2f129; (29)

/\ObS: 0 + Psmq + Pg g : (30)

The interpretation of the various terms is found as follows: First consider
an image in the absence of shear and the case of an isotropic PSthen
nobs = 0. thys, © is the image ellipticity one would obtain for g = 0
and g = 0; it is the source smeared by an isotropic PSF. It is important to
note that E( °) = 0, due to the random orientation of sources. The tensor
Ps™ describes how the image ellipticity responds to the presemcof a PSF
anisotropy; similarly, the tensor P9 describes the response of the image el-
lipticity to shear in the presence of smearing by the seeing idk. Both, PS™
and P9 have to be calculated for each image individually; they deped on
higher-order moments of the brightness distribution and the size of the PSF.
A full derivation of the explicit equations can be found in Sect. 4.6.2 of BSO1.
Giventhat © =0, an estimate of the (reduced) shear is provided by

:(Pg) 1 Aaobs Psmq : (31)

If the source size is much smaller than the PSF, the magnitudef P9 can be
very small, i.e., the correction factor in (31) can be very lage. Given that
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the measured ellipticity ~°°S is a ected by noise, this noise then also gets
multiplied by a large factor. Therefore, depending on the manitude of P9,
the error of the shear estimates di er between images; this &n be accounted
for by speci cally weighting these estimates when using then for statistical
purposes (e.g., in the estimate of the mean shear in a given gen). Di erent
authors use di erent weighting schemes when applying KSB. Aso, the tensors
Ps™ and P9 are expected to depend mainly on the size of the image and
their signal-to-noise; therefore, it is advantageous to agrage these tensors
over images having the same size and S/N, instead of using thimdividual
tensor values which are of course also a ected by noise. Erlpeet al. (2001)
and Bacon et al. (2001) have tested the KSB scheme on simulatiedata and in
particular investigated various schemes for weighting shar estimates and for
determining the tensors in (30); they concluded that simulaed shear values
can be recovered with a systematic uncertainty of about 10%.

Maybe by now you are confused { what is “real ellipticity’ of an image,
independent of weights etc.? Well, this question has no anser, since only
images with conformal elliptical isophotes have a “real eipticity’. By the
way, not necessarily the one that is the outcome of the KSB proedure. The
KSB process does not aim toward measuring “the' ellipticityof any individual
galaxy image; it tries to measure “a' ellipticity which, when averaged over a
random intrinsic orientation of the source, yields an unbissed estimate of the
reduced shear.

Given that the shape measurements of faint galaxies and theicorrec-
tion for PSF e ects is central for weak lensing, several di erent schemes for
measuring shear have been developed (e.g., Valdes et al. B9&8onnet &
Mellier 1995; Kuijken 1999; Kaiser 2000; Refregier 2003b; &nstein & Jarvis
2002). In the shapelet method of Refregier (2003b; see alsceRegier & Ba-
con 2003), the brightness distribution of galaxy images is xpanded in a set
of basis functions (‘shapelets') whose mathematical progées are particu-
larly convenient. With a corresponding decomposition of the PSF (the shape
of stars) into these shapelets and their low-order polynonal t across the
image, a partial deconvolution of the measured images becoss possible, us-
ing linear algebraic relations between the shapelet coe cénts. The e ect of a
shear on the shapelet coe cients can be calculated, yieldig then an estimate
of the reduced shear. In contrast to the KSB scheme, higher+aer brightness
moments, and not just the quadrupoles, of the images are usefbr the shear
estimate.

These alternative methods for measuring image ellipticites (in the sense
mentioned above, namely to provide an unbiased estimate ohte local reduced
shear) have not been tested yet to the same extent as is true fahe KSB
method. Before they become a standard in the eld of weak lensg, several
groups need to independently apply these techniques to readnd synthetic
data sets to evaluate their strengths and weaknesses. In thiregard, one
needs to note that weak lensing has, until recently, been regyded by many
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researchers as a eld where the observational results are dult to "believe'
(and sure, not all colleagues have given up this view, yet). Tie di culty
to display the directly measured quantities graphically sothat they can be
directly “seen’ makes it di cult to convince others about th e reliability of the
measurements. The fact that the way from the coadded imaginglata to the
nal result is, except for the researchers who actually do tke analysis, close
to a black box with hardly any opportunity to display interme diate results
(which would provide others with a quality check) implies that the methods
employed should be standardized and well checked.

Surprisingly enough, there are very few (published) attemps where the
same data set is analyzed by several groups independentlynd intermediate
and nal results being compared. Kleinheinrich (2003) in he dissertation
has taken several subsets of the data that led to the deep imagshown in
Fig.13 and compared the individual image ellipticities betveen the various
subsets. If the subsets had comparable seeing, the measurelipticities could
be fairly well reproduced, with an rms di erence of about 0:15, which is small
compared to the dispersion of the image ellipticities 0:35. Hence, these
di erences, which presumably are due to the di erent noise realizations on
the di erent images, are small compared to the “shape noisetoming from
the nite intrinsic ellipticities of galaxies. If the subse ts had fairly di erent
seeing, the smearing correction turns out to lead to a systematic bias in the
measured ellipticities. From the size of this bias, the conlusions obtained
from the simulations are con rmed { measuring a shear with bdter that

10% accuracy will be dicult with the KSB method, where the ma in
problem lies in the smearing correction.

Shear observations from space.  We conclude this section with a few com-
ments on weak lensing observations from space. Since the PS&the largest
problem in shear measurements, one might be tempted to use sbrvations
from space which are not a ected by the atmosphere. At presety the Hubble
Space Telescope (HST) is the only spacecraft that can be coitkered for this
purpose. Weak lensing observations have been carried out ing two of its
instruments, WFPC2 and STIS. The former has a eld-of-view of about 5
arcmin?, whereas STIS has a eld of 5% These small elds imply that the
number of stars that can be found on any given exposure at higlgalactic lat-
itude is very small, in fact typically zero for STIS. Therefore, the PSF cannot
be measured from these exposures themselves. Given that anstrument in
space is expected to be much more stable than one on the groundne might
expect that the PSF is stable in time; then, it can be investigated by analyz-
ing exposures which contain many stars (e.g., from a star clster). In fact,
Hoekstra et al. (1998) and Hammerle et al. (2002) have showithat the PSFs
of WFPC2 and STIS are approximately constant in time. The situation is
improved with the new camera ACS onboard HST, where the eld sze of
3% is large enough to contain about a dozen stars even for highagactic
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latitude, and where some control over the PSF behavior on indvidual images
is obtained. We shall discuss the PSF stability of the ACS in ®ct. 7.3 below.

The PSF of a di raction-limited telescope is much more compkx than that
of the seeing-dominated one for ground-based observation¥he assumption
underlying the KSB method, namely that the PSF can be descrited by a
axi-symmetric function convolved with a small anisotropic kernel, is strongly
violated for the HST PSF; it is therefore less obvious how wdlthe shear
measurements with the KSB method work in space. In addition,the HST
PSF in not well sampled with the current imaging instruments, even though
STIS and ACS have a pixel scale of 5. The number density of cosmic
rays is much larger in space, so their removal can be more cumgiopsome than
for ground-based observations. The intense particle bomb@ment also leads
to aging of the CCD, which lose their sensitivity and attain charge-transfer
e ciency problems. Despite these potential problems, a nunber of highly
interesting weak lensing results obtained with the HST havebeen reported, in
particular on clusters, and we shall discuss some of them irater sections. The
new Advanced Camera for Surveys (ACS) on-board HST has a coiderably
larger eld-of-view than previous instruments and will most likely become a
highly valuable tool for weak lensing studies.

4 Clusters of galaxies: Introduction, and strong lensing

4.1 Introduction

Galaxies are not distributed randomly, but they cluster together, forming
groups and clusters of galaxies. Those can be identi ed as evdensities of
galaxies projected onto the sky, and this has of course beerh¢ original
method for the detection of clusters, e.g., leading to the fanous and still
heavily used Abell (1958) catalog and its later Southern ex¢énsion (Abell et
al. 1989; ACO). Only later { with the exception of Zwicky's early insight
9n 1933 that the Coma cluster must contain a lot of missing mas { it was
realized that the visible galaxies are but a minor contribution to the clusters
since they are dominated by dark matter. From X-ray observaions we know
that clusters contain a very hot intracluster gas which emits via free-free and
atomic line radiation. Many galaxies are members of a clusteor a group;
indeed, the Milky Way is one of them, being one of two luminousgalaxies
of the Local Group (the other one is M31, the Andromeda galaxy, of which
35 member galaxies are known, most of them dwarfs.

In the rst part of this section we shall describe general properties of
galaxy clusters, in particular methods to determine their masses, before turn-
ing to their strong lensing properties, such as show up in thespectacular giant
luminous arcs. Very useful reviews on clusters of galaxiesra from Sarazin
(1986) and in a recent proceedings volume (Mulchaey et al. Z1).
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4.2 General properties of clusters

Clusters of galaxies contain tens to hundreds of bright galaies; their galaxy
population is dominated by early-type galaxies (E's and S(8), i.e. galaxies
without active star formation. Often a very massive cD galaxy is located at
their center; these galaxies di er from normal ellipticals in that they have a

much more extended brightness pro le { they are the largest glaxies. The
morphology of clusters as seen in their distribution of galaies can vary a
lot, from regular, compact clusters (often dominated by a ceatral cD galaxy)

to a bimodal distribution, or highly irregular morphologie s with strong sub-
structure. Since clusters are at the top of the mass scale ofirialized objects,
the hierarchical merging scenario of structure growth predcts that many of

them have formed only recently through the merging of two or nore lower-
mass sub-clusters, and so the irregular morphology just inigates that this

happened.

X-ray observations reveal the presence of a hot (several ke\intracluster
medium (ICM) which is highly enriched in heavy elements; herme, this gas
has been processed through star-formation cycles in galees. The mass of the
ICM surpasses that of the baryons in the cluster galaxies; tk mass balance in
clusters is approximately as follows: stars in cluster galgies contribute 3%
of the total mass, the ICM another  15%, and the rest £ 80%) is dark
matter. Hence, clusters are dominated by dark matter; as disussed below
(Sect. 4.3), the mass of clusters can be determined with thre vastly di erent
methods which overall yield consistent results, leadding ¢ the aforementioned
mass ratio.

We shall now quote a few characteristic values which apply taich, massive
clusters. Their virial radius, i.e., the radius inside of which the mass distri-
bution is in approximate virial equilibrium (or the radius i nside of which the
mean mass density of clusters is 200 times the critical density of the Uni-
verse { cf. Sect. 4.5 of IN) isry; 1:5h ®Mpc. A typical value for the one-
dimensional velocity dispersion of the member galaxies is, 1000 knres.
In equilibrium, this equals the thermal velocity of the ICM, corresponding
to a temperature of T 105K 3keV. The mass of massive clusters
within the virial radius (i.e., the virial mass)is 10'*M . The mass-to-light
ratio of clusters (as measured from the B-band luminosity) & typically of or-
der (M=L) 300h (M =L ). Of course, the much more numerous typical
clusters have smaller masses (and temperatures).

Cosmological interest for clusters. Clusters are the most massive bound
and virialized structures in the Universe; this, together with the (related)
fact that their dynamical time scale (e.g., the crossing time  ry .= ) is
not much smaller than the Hubble time H, 1 { so that they retain a “mem-
ory' of their formation { render them of particular interest for cosmologists.
The evolution of their abundance, i.e., their comoving numker density as a
function of mass and redshift, is an important probe for cosnological models



32 P. Schneider

and traces the growth of structure; massive clusters are exgcted to be much
rarer at high redshift than today. Their present-day abundance provides one
of the measures for the normalization of the power spectrum focosmological
density uctuations. Furthermore, they form (highly biase d) signposts of the
dark matter distribution in the Universe, so their spatial d istribution traces
the large-scale mass distribution in the Universe. Clustes act as laboratories
for studying the evolution of galaxies and baryons in the Unverse. Since the
galaxy number density is highest in clusters, mergers of thie member galax-
ies and, more importantly, other interactions between themoccur frequently.
Therefore, the evolution of galaxies with redshift is most asily studied in
clusters. For example, the Butcher{Oemler e ect (the fact that the fraction
of blue galaxies in clusters is larger at higher redshifts thn today) is a clear
sign of galaxy evolution which indicates that star formation in galaxies is
suppressed once they have become cluster members. More geatly, there
exists a density-morphology relation for galaxies, with anincreasing fraction
of early-types with increasing spatial number density, with clusters being
on the extreme for the latter. Finally, clusters were (arguably) the rst ob-
jects for which the presence of dark matter has been conclude(by Zwicky
in 1933). Since they are so large, and present the gravitatizal collapse of
a region in space with initial comoving radius of 8h !Mpc, one expects
that their mixture of baryonic and dark matter is characteri stic for the mean
mass fraction in the Universe (White et al. 1993). With the baryon fraction
of  15% mentioned above, and the density parameter in baryons der-
mined from big-bang nucleosynthesis in connection to the dermination of
the deuterium abundance in Ly QSO absorption systems, ,  0:02h ?,
one obtains a density parameter for matter of ,,  0:3, in agreement with
results from other methods, most noticibly from the recent WMAP CMB
measurements (e.g., Spergel et al. 2003).

4.3 The mass of galaxy clusters

Cosmologists can predict the abundance of clusters as a fution of their
mass (e.g., using numerical simulations); however, the masof a cluster is
not directly observable, but only its luminosity, or the tem perature of the X-
ray emitting intra-cluster medium. Therefore, in order to compare observed
clusters with the cosmological predictions, one needs a wayp determine their
masses. Three principal methods for determining the mass afalaxy clusters
are in use:

Assuming virial equilibrium, the observed velocity distribution of galaxies
in clusters can be converted into a mass estimate, employinthe virial

theorem; this method typically requires assumptions aboutthe statistical

distribution of the anisotropy of the galaxy orbits.

The hot intra-cluster gas, as visible through its Bremsstrahlung in X-rays,

traces the gravitational potential of the cluster. Under certain assump-
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tions (see below), the mass prole can be constructed from te X-ray
emission.

Weak and strong gravitational lensing probes the projectedmass pro le
of clusters, with strong lensing con ned to the central regions of clusters,
whereas weak lensing can yield mass measurements for largadii.

All three methods are complementary; lensing yields the lir-of-sight pro-
jected density of clusters, in contrast to the other two methods which probe
the mass inside spheres. On the other hand, those rely on edirium (and
symmetry) conditions; e.g., the virial method assumes viral equilibrium (that
the cluster is dynamically relaxed) and the degree of anisabpy of the galaxy
orbit distribution.

Dynamical mass estimates.  Estimating the mass of clusters based on the
virial theorem,
2Ein + Epot =0 ; (32)

has been the traditional method, employed by Zwicky in 1933 6 nd strong
hints for the presence of dark matter in the Coma cluster. Thespeci c kinetic
energy of a galaxy isv®=2, whereas the potential energy is determined by the
cluster mass pro le, which can thus be determined using (32) One should
note that only the line-of-sight component of the galaxy vebcities can be
measured; hence, in order to derive the specic kinetic engyy of galaxies,
one needs to make an assumption on the distribution of orbit aisotropies in
the cluster potential. Assuming an isotropic distribution of orbits, the l.o.s.
velocity distribution can then be related to the 3-D velocity dispersion, which
in turn can be transformed into a mass estimate if spherical gmmetry is
assumed. This method requires many redshifts for an accuratmass estimate,
which are available only for a few clusters. However, a revial of this method
is expected and already seen by now, owing to the new high-miiplex optical
spectrographs.

X-ray mass determination of clusters. The intracluster gas emits via
Bremsstrahlung; the emissivity depends on the gas densityrad temperature,
and, at lower T, also on its chemical composition, since aff < 1keV the
line radiation from highly ionized atomic species starts todominate the total
emissivity of a hot gas. Investigating the properties of thelCM with X-ray
observations have revealed a wealth of information on the pperties of clus-
ters (see Sarazin 1986). Assuming that the gas is in hydrost& equilibrium
in the potential well of the cluster, the gas pressureP must balance gravity,
or
re=gr ;
where 4 is the gas density. In the case of spherical symmetry, this b@mes
1dP_ d _ GM(r) .

g dr dr ~ r2
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From the X-ray brightness pro le and temperature measurement, M (r), the
mass insider, both dark and luminous, can then be determined,

keTr?2 din 4 . dinT

M{(r) = Gmy dr dr !

(33)

where m , is the mean particle mass in the gas. Only for relatively few
clusters are detailed X-ray brightness and temperature prde measurements
available. In the absence of a temperature pro le measuremd#, one often as-
sumes thatT does not vary with distance form the cluster center. In this ase,
assuming that the dark matter particles also have an isothemal distribution
(with velocity traced by the galaxy velocities), one can shav that

2

o(N)/ [w(r)] 5 with = (34)

Hence, is the ratio between kinetic and thermal energy. The mass prde
corresponding to the isothermality assumption follows fran the Lame{Emden
equation which, however, has no closed-form solution. In te King approx-
imation, the density and X-ray brightness pro le (which is obtained by a
line-of-sight integral at projected distance R from the cluster center over the
emissivity, which in turn is proportional to the square of th e electron density,
or/ 5 for an isothermal gas) become

# 3=
o7 3=2

2# 3=2+1=2
r R
o(N= g 1+ — CIR) 1+ —

rc IfC

wherer is the core radius. The observed brightness pro le can now beted
with these -models, yielding estimates of and r. from which the cluster
mass follows. Typical values forr. range from 01 to 0:3nh *Mpc; and =

t 0:65. On the other hand, one can determine from the temperature
T and the galaxy velocity dispersion using (34), which yields spec 1. The
discrepancy between these two estimates of is not well understood and
probably indicates that one of assumptions underlying this™ -models' fails
in many clusters, which is not too surprising (see below).

The hot ICM loses energy through its thermal radiation; the cooling time
tcool Of the gas, i.e., the ratio between the thermal energy densyt and the
X-ray emissivity, is larger than the Hubble time  H, ! for all but the inner-
most regions. In the center of clusters, the gas density candhigh enough to
haveteool < H g 1 so that there the gas can no longer be in hydrostatic equi-
librium. One expects that the gas ows towards the cluster center, thereby
being compressed and therefore maintain approximate presse balance. Such
“cooling ows' (see, e.g., Fabian 1994) are observed indiotly, through highly
peaked X-ray emission in cluster centers which indicates atng increase of
the gas density; furthermore, these cooling- ow clusters Bow a decrease of
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T towards the center. The mass- ow rate in these clusters can b as high as
100M yr ! or even more, so that the total cooled mass can be larger than
the baryonic mass of a massive galaxy. However, the fate of ¢hcooled gas is
unknown.

New results from Chandra & XMM. The two X-ray satellites Chandra
and XMM, launched in 1999, have greatly increased our view othe X-ray
Universe, and have led to a number of surprising results abdiclusters. X-ray
spectroscopy veri ed the presence of cool gas near the cemtef cooling- ow
clusters, but no indication for gas with temperature below 1keV has been
seen, whereas the cooling is expected to rapidly proceed tewy low temper-
atures, as the cooling function increases for lowef where atomic transitions
become increasingly important. Furthermore, the new obserations have re-
vealed that at least the inner regions of clusters often shovwa considerably
more complicated structure than implied by hydrostatic equilibrium. In some
cases, the intracluster medium is obviously a ected by a cetral AGN, which
produces additional energy and entropy input, which might explain why no
sub-keV gas has been detected. As the AGN activity of a galaxymay be
switched on and o, depending on the fueling of the central bhack hole, even
in clusters without a currently active AGN such heating might have occurred
in the recent past, as indicated in some cases by radio relic€old fronts with
very sharp edges (discontinuities in density and temperatue, but such that
P/ T is approximately constant across the front), and shocks hag been
discovered, most likely showing ongoing or recent merger ewts. In many
clusters, the temperature and metalicity appears to be strangly varying func-
tions of position which invalidates the assumption of isothermality underlying
the -model. Therefore, mass estimates of central parts of clusts from X-
ray observations require special care, and one needs to ree the simpli ed
models used in the pre-Chandra era. In fact, has there ever lem the believe
that the -model provides an adequate description of the gas in a clust, the
results from Chandra and XMM show that this is unjusti ed. Th e physics of
the intracluster gas appears to be considerably more compated than that.

4.4 Luminous arcs & multiple images

Strong lensing e ects in cluster show up in the form of giant uminous arcs,
strongly distorted arclets, and multiple images of backgraind galaxies. Since
strong lensing only occurs in the central part of clusters, i can be used only
to probe their inner mass structure. However, strong lensig yields by far
the most accurate central mass determinations in those casewhere several
strong lensing features can be identi ed. For a detailed acount of strong
lensing in clusters, the reader is referred to the review by &rt & Mellier
(1994).

Furthermore, clusters thus act as a "natural telescope’; may of the most
distant galaxies have been found by searching behind cluste, employing the
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lensing magni cation. For example, the recently discovera very high redshift
galaxiesatz 7 (Kneib et al. 2004) andz = 10 (Pelb et al. 2004) were found
through a search in the direction of the high-magni cation region in the clus-
ters A2218 and A1835, respectively. In the rst of these two @ses, the multiple
imaging of the background galaxy provides not only the magnication, but
also an estimate of the redshift of the source (which is not diermined by any
spectral line), whereas in the latter case, only the impliedhigh magni cation
makes the source visible on deep HST images and allows its spscopy,
yielding a spectral line which most likely is due to Ly . The magni cation
is indeed a very important asset, as can be seen from a simplample: a
value of = 5 reduces the observing time for obtaining a spectrum by a
factor 25 (in the case where the noise is sky background domated) { which
is the di erence of being doable or not. Recognizing the poweof natural
telescopes, the deepest SCUBA surveys for faint sub-milligter sources have
been conducted (e.g., Blain et al. 1999) around clusters wiit well-constrained
(from lensing) mass distribution to reach further down the (unlensed) ux
scale.

First go: M ( g). Giant arcs occur where the distortion (and magni -

cation) is very large, that is near critical curves. To a rst approximation,

assuming a spherical mass distribution, the location of thearc from the clus-
ter center (which usually is assumed to coincide with the brghtest cluster
galaxy) yields the Einstein radius of the cluster, so that the mass estimate
(see IN, Eqg. 43) can be applied.

M ( arc) (Dgng arc)2 cr - (35)

Therefore, this simple estimate yields the mass inside thera radius. However,
this estimate not very accurate, perhaps good to within  30% (Bartelmann
& Steinmetz 1996). Its reliability depends on the level of agmmetry and
substructure in the cluster mass distribution. Furthermore, it is likely to
overestimate the mass in the mean, since arcs preferentiglloccur along the
major axis of clusters. Of course, the method is very di cult to apply if the
center of the cluster is not readily identi ed or if the cluster is obviously
bimodal. For these reasons, this simple method for mass estiates is not
regarded as particularly accurate.

Detailed modeling.  The mass determination in cluster centers becomes
much more accurate if several arcs and/or multiple images ar present, since
in this case, detailed modeling can be done. This typically poceeds in an
interactive way: First, multiple images have to be identi e d (based on their
colors and/or detailed morphology, as available with HST imaging). Simple
(plausible) mass models are then assumed, with parametersced by matching
the multiple images, and requiring the distortion at the arc location(s) to be
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Galaxy Cluster Abell 1689 HST = ACS

NASA, N. Benitez [JHU), T. Broadhurst (Hebrew Univ.}, H. Ford {JHU),
M. Clampin{STScl), G. Hartig (STSecl}, G. lllingworth {UCO/Lick Observatory],
the ACS Science Team and ESA STScl-PRCO3-01a

Fig.14. The galaxy cluster Abell 1689 is the most impressive lensing cluster yet
found. This image has been taken with the new Advanced Camera for Surveys
(ACS) onboard HST. Numerous arcs are seen. A simple estimate for the mass of
the center of the cluster, obtained by identifying the arcs r adius with the Einstein

radius, yields an extremely large equivalent velocity disp ersion. The distribution

of the arcs shown here indicates that such a simple assumptia is misleading, and
more detailed modeling required
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strong and to have the correct orientation. This model then predicts the
presence of possible further multiple images; they can be eltked for through
morphology, surface brightness (in particular if HST images of the cluster
are available) and color. If con rmed, a new, re ned model is constructed
including these new additional strong lensing constraintswhich yields further

strong lensing predictions etc. As is the case for galaxy lesing (see SL), the
components of the mass models are not arbitrary, but chosenatbe physically
motivated. Typically, as major component a ellipsoidal isahermal or NWF

distribution is used to describe the overall mass distribufon of the cluster.
Re nements of the mass distribution are introduced as mass emponents
centered on bright cluster member galaxies or on subgroupsfauch galaxies,
describing massive subhalos which survived a previous meeg Such models
have predictive power and can be trusted in quite some detajlthe accuracy
of mass estimates in some favorable cases can be as high aswa feercent.

H3

Fig.15. The lower panel shows the
critical curves of the cluster A2390
(cluster redshift zg = 0:231), for
three dierent source redshifts of
zs = 1, 25 and 4 (from inner to
outer). The lens model is based on
% .« the detailed HST image shown here.
Identi ed are two sets of multiple im-
\ ages, shown in the upper two panels,
" * which obviously need to be at very
high redshift. Indeed, spectroscopy
s shows that they have zs = 4:04 and
" zs=4:05 (from Pelb et al. 1999)
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In fact, these models can be used to predict the redshift of ais and arclets.
As an example, we mention the strong lensing analysis of theluster Abell
2390 based on HST imaging (Pelb et al. 1999). Two pairs of mitiple images
were identi ed (see Fig. 15) which then implies that the critical curve has to
pass between the individual components. The location of thecritical curves
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depends, however, on the source redshift. As shown in the g, the sources
have to be at a high redshift in order for the corresponding citical curves
to have the correct location. In fact, spectroscopy placed e two sources at
Zs = 4:04 and zs = 4:05, as predicted by the lens model.

Since the distortion of a lens also depends on the source rduft, once a
detailed mass model is available from arcs with known redsffis for at least
some of them, one can estimate the value of the lens strength Dgs=Dsg
and thus infer the redshift of arclets. This method has been sccessfully
applied to HST observations of clusters (Ebbels et al. 1998)Of course, having
spectroscopic redshifts of the arcs available increases ghcalibration of the
mass models; they are therefore very useful.

Lens properties from Fourier transforms. Before discussing results from
these detailed models, a brief technical section shall be ated here, related to
calculating lens properties of general mass distributionsA general method
to obtain the lensing quantities of a mass distribution is through Fourier
transformation. We assume that we have a mass distribution 6 nite mass;
this is not a serious restriction even for models with formaly in nite total
mass, because we can truncate them on large scales, thus magithe total
mass nite, without a ected any lensing properties at smaller scales. We
de ne the Fourier transform ~ () of the surface mass density &5

y4
") = zdz ()exp( ), (36)

and its inverse by

( ): (2 )2 deZ\ "(‘)exp( i ) : (37)

Similarly, we de ne the Fourier transforms of the de ection potential, A(‘),
of the de ection angle, ("), and of the complex shear, £*). Di erentiation
by i in real space is replaced by multiplication by i’j in Fourier space.
Therefore, the Fourier transform of @ =@ is i'; "(*). Hence, the Poisson
equation as given in Sect. 2.2 of IN becomes in Fourier space

INEAOEFAOF (38)

Thus, for © 6 0, the Fourier transform of the potential which satis es the
Poisson equation can be readily determined. The = 0 mode remains un-
determined; however, since this mode corresponds to a comsit in it is
unimportant and can be set to zero. Once” is determined, the Fourier trans-
form of the de ection angle and the shear follows from their ck nitions in

4 We denote the Fourier variable of three-dimensional space as k, that of angular
position by .
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terms of the de ection potential, given in Sect. 2.2 of IN,

AN

)= i (0)s (39)
2 2 N
") = %"'i\l\Z (): (40)

Thus, in principle, one determines the relevant quantitiesby Fourier trans-
forming , then calculating the Fourier transforms of the potential, de ection,
and shear, whose real-space counterparts are then obtainddom an inverse
Fourier transform, like in (37).

Up to now we have not gained anything; the Fourier transformsas de ned
above are two-dimensional integrals, as are the real-spaaelations between
de ection angle and shear, and the surface-mass density. Keever, provided

becomes “small enough' for large values ¢fj, the integral in (36) may be
approximated by one over a nite region in -space. This nite integral is
further approximated as a sum over gridpoints, with a regula grid covering
the lens plane. Consider a square in the lens plane of side, and let N be
the number of gridpoints per dimension, so that = L=N is the size of a
gridcell. The inverse grid, i.e., the "-grid, has a gridcell of size® =2 =L .
The discrete Fourier transform then uses the values of on the -grid to
calculate ” on the "-grid. The latter, in fact, is then the Fourier transform
of the periodic continuation of the mass distribution in -space. Because of
this periodic continuation, the de ection angle as calculaed from the discrete
Fourier transform, which is performed by the Fast Fourier Transform (FFT)
method, is the sum of the input mass distribution, plus all of its periodic
continuation. Here, nally, is why we have considered the Faurier method: the
FFT is a very e cient and quick procedure (see, e.g., Press etal. 1992), and
arguably the best one in cases of mass distributions for whit no analytical
progress can be made. The lensing properties are calculatesh a grid; if
needed, they can be obtained for other points by interpolaton.

Because of the periodic continuation, the mass distributim has to de-
creases su ciently quickly for large j j, or be truncated at large radii. In
any case,L should be taken su ciently large to minimize these periodicity
e ects.

Another point to mention is that a periodic mass distributio n, each el-
ement of which has positive total mass, has an in nite mass, e that the
de ection potential has to diverge; on the other hand, the deection poten-
tial is enforced to be periodic. This apparent contradiction can be resolved
by noting that the ~ = 0 mode of " is not used in the calculation of * and .
Indeed, if “and are calculated from the above equations, then the resulting

does not satisfy the Poisson equatianthe  resulting from this procedure
is the one corresponding to , where is the average of onthe -grid.
A similar remark is true for the de ection angle. Thus, at the end, one has
to add a term | j2 =2to ,andaterm to
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Since the FFT is very fast, one can choos& and L large, and then con-
sider only the central part of the -grid needed for the actual lens modeling.

4.5 Results from strong lensing in clusters

The main results of the strong lensing investigations of clsters can be sum-
marized as follows:

The mass in cluster centers is much more concentrated than gdicted
by (simple) models based on X-ray observations. The latter sually pre-
dict a relatively large core of the mass distribution. Theselarge cores
would render clusters sub-critical to lensing, i.e., they vould be unable
to produce giant arcs or multiple images. In fact, when arcs were rst

discovered they came as a big surprise because of these expéons. By

now we know that the intracluster medium is much more compliated
than assumed in these “-model' ts for the X-ray emission.

The mass distribution in the inner region of clusters often fiows strong
substructure, or multiple mass peaks. These are also seen the galaxy
distribution of clusters, but with the arcs can be veri ed to also corre-
spond to mass peaks (examples of this include the cluster Alle2218
where arcs also curve around a secondary concentration of ight galax-

ies, clearly indicating the presence of a mass concentratig or the obvi-

ously bimodal cluster A 370). These are easily understood ithe frame
of hierarchical mergers in a CDM model; the merged clusterseatain their

multiple peaks for a dynamical time or even longer, and are tlerefore not
in virial equilibrium.

The orientation of the (dark) matter appears to follow closely the ori-

entation of the light in the cD galaxy; this supports the idea that the

growth of the cD galaxy is related to the cluster as a whole, tlough

repeated accretion of lower-mass member galaxies. In thatase, the cD
galaxy “knows' the orientation of the cluster.

There is in general good agreement between lensing and X-rapass es-
timates (e.g., Ettori & Lombardi 2003; Donahue et al. 2003) br those
clusters where a “cooling ow' indicates that they are in dynamical equi-
librium, provided the X-ray analysis takes the presence of he cooling
ow into account (Allen 1998).

Probably our “favourate' clusters in which strong lensing eects are investi-
gated in detail are biased in favor of having strong substruture, as this in-
creases the lensing cross section for the occurrence of giamcs (see below).
Hence, it may be that the most detailed results obtained fromstrong lensing
in clusters apply to a class of clusters which are especiallgelected because
of their ability to produce spectacular arcs, and thus of thdr asymmetric
mass distribution. Therefore, one must be careful in gener&ing conclusions
drawn from the “arc clusters' to the cluster population as a vhole.
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Discrepancies. There are a few clusters where the lensing results and those
obtained from analyzing the X-ray observations or cluster d/namics are in
stong apparent con ict. Two of the most prominent ones shall be mentioned
here. The cluster A1689 (see Fig.14) has arcs more than 40°°away from
the cluster center, which would imply a huge mass in this cluter center.
This high mass is apparently con rmed by the high velocity dispersion of its
member galaxies, although their distribution in redshift makes it likely that
the cluster consists of several subcomponents (see Clowe &l8eider 2001
for a summary of these results). Several weak lensing resgltof this cluster
have been published, and they are not all in agreement: whees Tyson &
Fischer (1995) from weak shear, and Taylor et al. (1998) and Re et al.
(2001) from the magni cation method (that will be discussed in the next
Section) nd also a very high mass for this cluster, the weak énsing analysis
of Clowe & Schneider (2001; see also King et al. 2002b), based deep wide-
eld imaging data of this cluster, nds a more moderate mass (or equivalent
velocity dispersion) for this cluster. A new XMM-Newton X-r ay observation
of this cluster (Andersson & Madejski 2004) lends support fo the smaller
mass; in fact, their estimate of the virial mass of the cluste agrees with that
obtained by Clowe & Schneider (2001). However, the disrepacy with the
strong lensing mass in the cluster center remains at presena quantitative
analysis of the ACS data shown in Fig. 14 will hopefully shed ight on this
issue.

A second clear example for discrepant results in the cluste€10024+17.
It has a prominent arc system, indicating an Einstein radiusof 30" and
thus a high mass. The X-ray properties of this cluster, howeer, indicate
a much smaller mass (Soucail et al. 2000), roughly by a factoof three.
This discrepancy has been rea rmed by recent Chandra obserations, which
con rmed this factor-of-three problem (Ota et al. 2004). The resolution of
this discrepancy has probably been found by Czoske et al. (2, 2002), who
performed an extensive spectroscopic survey of cluster gaties. Their result is
best interpreted such that C10024+17 presents a merger of tw clusters along
our line-of-sight, which implies that the measured velociy dispersion cannot
be easily turned into a mass, as this system is not in virial egailibrium,
and that the X-ray data cannot be converted to a mass either, die to the
likely strong deviation from spherical symmetry and equilibrium. A wide
eld sparsely sampled HST observation of this cluster (Kneb et al. 2003)
also indicates the presence of a second mass concentratiomcat 3° away from
the main peak. As will be mentioned below, clusters undergaig mergers have
particularly high cross sections for producing arcs (Torriet al. 2004); hence,
our “favourites' are most likely selected for these non-edlibrium clusters.

Arc statistics.  The abundance of arcs is expected to be a strong function
of the cosmological parameters: they not only determine theabundance of
massive clusters (through the mass function discussed in 8&4.5 of IN), but
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also the degree of relaxation of clusters, which in turn a eds their strong

lensing cross section (Bartelmann et al. 1998). It is theradre interesting to

consider the expected abundance of arcs as a function of cosiogical pa-
rameters and compare this to the observed abundance. In a ses of papers,
M. Bartelmann and his colleagues have studied the expectedignt arc abun-

dance, using analytical as well as numerical techniques (g., Bartelmann &

Weiss 1994; Bartelmann et al. 1995, 1998, 2002; Meneghettt al. 2004; see
also Dalal et al. 2003; Oguri et al. 2003; Wambsganss et al. @). Some of
the ndings of these studies can be summarized as follows:

The formation of arcs depends very sensitively on the deviabn from
spherical symmetry and the detailed substructure of the mas distri-
bution in the cluster. For this reason, analytical models whch cannot
describe this substructure with su cient realism (see Bergmann & Pet-
rosian 1993) do not provide realiable predictions for the ac statistics
(in particular, axisymmetric mass models are essentially geless for es-
timating arc statistics), and one needs to refer to numericé simulations
of structure formation. Since the substructure and triaxiality plays such
an important role, these simulations have to be of high spatal and mass
resolution.

The frequency of arcs depends of course on the abundance ofisters,
which in turn depends on the cosmological model and the uctation
spectrum of the matter, in particular its normalization g. Furthermore,
clusters at a given redshift have di erent mean ages in di erent cosmo-
logical models, as the history of structure growth, and thusthe merging
history, depends on , and . Since the age of a cluster is one of the
determining parameters for its level of substructure { younger clusters do
not have had enough time to fully relax { this a ects the lensing cross
section of the clusters for arc formation. In fact, during epochs of merg-
ers, the arc cross-section can have temporary excursions grge factors.
Even the same cluster at the same epoch can have arc formingass sec-
tions that vary by more than an order-of-magnitude between d erent
projection directions of the cluster. For xed cluster abundance today,
low-density models form clusters earlier than high-densyg models.

Since the largest contribution of the total cross section fo arc formation
comes from clusters at intermediate redshift ¢ 0:4), also the equation-
of-state of the dark energy matters; as shown in Meneghettiteal. (2004),
what matters is the dark energy density at the epoch of cluste forma-
tion. In addition, the earlier clusters form, the higher their characteristic
density, which then makes them more e cient lenses for arc famation.

Taking these e ects together, a low-density open model prodces a larger
number of arcs than a at low-density model, which in turn has more arcs
than a high-density model, for a given cluster abundance tody. Whereas
the di erences between these models obtained by Meneghettet al. (2004)
are smaller than claimed in Bartelmann et al. (1998), they inprinciple allow
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constraining the cosmological parameters, provided they &n be compared
with the observed number of arcs.

Unfortunately, there are only a few systematic studies of dlisters with
regards to their strong lensing contents. Luppino et al. (199) report on 8
giant arcs in their sample of the 38 most massive clusters fod in the Einstein
Medium Sensitivity Survey. Zaritsky & Gonzalez (2003) surweyed clusters in
the redshift range 05 < z < 0:7 over 69 ded and found two giant arcs with
R < 2L1:5and alength ; > 10° Gladders at al. (2003) found 5 arc candidates
in their Red Cluster Sequence survey of 90 dég all of them being associated
with high-redshift clusters. In contrast to the claim by Bar telmann et al.
(1998), these observered arc frequencies can be accountext fn a standard

CDM Universe, as shown by Dalal et al. (2003). There are sevat di erences
between these two studies, which are based on di erent assuptions about
the number density of clusters and the source redshift distibution, which
Dalal et al. (2003) took from the Hubble Deep Field, whereas Brtelmann et
al. (1998) assumed all sources havings = 1.

The strong dependence on the source redshift distribution hs been pointed
out by Wambsganss et al. (2004). In contrast to the other studes, they in-
vestigated the arc statistics using ray tracing through a three-dimensional
mass distribution obtained from cosmological simulations whereas the other
studies mentioned considered the lensing e ect of individal clusters found
in these simulations. Although the former approach is more ealistic, the as-
sumption of Wambsganss et al. (2004) that the magni cation o a light ray
is a good measure for the length-to-width ratio of a correspoding arc is cer-
tainly not justi ed in detail, as shown in Dalal et al. (2003) . The agreement
of the lensing probability between Wambsganss et al. (2004&nd Bartelmann
et al. (1998) for all zg = 1 is therefore most likely a coincidence.

There are further di culties in obtaining realistic predic tions for the oc-
currence of giant arcs that can be compared with observatios. First, the
question of whether an image counts as an arc depends on a comaétion of
source size, lens magni cation, and seeing. Seeing makescarrounder and
therefore reduces their length-to-width ratio. An impressve demonstration
of this e ect is provided by the magni cent system of arcs in the cluster
A1689 observed with the ACS onboard the HST, as shown in Fig.4, com-
pared to earlier ground-based images of this cluster. Secdn several of the
above-mentioned papers assume the source size to be= 1° whereas many
arcs observed with HST are essentially unresolved in widthjmplying much
smaller source sizes (and accordingly, a much higher senisity to seeing ef-
fects). Third, magni cation bias is usually not taken into a ccount in these
theoretical studies. In fact, accounting properly for the magni cation bias is
quite dicult, as the surveys reporting on arc statistics ar e not really ux-
limited. One might argue that they are surface brightness-imited, but even
if this were true, the surface brightness of an arc coming frmm a small source
depends very much on the seeing.
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Therefore at present, the abundance of arcs seem to be not inoa ict
with a CDM model, but more realistic simulations which take the afore-
mentioned e ects into account are certainly needed for a denite conclusion
on this issue. On the observational side, increasing the nuber of clusters
for which high-quality imaging is performed is of great impatance, and the
survey of luminous X-ray clusters imaged either with the ACS®HST or with
ground-based telescopes during periods of excellent segirwould improve
the observational situation dramatically. Blank- eld sur veys, such as they
are conducted for cosmic shear research (see Sect. 7), colld used for blind
searches of arcs (that is, not restricted to regions around fown clusters). It
may turn out, however, that the number of “false positives' s unacceptably
high, e.g., by misidenti cation of edge-on spirals, or blerds of sources that
yield apparent images with a high length-to-width ratio.

Constraints on collisional dark matter. Spergel & Steinhardt (2000)
suggested the possibility that dark matter particles are nd only weakly in-

teracting, but may have a larger elastic scattering cross-sction. If this cross-
section of such self-interacting dark matter is su ciently large, it may help to
explain two of the remaining apparent discrepancies betwaethe predictions
of the Cold Dark Matter model and observations: The slowly rising rotation
curves of dwarf galaxies (e.g., de Blok et al. 2001) and the &structure of
galaxy-scale dark matter halos (see Sect. 8 of SL). Self-iatacting may soften
the strength of the central density concentration as compaed to the NFW
prole, and could destroy most of the subclumps. However, trere are other
consequence of such an interaction, in that the shapes of thmner parts of
dark matter halos tend to be more spherical. Meneghetti et al (2001) have in-
vestigated the in uence of self interaction of dark matter particles on clusters
of galaxies, in particular their ability to form giant arcs. From their numerical

simulations of clusters with varying cross-sections of paicles, they showed
that even a relatively small cross-section is su cient to reduce the ability
of clusters to produce giant arcs by an order of magnitude. Ths is mainly
due to two e ects, the reduced asymmetry of the resulting mas distribution

and the shallower central density pro le. Furthermore, selff-interactions de-
stroy the ability of clusters to form radial arcs. Therefore, the “desired' e ect
of self-interaction { to smooth the mass distribution of galaxies { has the
same consequence for clusters, and can therefore probable buled out as
a possible mechanism to cure the aforementioned apparent pblems of the
CDM model. From combining X-ray and lensing data of the cluster 0657 56,
Markevitch et al. (2004) obtained upper limits on the self-interaction cross
section of dark matter.

Do clusters follow the universal NFW pro le? The CDM paradigm
of structure formation predict a universal density pro le o f dark matter ha-
los. One might therefore investigate whether the strong lesing properties of
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clusters are compatible with this mass pro le. Of particular value for such
an investigation are clusters which contain several strondensing features,
and in particular a radial arc, as it probes the inner critical curve of the
cluster. Sand et al. (2004; see also Sand et al. 2002) claimofn a sample
of three clusters with radial arcs, that the slope of the inneg mass pro le
must be considerably atter than predicted by the NFW model. However,
this conclusion is derived under the assumption of an axiajl-symmetric lens
model. As is true for strong lensing by galaxies (see SL), agymmetric mass
model are not generic, and therefore conclusions deriveddm them are prone
to the systematic of the symmetry assumption. That was demostrated by
Bartelmann & Meneghetti (2004) who showed that, as expectedthe conclu-
sion about the inner slope changes radically once a nite eipticity of the

mass distribution is allowed for, removing the apparent dicrepancy with the
predictions from CDM models.

Cosmological parameters from strong lensing systems. The lens strength,
at given physical surface mass density , depends on the redshifts of lens and
source, as well as on the geometry of the Universe which entethe distance-
redshift relation. Therefore, it has been suggested that a laster which con-
tains a large number of strong lensing features can be used twonstrain cos-
mological parameters, provided the sources of the arcs and uitiple image
systems cover a large range of redshifts (Link & Pierce 1998Bimulations of
this e ect, using realistic cluster models, con rmed that such purely geometri-
cal constraints can in principle be derived (Golse et al. 208). One of the best
studied strong-lensing cluster up to now is A2218, for whichfour multiple-
image systems with measured (spectroscopic) redshift havbeen identi ed
which allows very tight constraints on the mass distribution in this cluster.
Soucail et al. (2004) applied the aforementioned method to ltis cluster and
obtained rst constraints on the density parameter ,, assuming a at cos-
mological model. This work can be viewed as a proof of concepthe new ACS
camera onboard HST will allow the identi cation of even rich er strong lensing
systems in clusters, of which the one in A1689 (see Fig. 14) s particularly
impressive example.

5 Mass reconstructions from weak lensing

Whereas strong lensing probes the mass distribution in thenner part of
clusters, weak lensing can be used to study the mass distriltion at much
larger angular separations from the cluster center. In fact as we shall see,
weak lensing can provide a parameter-free reconstructionfothe projected
two-dimensional mass distribution in clusters { and hence cers the prospect
of mapping the dark matter distribution of clusters directl y. This discovery
(Kaiser & Squires 1993) can be viewed to mark the beginning ofuantita-
tive weak lensing research. But even before this discoveryveak lensing by
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clusters has been observed in a number of cases. Fort et al.9488) found
that in addition to the giant arc in A 370, there are a number of images
stretched in the direction tangent to the center of the cluster, but with much
less spectacular axis ratios than the giant arc in this cluser; they termed
these new features “arclets'. Tyson et al. (1990) found a stestically signi -
cant tangential alignment of faint galaxy images relative to the center of the
clusters A 1689 and Cl 1409+52, and obtained a mass pro le frm these lens
distortion maps. Comparison with numerical simulations yielded an estimate
of the cluster velocity dispersion, assuming an isothermasphere pro le.

In this section we consider the parameter-free mass recomsiction tech-
nique, rst the original Kaiser & Squires method, and then a number of
improvements of this method. We then turn to the magni catio n e ects; the
change of the number density of background sources, as pradéed from (26),
can be turned into a local estimate of the surface mass densit and this
method has been employed in a number of clusters. Next we sHatonsider
inverse methods for the reconstruction of the mass distribtion, which on the
one hand are more di cult to apply than the “direct' methods, but on the
other hand are expected to yield more satisfactory resultsWhereas the two-
dimensional maps yield a good visual impression on the masddtribution in
clusters, it is hard to extract quantitative information fr om them. In order
to get quantities that describe the mass and that can be compeed between
clusters, often parameterized mass models are more usefulhich are con-
sidered next. Finally, we consider aperture mass measureshich have been
introduced originally to obtain a mass quantity that is una ected by the
mass-sheet degeneracy, but as will be shown, has a number aher useful
features. In particular, employing the aperture mass, one an device a method
to systematically search for mass concentrations on clustemass scales, using
their shear properties only, i.e. without referring to their luminous properties.

5.1 The Kaiser{Squires inversion

Weak lensing yields an estimate of the local (reduced) sheaas discussed in
Sect. 2.2. Here we shall discuss how to derive the surface nsadensity from

a measurement of the (reduced) shear. Recalling eq. (IN-26)the relation

between shear and surface mass density is

2
()== d? °D( 9 (9: with
R2
o() A tAaz. 1 (a1)

it (1 2%
Hence, the complex shear is a convolution of with the kernel D, or, in

other words, D describes the shear generated by a point mass. This relation
can be inverted: in Fourier space this convolution becomes aultiplication,

AC)= B(O)A(C) for 80
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which can be inverted to yield
AC)= o M)B () for 8 0; (42)

where the Fourier transform of D is®

224000,

Y — 1
B0)= =

note that this implies that D) (") = 2, which has been used in obtaining
(42). It is obvious that D is unde ned for * = 0, which has been indicated in

the foregoing equations. Fourier back-transformation of @2) then yields
Y4

; (43)

1
() o== % % (9
ZR?
-1 d?> °Re D ( 9 (9 : (44)
RZ
Note that the constant o occurs since the® = 0-mode is undetermined.

Physically, this is related to the fact that a uniform surface mass density
yields no shear. Furthermore, it is obvious (physically, though not so easily
seen mathematically) that must be real; for this reason, the imaginary part
of the integral should be zero, and taking the real-part only[as in the second
line of (44)] makes no di erence. However, in practice this $ di erent, since
noisy data, when inserted into the inversion formula, will produce a non-zero
imaginary part. What (44) shows is that if can be measured, can be
determined.

Before looking at this in more detail, we brie y mention some di culties
with the inversion formula as given above:

Since can at best be estimated at discrete points (galaxy images),
smoothing is required. One might be tempted to replace the itegral
in (44) by a discrete sum over galaxy positions, but as shown y Kaiser
& Squires (1993), the resulting mass density estimator hasni nite noise
(due to the  2-behavior of the kernelD).
It is not the shear , but the reduced shearg that can be determined
from the galaxy ellipticities; hence, one needs to obtain a rass density
estimator in terms of g. In the case of ‘'weak' weak lensing, i.e., where
landj j 1,then 0.
The integral in (44) extends over R?, whereas data are available only on a
nite eld; therefore, it needs to be seen whether modi cati ons allow the
construction of an estimator for the surface mass density fom nite- eld
shear data.

5 The form of D can be obtained most easily by using the relations between the
surface mass density and the shear components in terms of thede ection potential
, given in (IN-18). Fourier transforming those immediately yields ~ = j "2 T2,
A= ()% 2, 84 = 1, Eliminating ” from the foregoing relations,
the expression for D is obtained.
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To get absolute values for the surface mass density, the adtive constant

o is of course a nuisance. As will be explained soon, this inddds the
largest problem in mass reconstructions, and is thenass-sheet degeneracy
discussed in Sect. 2.5 of IN.

5.2 Improvements and generalizations

Smoothing. Smoothing of data is needed to get a shear eld from discrete
data points. Consider rst the case that we transform (44) into a sum over
galaxy images (ignoring the constant o for a moment, and also assuming
the weak lensing case, 1, so that the expectation value of is the shear

) L X
gsc( )= —  ReD( i) il (45)
|

where the sum extends over all galaxy images at positions; and complex
ellipticity , and n is the number density of background galaxies. As shown
by Kaiser & Squires (1993), the variance of this estimator fo  diverges.
However, one can smooth this estimator, using a weight funéon W( )
(assumed to be normalized to unity), to obtain

Z
smooth () = d? OW(J (ﬁ) disc ( 0); (46)

which now has a nite variance. One might expect that, since () smoothing

can be represented by a convolution, (ii) the relation betwen and is a
convolution, and (iii) convolution operations are transitive, it does not matter

whether the shear eld is smoothed rst and inserted into (44), or one uses
(46) directly. This statement is true if the smoothing of the shear is performed
as 1 X
smooth;l( ): ﬁ W(J IJ) i (47)

I

If this expression is inserted into (44), one indeed recoverthe estimate (46).
However, this is not a particularly good method for smoothing, as can be
seen as follows: the background galaxy positions will at lest have Poisson
noise; in fact, since the angular correlation function everof faint galaxies is
non-zero, local number density uctuations will be larger than predicted from
a Poisson distribution. However, in the estimator (45) and in the smoothing
procedure (47), these local variations of the number densjt are not taken

into account. A much better way (Seitz & Schneider 1995) to snooth the

shear is given by

X Py
smooth;2 () = W(j i) W(j 7). (48)
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which takes these local number density uctuations into acount. Lombardi
& Schneider (2001) have shown that the expectation value ofte smoothed
shear estimate (48) is not exactly the shear smoothed by the drnel W, but
the deviation (i.e., the bias) is very small provided the e ective number of
galaxy images inside the smoothing functionW is substantially larger than
unity, which will always be the case for realistic applications. Lombardi &
Schneider (2002) then have demonstrated that the variance fo(48) is indeed
substantially reduced compared to that of (47), in agreemenwith the nding
of Seitz & Schneider (1995).

When smoothed with a Gaussian kernel of angular scales, the covariance
of the resulting mass map is nite, and given by (Lombardi & Bertin 1998;
van Waerbeke 2000)

2

4 2n

i

Cov ()i (9 = -

exp (49)
Thus, the larger the smoothing scale, the less noisy is the emesponding
mass map; on the other hand, the more are features washed ou€hoosing
the appropriate smoothing scale is not easy; we shall come bk to this issue
in Sect. 5.3 below.

The non-linear case, g 6 . Noting that the reduced shearg= =(1

) can be estimated from the ellipticity of images (assuming hat we avoid
the potentially critical inner region of the cluster, where jgj > 1; indeed,
this case can also be taken into account, at the price of somdwat increased
complexity), one can write:

1 z
() o== d°1 () ReD( Ho() ;i (0

this integral equation for can be solved by iteration, and it converges quickly
(Seitz & Schneider 1995). Note that in this case, the undetemined constant

o ho longer corresponds to adding a uniform mass sheet. What #harbitrary
value of ¢ corresponds to can be seen as follows: The transformation

() )= (H)+@ ) or
L Ty = 1n () (51)
changes the shear ! 0= , and thus leavesg invariant; this is the

mass-sheet degeneracy! It can be broken if magni cation irdfrmation can be
obtained, sinceA! A 9= A, so that

0= 2
Magni cation information can be obtained from the number counts of images
(Broadhurst et al. 1995), owing to the magni cation bias, provided the un-

lensed number density is su ciently well known. In principl e, the mass sheet
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degeneracy can also be broken if redshift information of thesource galaxies
is available and if the sources are widely distributed in reahift; this can be
seen as follows: let

D4s=Ds
Iimzsll Dys=Ds

Z(zs) = H(zs zq) (52)
(H being the Heaviside step function) be the ratio of the lensstrength of a
source atzg to that of a ducial source at in nite redshift (see Fig. 16); then,

if 1 and ; denote the surface mass density and shear for such a ducial
source, the reduced shear for a source a is

Z 1

T 7, (53)

g =
and there is no global transformation of ; that leavesg invariant for sources
at all redshifts, showing the validity of the above statemert. However, even
in this case the mass-sheet degeneracy is only mildly broke(see Bradac
et al. 2004). In particular, only those regions in the cluste where the non-
linearity (i.e., the di erence between and g) is noticibly can contribute to
the degeneracy breaking, that is, the region near the critial curves where

g 1

Fig. 16. The redshift weight
function Z(zs), dened in
(52), for three dierent val-
ues of the lens redshift z4 =
0:2, 0.5, and 0.8, and three
di erent geometries of the
Universe, as indicated in the
labels (here, mn is denoted
as o). Asymptotically for
zs!'1 , all curves tend to
0 et Z =1 (from Bartelmann &

0 ! < 7 5 4 Schneider 2001)
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In the non-linear case ( 6 g) the reduced shear needs to be obtained
from smoothing the galaxy ellipticities in the rst place. Since the relation
betweeng and is non-linear, the “transitivity of convolutions' no longer
applies; one thus cannot start from a discretization of an itegral over im-
age ellipticities and smooth the resulting mass map later. V¢ also note that
the accuracy with which the (reduced) shear is estimated carbe improved
provided redshift estimates of individual source galaxiesare available (see
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Fig. 17). In particular for high-redshift clusters, redshift information on indi-
vidual source galaxies becomes highly valuable. This can benderstood by
considering a high-redshift lens, where an appreciable fion of faint “source'
galaxies are located in front of the lens, and thus do not conibute to the
lensing signal. However, they do contribute to the noise of he measurement.
Redshift information allows the elimination of these foregound galaxies in
the shear estimate and thus the reduction of noise.

100 |- (
(

2,)=0.9, NL

2,)=0.9, L

[ -——-- (z,y=1.5, NL
80 + (z)=1.5, L B

fract. improvement [%]
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Fig.17. The fractional gain in accuracy of the shear estimate when using redshift
information of individual source galaxies, relative to the case where only the redshift
distribution of the population is known, plotted as a functi on of the lens redshift.
It is assumed that the sources have a broad redshift distribution, with a mean of

hzsi = 0:9 (solid and dotted curves) or hzsi = 1:5 (short-dashed and long-dashed
curves). The gain of accuracy also depends on the lens strenth; the dotted and

long-dashed curves assume local lens parameters of; =0:3 = 1 , whereas the
solid and short-dashed curves assume only very weak lensing here approximated
by 1 =0= 1 .One sees that the gain is dramatic once the lens redshift beomes
comparable to the mean redshift of the source galaxies and istherefore of great
importance for high-redshift clusters (from Bartelmann & S chneider 2001)

Finite- eld mass reconstruction. In order to obtain a mass map from a
nite data eld, one starts from the relation (Kaiser 1995)

ro= o W22y (), (54)
2;1 1;2

which is alocal relation between shear and surface mass density; it can e&gi
be derived from the de nitions of and interms of . . A similar relation



Weak Gravitational Lensing 53

can be obtained in terms of reduced shear,

1 1 o @ Ou1+ Qo2
“Or 1T ¢ S . (55
r ( ) 1 g% g% 0 l1+o 01 G2 Ug( ) ( )

where
K(C) It ()] (56)
is a non-linear function of . Based on these local relations, nite- eld inver-
sion relations can be derived, and several of them appeared ithe literature
right after the foregoing equations have been published. Foexample, it is
possible to obtain nite- eld mass maps from line integrati ons (Schneider
1995; for other methods, see Squires & Kaiser 1996). Of all #se nite- eld
methods, one can be identi ed as optimal, by the following reasoning: in the
case of noise-free data, the imaginary part of (44) should w@sh. Since one
is always dealing with noisy data (at least coming from the nite intrinsic
ellipticity distribution of the sources), in real life the i maginary part of (44)
will not be zero. But being solely a noise component, one canhoose that
nite- eld inversion which yields a zero imaginary component when averaged
over the data eld (Seitz & Schneider 1996). One way of derivihg this mass
map is obtained by a further di erentiation of (54); this the n yields a von
Neumann boundary-value problem on the data eld U (Seitz & Schneider
2001),
r’ =r u wth nr =nu on @; (57)

wheren is the outward-directed normal on the boundary @J of U. The anal-
ogous equation holds forK in terms of g and ug,

r’’K=r ug with nrK=n us on @: (58)

Note that (57) determines the solution only up to an additive constant,
and (58) determines K only up to an additive constant, i.e., (1 ) up
to a multiplicative factor. Hence, in both cases we recover lhe mass-sheet
degeneracies for the linear and non-linear case, respeatly. The numerical
solution of these equations is fast, using overrelaxationdee Press et al. 1992).
In fact, the foregoing formulation of the problem is equivakent (Lombardi &
Bertin 1998) to the minimization of the action
z

A= djr () u ()i (59)
U
from which the von Neumann problem can be derived as the Euleequation
of the variational principle A = 0. Furthermore, Lombardi & Bertin (1998)
have shown that the solution of (57) is “optimal’, in that for this estimator
the variance of is minimized.
Since (57) provides a linear relation between the shear andhe surface

mass density, one expects that it can also be written in the fam
z

()= UdZOH(;O)U(O); (60)
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where the vector eld H( ; 9 is the Green's function of the von Neumann
problem (57). Accordingly,
Y4

K()= Ud”H( b9 ug( 9 (61)

Seitz & Schneider (1996) gave explicit expression foH in the case of a
circular and rectangular data eld.

One might ask how important the changes in the resulting massnaps are
compared to the Kaiser{Squires formula applied to a nite data eld. For
that we note that applying (44) or (50) to a nite data eld is e quivalent
to setting the shear outside the data eld to zero. Hence, theresulting mass
distribution will be such as to yield a zero shear outside thedata eld, despite
the fact that we have no indication from data that the shear indeed is zero
there. This induces features in the mass map, in form of a pibw-like overall
mass distribution. The amplitude of this feature depends onthe strength of
the lens, its location inside the data eld, and in particular the size of the
data eld. Whereas for large data elds this amplitude is small compared to
the noise amplitude of the mass map, it is nevertheless a sysiatic that can
easily be avoided, and should be avoided, by using the niteeld inversions,
which cause hardly any additional technical problems.

Various tests have been conducted in the literature as to theaccuracy of
the various inversions. For those, one generates arti cialshear data from a
known mass distribution, and compares the mass maps reconsicted with
the various methods with the original (e.g., Seitz & Schneigr 1996, 2001;
Squires & Kaiser 1996). One of the surprising results of sucltomparisons
is that in some cases, the Kaiser & Squires original reconstiction faired
better than the explicit nite- eld inversions, although i t is known to yield
systematics. The explanation for this apparent paradox is,however, easy: the
mass models used in these test consisted of one or more localil mass peaks
well inside the data eld, so the shear outside the data eld is very small.
Noting that the KS formula applied to a nite data eld is equi valent to
setting = 0 outside the data eld, this methods provides “information' to
the reconstruction process which is not really there, but fo the mass models
used in the numerical tests is in fact close to the truth. Of caurse, by adding
this nearly correct “information’ to the mass reconstruction, the noise can
be lowered relative to the nite- eld reconstructions wher e no assumptions
about the shear eld outside the data eld is made.

Constraints on the geometry of the Universe from weak lensin g
mass reconstructions.  The strength of the lensing signal depends, for a
given lens redshift, on the redshift of the sources, througthe function Z (zg)
(52). Suppose that the surface mass density of a cluster wasell known, and
that the redshifts of background sources can be determinedThen, by com-
paring the measured shear signal from sources at a given reuift zg with the
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one expected from the mass distribution, the value ofZ(zs) can be deter-
mined. SinceZ (z) depends on the geometry of the Universe, parameterized
through , and , these cosmological parameters can in principle be de-
termined. A similar strategy for strong lensing clusters wa described at the
end of Sect. 4.

Of course, the surface mass density of the cluster cannot assed to be
known, but needs to be reconstructed from the weak lensing da itself. Con-
sider for a moment only the amplitude of the surface mass derity, assuming
that its shape is obtained from the reconstruction. Changirg the function
Z(z) by a multiplicative factor would be equivalent to changing the surface
mass density of the cluster by the inverse of this factor, and hence such a
constant factor in Z is unobservable due to the mass-sheet degeneracy. Hence,
not the amplitude of the function Z(z) shown in Fig. 16 is important here,
but its shape.

Lombardi & Bertin (1999) have suggested a method to perform tuster
mass reconstructions and at the same time determine the cosological pa-
rameters by minimizing the di erence between the shear preitted from the
reconstructed mass pro le and the observed image elliptidies, where the
former depends on the functional form ofZ(z). A nice and simple way to
illustrate such a method was given in Gautret et al. (2000), @lled the “triplet
method'. Consider three background galaxies which have a sall separation
on the sky, and assume to know the three source redshifts. Baase of their
closeness, one might assume that they all experience the santidal eld and
surface mass density from the cluster. In that case, the sheaof the three
galaxies is described by ve parameters, the two componentef ; , , and

m and . From the six observables (two components of three galaxy el
lipticities), one can minimize the di erence between the predicted shear and
the observed ellipticities with respect to these ve parameers, and in par-
ticular obtain an estimate for the cosmological parameters Repeating this
process for a large number of triplets of background galax® the accuracy
on the 's can be improved, and results from a large number of cluster can
be combined.

This procedure is probably too simple to be applied in practte; in partic-
ular, it treats ; and ; for each triplet as independent numbers, whereas
the mass pro le of the cluster is described by a single scalafunction. How-
ever, it nicely illustrates the principle. Lombardi & Berti n (1999) have used a
single density prole 1 ( ) of the cluster, but assumed that the mass-sheet
degeneracy is broken by some other means. Jain & Taylor (2003uggested a
similar technique for employing the lensing strength as a faction of redshifts
and cosmological parameters to infer constraints on the laer. Clearly, more
work is needed in order to turn these useful ideas into a pradtally applicable
method.
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5.3 Inverse methods

In addition to these “direct’' methods for determining , inverse methods have
been developed, such as a maximum-likelihood t (Bartelmam et al. 1996;
Squires & Kaiser 1996) to the data. There are a number of reass why these
are in principle preferable to the direct method discussed bove. First, in the
direct methods, the smoothing scale is set arbitrarily, andin general kept
constant. It would be useful to obtain an objective way how this scale should
be chosen, and perhaps, that the smoothing scale be a functioof position:
e.g., in regions with larger number densities of sources, th smoothing scale
could be reduced. Second, the direct methods do not allow adiibnal input
coming from complementary observations; for example, if bth shear and
magni cation information are available, the latter could n ot be incorporated
into the mass reconstruction. The same is true for clusters Were strong
lensing constraints are known.

The shear likelihood function. In the inverse methods, one tries to t
a (very general) lens model to the observational data, suchhat the data
agree within the estimated errors with the model. In the maximum-likelihood
methods, one parameterizes the lens by the de ection poteral on a grid
and then minimizes the regularized log-likelihood

Ko . » 2
ne=" L 8L a9 oy (it e WSK a0 (62)
i=1 |( ivf I"Ig)
where 1 9( i;f ng)j2 [see eq. (15) for the casggj < 1 that was

assumed here], with respect to these gridded -values; this speci ¢ form of the
likelihood assumes that the intrinsic ellipticity distrib ution follows a Gaussian
with width .8 In order to avoid over tting, one needs a regularization term
S; entropy regularization (Seitz et al. 1998) seems very welsuited (see Bridle
et al. 1998; Marshall et al. 2002 for alternative regularizaions). The entropy

term S gets large if the mass distribution has a lot of structure; hence, in
minimizing (62) one tries to match the data as closely as perntted by the

entropic term (Narayan & Nityananda 1986). As a result, one dtains a model
as smooth as compatible with the data, but where structure slows up where

5 This speci ¢ form (62) of the likelihood function assumes th at the sheared ellip-
ticity probability distribution follows a two-dimensiona | Gaussian with mean g
and dispersion ; note that this assumption is not valid in general, not even w hen
the intrinsic ellipticity distribution is Gaussian (see Ge iger & Schneider 1999 for
an illustration of this fact). The exact form of the lensed el lipticity distribution
follows from the intrinsic distribution ps( ©) and the transformation law (12)
between intrinsic and lensed ellipticity, p( )= ps ©(;g) det @°=@ . How-
ever, in many cases the Gaussian approximation underlying (62) is su cient and
convenient for analytical considerations.
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the data require it. The parameter . is a Langrangean multiplier which sets
the relative weight of the likelihood function and the regularization; it should
be chosen such that the ? per galaxy image is about unity, i.e.,

e ji gl iif w2
i=1 I2( |!f ng)

since then the deviation of the observed galaxy ellipticites from their ex-
pectation value g is as large as expected from the ellipticity dispersion. Thé
choice of the regularization parameter . then xes the e ective smoothing
used for the reconstruction.

Strong lensing constraints can be incorporated into the inerse method
by adding a term to the log-likelihood function which forces the minimum
to satisfy these strong constraints nearly precisely. E.g.if a pair of multiple
images at ; and  is identi ed, one could add the term

s (1) (%= il ()] [2 (207

to the log-likelihood; by turning up the parameter g, its minimum is guar-
anteed to correspond to a solution where the multiple image onstraint is
satis ed. Note that the form of this “source-plane minimization' is simpli ed
{ see Sect. 4.6 of SL { but in the current context this approachsu ces.

Ng ;

Magni cation likelihood. Similarly, when accurate number counts of faint

background galaxies are available, the magni cation infomation can be in-

corporated into the log-likelihood function. If the number counts behave (lo-
cally) as a power law,no(> S)/ S , the expected number of galaxies on
the data eld U then is .

MNi=n, d®j () *; (63)
U

see (26). The likelihood of observindN galaxies at the positions ; can then be
factorized into a term that yields the probability of observing N galaxies when
the expected number ishN i, and one that the N galaxies are at their observed
locations. Since the probability for a galaxy to be at ; is proportional to the
expected number density thereh = ng !, the likelihood function becomes
(Seitz et al. 1998)

W
L =Py (Ni) (i *; (64)

i=1
with the rst factor yielding the Poisson probability. Note that this expression
assumes that the background galaxies are unclustered on theky; in reality,
where (even faint) galaxies cluster, this factorization das not strictly apply.
It should be pointed out that the de ection potential , and not the

surface mass density , should be used as variable on the grid, for two reasons:



58 P. Schneider

rst, shear and depend locally on , and are thus readily calculated by
nite di erencing from , whereas the relation between and is non-local
and requires summation over all gridpoints, which is of couse more time
consuming. Second, and more important, the surface mass dsity on a nite
eld does notdetermine on this eld, since mass outside the eld contributes
to as well. In fact, one can show (Schneider & Bartelmann 1997)hat the
shear inside a circle is fully determined by the mass distrilation inside the
circle and the multipole moments of the mass distribution ouside the circle;
in principle, the latter can thus be determined from the shea measurement.

Despite these reasons, some authors prefer to construct ievse methods
in which the surface mass density on a grid serves as variatdge.g., Bridle
et al. 1998; Marshall et al. 2002). The fact that the mass dengy on a nite
eld does not describe the shear in this eld is accounted forin these methods
by choosing a reconstruction grid that is larger than the data eld and by
allowing the surface mass density in this outer region to vay as well. Whereas
the larger numerical grid requires a larger numerical e ort, in addition to the
non-local relation between and , this is of lesser importance, provided the
numerical resources are available. Worse, however, is thdaw that the mass
distribution outside the data eld obtained by this method h as any physical
signi cance! It has not. This mass distribution is solely one of in nitely many
that can approximately generate the shear in the data eld from mass outside
the data eld. The fact that numerical tests show that one can indeed recover
some of the mass distribution outside the data eld is again auke, since these
models are usually chosen such that all mass distribution oiside the eld
in contained in a boundary region around the data eld which is part of the
numerical grid { and hence, the necessary “external' shear ust be generated
by a mass distribution in this boundary zone which by construction is where
it is. In real life, however, there is no constraint on where tie “external’ shear
contribution comes from.

5.4 Parameterized mass models

Whereas the parameter-free mass maps obtained through ond the methods
discussed above provide a direct view of the mass distributin of a cluster,
their quantitative interpretation is not straightforward . Peaks in the surface
mass density can indicate the presence of a mass concentraii, or else be
a peak caused by the ellipticity noise of the galaxies. Sincéhe estimated
values for at dierent locations are correlated [see eq. (49)], it is hard to
imagine “error bars' attached to each point. Therefore, it 5 often preferable
to use parameterized mass models to t the observed data; forexample,
tting shear (and/or magni cation) data to an NFW mass prol e (see IN,
Sect. 6.2) yields the virial massM oo of the cluster and its concentration
index c. There are basically two methods which have been used to obia
such parameterized models. The rst one, assuming a spheri¢ mass model,
orders the tangential component of the observed image ellicities into radial
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bins and ts a parameterized shear pro le through these bins by minimizing
a corresponding 2-function. One of the disadvantages of this method is that
the result of the tting process can depend on the selected liining, but this
can be largely avoided by choosing the bins ne enough. Thistien essentially
corresponds to minimizing the rst term in (62).

Alternatively, a likelihood method can be used, in which thelog-likelihood
function (62) { without the regularization term { is minimiz ed, with the val-
ues of the potential on the gridf g replaced by a set of parameters which
describe the mass pro le. Schneider et al. (2000) have usedis likelihood
method to investigate with which accuracy the model parameers of a mass
pro le can be obtained, using both the shear information as vell as mag-
ni cation information from number counts depletion. One of the surprising
ndings of this study was that the slope of the tted mass pro le is highly de-
generate if only shear information is used; indeed, the massheet degeneracy
strikes again and causes even fairly di erent mass pro les v have very similar
reduced shear pro les, as is illustrated for a simple examg@ in Fig. 18. In
Fig. 19, the resulting degeneracy of the pro le slope is seerThis degeneracy
can be broken if number count information is used in addition As seen in
the middle panel of Fig. 18, the magni cation pro les of the four models dis-
played are quite di erent and thus the number counts sensitive to the pro le
slope. Indeed, the con dence regions in the parameter ts, bown in Fig. 19,
obtained from the magni cation information are highly incl ined relative to
those from the shear measurements, implying that the combiation of both
methods yields much better constraints on the model paramedrs. Of course,
as mentioned before, the mass-sheet degeneracy can also lveken if redshift
information of individual background galaxies is available.

However, in order for the magni cation information to yield signi cant
constraints on the mass parameters, one needs to know the whsed number
density ng of sources quite accurately. In fact, even an uncertainty ofess than

10% in the value ofng renders the magni cation information in relation to
the shear information essentially useless (in the frame of grameterized mod-
els). Note that an accurate determination ofng is di cult to achieve: since ng
corresponds to the unlensed number density of faint galax®at the same ux
limit as used for the actual data eld, one requires an accurde photomet-
ric calibration. A ux calibration uncertainty of 0 :1mag corresponds to an
uncertainty in ng of about 5% for a slope of =0:5, and such uncertain-
ties are likely at the very faint ux limits needed to achieve a high number
density of sources. In addition, the presence of bright clugr galaxies renders
the detection and accurate brightness measurement of backgund galaxies
di cult and requires masking of regions around them. Nevertheless, in cases
where only magni cation information is available, it can pr ovide information
on the mass pro le by itself. Such a situation can occur for olserving condi-
tions with seeing above 1% when the shear method is challenged by the
smallness of faint galaxies.
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The result shown in Fig. 19 implies that the shape of the mass m le
cannot be very well determined from the shear method, owing @ the mass
sheet degeneracy. This result extends to more general massagdes than
power-law models; e.g., King & Schneider (2001) consideredFW models
with their two parameters ¢ and rogo. A fairly strong degeneracy between
these two parameters was found. Furthermore, the mass-sheelegeneracy
renders it surprisingly di cult to distinguish an isotherm al mass model from
an NFW pro le. The ability to distinguish these two families of models in-
creases with a larger eld-of-view of the observations. Ths expectation was
indeed veri ed in King et al. (2002b) where the wide- eld imaging data of
the cluster A 1689 were analyzed with the likelihood method.Although the
eld size is larger than 30°, so that the shear prole up to  15° from the
cluster center can be measured, an NFW pro le is preferred wh less than
90% con dence over a power-law mass model. The determinatioof the mass
pro les is likely to improve when strong lensing constraints are taken into
account as well.
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Fig.19. For the power-law models of Fig. 18, con dence regions in the slope q
and amplitude a are drawn, as derived from the shear (thin solid contours), t he
magni cation (dotted) and their combination (thick solid) . A number density of
30=arcmin? for shear measurements and 126arcmin? for number counts was as-
sumed. Thick dashed curves show models with constant total number of galaxies
in the eld, demonstrating that most of the constraint from m agni cation is due to

the total counts, with little information about the detaile d pro le. It was assumed
here that the unlensed number density of background galaxies is perfectly known;
the fact that most of the magni cation information comes fro m the total number

of galaxies in the eld implies that any uncertainty in the un lensed number density
will quickly remove most of the magni cation information (f rom Schneider et al.
2000)

The likelihood method for obtaining the parameters of a massmodel is
robust in the sense that the result is only slightly a ected by substructure,
as has been shown by King et al. (2001) using numerically gengted cluster
models. However, if a "wrong' parameterization of the mass idtribution is
chosen, the interpretation of the resulting best-t model must proceed care-
fully, and the resulting physical parameters, such as the ttal mass, may be
biased. The principal problems with parameterized models ee the same as
for lens galaxies in strong lensing: unless the parametersakie a well-de ned
physical meaning, one does not learn much, even if they are termined with
good accuracy (see Sect. 4.7 of SL).

5.5 Problems of weak lensing cluster mass reconstruction an d
mass determination

In this section, some of the major problems of determining tle mass pro le of
clusters from weak lensing techniques are summarized. Thenite ellipticity
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dispersion of galaxies generates a noise which provides anfilamental limit
to the accuracy of all shear measurements. We will mention a umber of
additional issues here.

Number 1: The mass-sheet degeneracy. As mentioned several times,
the major problem is the mass-sheet degeneracy, which im@s that there
is always one arbitrary constant that is undetermined from the shear data.
Number count depletion can in principle lift this degeneragy, but this magni-

cation e ect has been observed in only a few clusters yet, ad as mentioned
above, this method has its own problems. Employing redshiftinformation of

individual source galaxies can also break this degeneracB(adac et al. 2004).
Note that the mass-sheet degeneracy causes quite di erent ass pro les to
have very similar reduced shear pro les.

Source redshift distribution. Since the critical surface mass density
depends on the source redshift, a quantitative interpretaton of the weak lens-
ing mass reconstruction requires the knowledge of the reddih distribution of
the galaxy sample used for the shear measurements. Those atypically so
faint (and numerous) that it is infeasible to obtain individ ual spectroscopic
redshifts for them. There are several ways to deal with this $sue: probably
the best is to obtain multi-color photometry of the elds and employ photo-
metric redshift techniques (e.g. Connolly et al. 1995; Bertez 2000; Bolzonella
et al. 2000). In order for them to be accurate, the number of bads needs to
be fairly large; in addition, since much of the background g#axy population
is situated at redshifts above unity, one requires near-IR mages, as optical
photometry alone cannot be used for photometric redshifts hove z > 1:3
(where the 4000A-break is redshifted out of the optical window). The prob-
lem with near-IR photometry is, however, that currently near-IR cameras
have a substantially smaller eld-of-view than optical cameras; in addition,
due to the much higher sky brightness for ground-based nealR observations,
they extend to brighter ux limits (or smaller galaxy number densities) than
optical images, for the same observing time. Neverthelessjpcoming wide-
eld near-IR cameras, such as the VISTA project on Paranal or WIRCAM
at the CFHT, will bring great progress in this direction.

The alternative to individual redshift estimates of background galaxies is
to use the redshift distribution obtained through spectroscopic (or detailed
photometric redshift) surveys in other elds, and identify this with the faint
background galaxy population at the same magnitude. In thisway, the red-
shift distribution of the galaxies can be estimated. The issies that need to be
considered here is that neither the targets for a spectrosquc survey, nor the
galaxy population from which the shear is estimated, are stictly magnitude
selected. Very small galaxies, for example, cannot be usedrfa shear esti-
mate (or are heavily downweighted) owing to their large smeaing corrections
from the PSF. Similarly, for low-surface brightness galaxes it is much harder
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to determine a spectroscopic redshift. Hence, in these redigt identi cations,
care needs to be excersized.

For cluster mass reconstructions, the physical mass scals bbtained from
the average := hDys=Dsi over all source galaxies. This average is fairly
insensitive to the detailed redshift distribution, as long as the mean source
redshift is substantially larger than the lens redshift. This is typically the
case for low-redshift ¢ < 0:3) clusters. However, for higher-redshift lenses,
determining requires a good knowledge of the galaxy redshift distributbn.

Contamination of the source sample. Next on the list is the contam-
ination of the galaxy sample from which the shear is measuredy cluster
galaxies; a fraction of the faint galaxies will be foregroun objects or faint
cluster members. Whereas the foreground population is autmatically taken
into account in the normal lensing analysis (i.e., in determning ), the cluster
members constitute an additional population of galaxies wiich is not included
in the statistical redshift distribution. The galaxy sampl e used for the shear
measurement is usually chosen as to be substantially faintehan the brighter
cluster member galaxies; however, the abundance of dwarf tgxies in clusters
(or equivalently, the shape of the cluster galaxy luminosiy function) is not
well known, and may vary substantially from cluster to cluster (e.g., Tren-
tham & Tully 2002, and references therein). Including cluser members in
the population from which the shear is measured weakens theshsing signal,
since they are not sheared. As a consequence, a smaller shéameasured,
and a lower cluster mass is derived. In addition, the dwarf catamination
varies as a function of distance from the cluster center, sohat the shape of
the mass distribution will be a ected. Color selection of faint galaxies can
help in the selection of background galaxies, i.e., to obtai a cleaner set of
true background galaxies. Of course, cluster dwarfs, if noproperly accounted
for, will also a ect the magni cation method. One method to d eal with this
problem is to use only galaxies redder than the Red Cluster Spience of the
cluster galaxies in the color-magnitude diagram, as this sguence indicates
the reddest galaxies at the corresponding redshift.

Accuracy of mass determination via weak lensing. Comparing the
“true' mass of a cluster with that measured by weak lensing isot trivial,

as one has to de ne what the true mass of a cluster is. Using chters from
numerical simulations, the mass is de ned as the mass insida sphere of
radius roo around the cluster center within which the overdensity is 2@ times
the critical density of the universe at the redshift consideed. When comparing
this mass with the projected mass inside a circle of radiu®R = rppo, One
should not be surprised that the latter is larger (Metzler et al. 2001), since
one compares apples (the mass inside a sphere) with orangekd& mass within
a cylinder). Metzler et al. ascribed this to the mass in dark natter laments
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at the intersection of which massive clusters are located, lt it is most likely
mainly an e ect of the mass de nitions.

The mass-sheet degeneracy tell us there is little hope to meare the “total'
mass of a cluster without further assumptions. Therefore, oe natural strat-
egy is to assume a parameterized mass pro le and see how acetely one
can determine these parameters. The e ect of ellipticity ndse has already
been described in Sect.5.4. Using simulated clusters, Clawet al. (2004a)
have studied the e ect of asphericity and substructure of clsters on these
mass parameters, by analyzing the shear eld obtained from ndependent
projection of the clusters. They nd that the non-spherical mass distribu-
tion and substructure induce uncertainties in the two parameters (r2g0 and
the concentration ¢) of an NWF pro le which are larger than those from
the ellipticity noise under very good observing conditions Among di erent
projections of the same cluster, the value of o has a spread of 10 { 15%,
corresponding to a spread in virial mass of 40%. Averaging over the di er-
ent projections, they nd that there is little bias in the mas s determination,
except for clusters with very large ellipticity.

Lensing by the large-scale structure. Lensing by foreground and back-
ground density inhomogeneities (i.e., the LSS), yields a fadamental limit to
the accuracy of cluster mass estimates. Since lensing probehe projected
density, these foreground and background inhomogeneitiesre present in the
lensing signal. Hoekstra (2003) has investigated this e etin the determina-
tion of the parameters of an NFW mass pro le; we shall return to this issue
in Sect. 9.2 below when we consider lensing by the large-seattructure. In
principle, the foreground and background contributions can be eliminated if
the individual redshifts of the source galaxies are known, isce in this case a
three-dimensional mass reconstruction becomes possiblege Sect. 7.6); how-
ever, the resulting cluster mass map will be very noisy.

5.6 Results

After the rst detection of a coherent alignment of galaxy images in two
clusters by Tyson et al. (1990) and the development of the Kaser & Squires
(1993) mass reconstruction method, the cluster MS 1224+20 as the rst for

which a mass map was obtained (Fahlman et al. 1994). This inv&igation of
the X-ray selected cluster yielded a mass map centered on thé-ray centroid

of the cluster, but also a surprisingly high M=L -ratio of  800h (here and
in following we quote mass-to-light ratios always in Solar uits). This high

M=L ratio has later been conrmed in an independent analysis by kscher
(1999). This mass estimate is in strong con ict with that obt ained from a
virial analysis (Carlberg 1994); however, it is known that this cluster has a
very complex structure, is not relaxed, and most likely a sugrposition of
galaxy concentrations in redshift.
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Fig.20. Contours show the
mass reconstruction of the
cluster A1689, obtained from
data taken with the WFI
at the ESO/MPG 2.2m tele-
| scope. The image is 33
© .| on a side, corresponding to
“|  4:3h Mpc at the cluster
redshift of zg = 0:18. In the
lower panel, the reduced shear
C pro le is shown, together with
the best tting SIS and NFW
1 models. The mass reconstruc-
tion has been smoothed by
| a 1°15 Gaussian, and contour
| spacingis  =0:01. No cor-
rections have been applied to
| account for contamination of
. 7 the lensing signal by cluster
1 dwarf galaxies { that would
increase the mass of the best
: 1t models by 25% (taken
o 200 wo . &0 a0 from Clowe & Schneider 2001)

T T T
SIS ¢ = 1010 km/s
— — — NFW Tapg = 1.28 Mpe, ¢ = E.D’:

Since this pioneering work, mass reconstructions of many ubters have
been performed; see Mellier (1999) and Sect. 5.4 of BS. Herenly a few
recent results shall be mentioned, followed by a summary.

Wide- eld mass reconstructions. The advent of large mosaic CCD cam-
eras provides an opportunity to map large regions around clsters to be used
for a mass reconstruction, and thus to measure the shear prde out to the
virial radius of clusters. These large-scale observations er the best promise
to investigate the outer slope of the mass pro le, and in paricular distinguish
between isothermal distributions and those following the NNVF pro le. Fig.
20 shows an example of such a mass reconstruction, that of thduster Abell
1689 with zg = 0:182. A signi cant shear is observed out to the virial radius.
The mass peak is centered on the brightest cluster galaxy, ahthe overall
lens signal is signi cant at the 13.4- level. The shear signal is t with two
models, as shown in the lower panel of Fig. 20; the NWF pro le yelds a
better t than an SIS pro le. Two more clusters observed with the WFI by
Clowe & Schneider (2002) yield similar results, i.e., a detetion of the lensing
signal out to the virial radius, and a preference for an NWF mass pro le, al-
though in one of the two cases this preference is marginal. Télensing signal
of such rich clusters could be contaminated by faint clustermember galaxies;
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correcting for this e ect would increase the estimate of thelensing strength,
but requires multi-color imaging for source selection.

The cluster A1689 is (one of) the strongest lensing cluster&nown (see
Fig. 14); in fact, it is strong enough so that a weak lensing ginal can be
signi cantly detected from near-IR images (King et al. 2002a) despite the fact
that the usable number density of (background) galaxiesisaly ~ 3arcmin 2.
The estimate of its velocity dispersion from weak lensing y&lds an Einstein
radius well below the distance of the giant arcs from the cluter center. Hence,
in this cluster we see a discrepancy between the strong and wak lensing
results, which cannot be easily explained by redshift di erences between the
arc sources and the mean redshift of the faint galaxies usedf the weak
lensing analysis. On the other hand, A1689 is known to be not aelaxed
cluster, due to the redshift distribution of its member galaxies. This may
explain the fact that the weak lensing mass estimates is alstower than that
obtained from X-ray studies.

Filaments between clusters. One of the predictions of CDM models for
structure formation is that clusters of galaxies are locatel at the intersection
points of laments formed by the dark matter distribution. | n particular,
this implies that a physical pair of clusters should be conneted by a bridge
or lament of (dark) matter, and weak lensing mass reconstructions can in
principle be used to search for them. In the investigation ofthe z = 0:42
supercluster MS0302+17, Kaiser et al. (1998) found an indiation of a possi-
ble lament connecting two of the three clusters, with the caveat (as pointed
out by the authors) that the lament lies just along the bound ary of two
CCD chips; in fact, an indepedent analysis of this superclugr (Gavazzi et
al. 2004) failed to con rm this lament. Gray et al. (2002) sa w evidence for a
lament connecting the two clusters A901A/901B in their mass reconstruc-
tion of the A901/902 supercluster eld. Another potential lament has been
found in the wide- eld mass reconstruction of the eld containing the pair of
clusters A222/223 (Dietrich et al. 2004). Spectroscopy shas that there are
also galaxies at the same redshift as the two clusters presem the * lament'
(Dietrich et al. 2002).

One of the problems related to the unambiguous detection of laments
is the diculty to de ne what a " lament' is, i.e. to device a s tatistics to
quantify the presence of a mass bridge. The eye easily pickpla pattern and
identi es it as a " lament', but quantifying such a pattern t urns out to be
very di cult, as shown by Dietrich et al. (2004). Because of t hat, it is di cult
to distinguish between noise in the mass maps, the “elliptal' extension of
two clusters pointing towards each other, and a true lament. However, this
problem is not speci c to the weak investigation: even if the true projected
mass distribution of a pair of clusters were known (e.g., frm a cluster pair
in numerical simulations), it is not straightforward to de ne what a lament
would be.



Weak Gravitational Lensing 67

L L | L L 1 L \ | L '\ L ) L L L L L ) |
01"39™00° 30° 38M00°  30° 37M00°  30°

o (J2000)

Fig.21. A deep R-band image of the cluster pair Abell 222/223, obtain ed from
two di erent pointings with the WFI@ESO/MPG 2.2m, with cont  ours showing the
reconstructed -map. The two clusters are in the region where the pointings overlap
and thus deep imaging is available there. Both clusters are obviously detected in
the mass map, with A223 (the Northern one) clearly split up in to two subclusters.
The mass reconstruction shows a connection between the two dusters which can be
interpreted as a lament; galaxies at the clusters' redshif t are present in this inter-

cluster region. A further mass concentration is seen about 13° to the South-East
of A222, which is signi cant at the 3 :5 level and where a clear concentration of
galaxies is visible. A possible red cluster sequence indictes a substantially higher

redshift for this cluster, compared to z 0:21 of the double cluster (from Dietrich
et al. 2004)
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Correlation between mass and light. Mass reconstructions on wide-
elds, particularly those covering supercluster regionsare ideally suited to in-
vestigate the relation between mass and galaxy light. For eample, a smoothed
light map of the color-selected early-type galaxies can bearrelated with the
reconstructed -map; alternatively, assuming that light traces mass, the &-
pected shear map can be predicted from the early-type galags and com-
pared to the observed shear, with the mass-to-light ratio béng the essential
t parameter. Such studies have been carried out on the aformentioned su-
percluster elds, as well as on blank elds (Wilson et al. 20QL). These studies
yield very consistent results, in that the mass of clusters s very well traced
by the distribution of early-type galaxies, but the mass-to-light ratio seems to
vary between di erent elds, with 400 (in solar units) for the 0302 super-
cluster (Gavazzi et al. 2004), 200h for the A901/902 supercluster (Gray et
al. 2002), and 30Ch for empty elds (Wilson et al. 2001) in the rest-frame
B-band. When one looks in more detail at these supercluster elds, inter-
esting additional complications appear. The three clustes in the 0302 eld,
as well as the three clusters in the A901/902 eld (A901 is incked a pair of
clusters) have quite di erent properties. In terms of number density of color-
selected galaxies, A901a and A902 dominate the eld, whereaonly A901b
seems to be detected in X-rays. Considering early-type gal@es' luminosity,
A901a is the most prominent of the three clusters. In contrasto this, A902
seems to be most massive as judged from the weak lensing restmiction.
Similar di erences between the three clusters in the 0302 ¢d are also seen.
It therefore appears that the mass-to-light properties of dusters cover quite

a range.

Cluster mass reconstructions from space. The exquisite image quality
that can be achieved with the HST { imaging without the blurri ng e ects
of atmospheric seeing { suggests that such data would be idédor weak
lensing studies. This is indeed partly true: from space, theshape of smaller
galaxy images can be measured than from the ground where théze of the
seeing disk limits the image size of galaxies that can be usedr ellipticity
measurements in practice. Fig. 22 shows an HST image of theudter A851
(zqg = 0:41), together with a mass reconstruction. The agreement bateen
the mass distribution and the angular distribution of bright cluster galaxies
is striking. A detailed X-ray observation of this cluster with XMM-Newton
(De Filippis et al. 2003) nds two extended X-ray components coinciding
with the two maxima of the bright galaxy distribution, and th us of the mass
map shown in Fig. 22, in addition to several compact X-ray souces inside
the HST eld. Clearly, this cluster is a dynamically young system, as also
seen by the inhomogeneities of the X-ray temperature and metllicity of the
intracluster gas.

The drawback of cluster weak lensing studies with the HST is he small
eld-of-view of its WFPC2 camera, which precludes imaging d large regions
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Fig. 22. The left panel shows an WFPC2@HST image of the cluster Cl0939+4713
(=Abell 851; taken from Seitz et al. 1996; the eld is about 2 % on a side), whereas
the right panel shows a mass reconstruction obtained by Geiger & Schneider (1999);
this was obtained using the entropy-regularized maximum li kelihood method of
Seitz et al. (1998). One notices the increased spatial resalition of the resulting
mass map near the center of the cluster, which this method yields “automatically’
in those regions where the shear signal is large. Indeed, thé mass map predicts that
the cluster is critical in the central part, in agreement wit h the nding of Trager
et al. (1997) that strong lensing features (multiple images plus an arc) of sources
with z 4 are seen there. The strong correlation between the distribution of mass
and that of the bright cluster galaxies is obvious: Not only d oes the peak of the
mass distribution coincide with the light center of the clus ter, but also a secondary
maximum in the surface mass density corresponds to a galaxy @ncentration (seen
in the lower middle), as well as a pronounced minimum on the left where hardly
any bright galaxies are visible

around the cluster center. To compensate for this, one can wsmultiple point-
ings to tile a cluster. For example, Hoekstra and collaborabrs have observed
three X-ray selected clusters with HST mosaics; the resultdrom this survey
are summarized in Hoekstra et al. (2002d). One example is shm in Fig.
23, the high-redshift cluster MS1054 03 at zq = 0:83. Also in this cluster
one detects clear substructure, here consisting of three nsa peaks, which is
matched by the distribution of bright cluster galaxies. The shape of the mass
maps indicates that this cluster is not relaxed, but perhapsin a later stage
of merging, a view also supported by its hot X-ray temperature. In fact, new
observations with Chandra and XMM-Newton of MS 1054 have shan that
this cluster has a much lower temperature than measured eaidr with ASCA
(Gioia et al. 2004). Only two of the three components seen in lie galaxy
distribution and the mass reconstruction are seen in X-rayswith the central
weak lensing component being the dominant X-ray source. Th@ewly deter-
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mined X-ray temperature is consistent with the velocity dispersion of cluster
galaxies.

| Fig. 23. Mass reconstruction
1 (contours) of the inner part of
the high-redshift (zq = 0:83)
cluster MS1054 03, based on a
’| mosaic of six pointings obtained
—— with the WFPC2@HST (from
1 Hoekstra et al. 2000). The split-
\ ting of the cluster core into three
~ subcomponents, also previously
seen from ground-based images
by Clowe et al. (2000), shows
that this cluster is not yet relaxed

Magni cation e ects. As mentioned in Sect. 2.4, the magni cation of a
lens can also be used to reconstruct its surface mass densifgroadhurst et
al. 1995). Provided a population of background source galaes is identi ed
whose number count slope { see (26) - diers signi cantly from unity,
local counts of these sources can be turned into an estimatoof the local
magni cation. If the lens is weak, (27) provides a relation between the local
number counts and the local surface mass density. If the lengs not weak,
this relation no longer su ces, but one needs to use the full expression

jit=@ g (65)
where we have written absolute values to account for the facthat the sign of
the magni cation cannot be observed. There are two obvious dculties with
(65): the rst comes from the sign ambiguities, namely whether is positive
or negative, and whether < 1 or> 1. Assuming that we are in the region of

the cluster where > 0 and < 1 (thatis, outside the outer critical curve),
then (65) can be rewritten as

=1 DT R (66)

which shows the second di culty: in order to estimate  from , one needs
to know the shear magnitudej j.

There are various ways to deal with this second problem. Corider rst
the case that the (reduced) shear is also observed, in whichase one better
writes

. . 1=2
=1 1jd? ; (67)



Weak Gravitational Lensing 71

but of course, if shear measurements are available, they shtdl be combined
with magni cation observations in a more optimized way. A second method,
using magni cation only, is based on the fact that depends linearly on (ig-
noring nite- eld problems here), and so (66) can be turned into a quadratic
equation for the  eld (Dye & Taylor 1998). From numerical models of
clusters, van Kampen (1998) claimed that the shear in theselus@rﬁpprox—
imately follows on average a relation of the formj j = (1 ¢ =c, with
¢ 0:7; however, there is (as expected) large scatter around thimean rela-
tion which by itself has little theoretical justi cation. F ig. 24 shows the mass
reconstruction of the cluster CI0024+17 using galaxy nhumbe counts and the
two reconstruction methods just mentioned.

. 0.77

B o Fig. 24. Mass reconstruction of the clus-
W o ter Cl0024+17 from the magni cation
method. The two dierent reconstruc-

] % tions are based on two di erent ways to
—0:92 turn the magni cation signal { number

-0.21 count depletions { into a surface mass

_041 density mass, as described in the text:

in the upper panel, a local relation be-
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« local) quadratic dependence of the in-
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. W o structions agree very well. To account for

the presence of bright foreground galax-
[ oz ies, the data eld had to be masked
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al. 2002)
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Magni cation e ects have been observed for a few clusters, rost noticibly
Cl0024+17 (Fort et al. 1997; Regnvaldsson et al. 2001; Dye tal. 2002) and
A1689 (Taylor et al. 1998; Dye et al. 2001). We shall describesome of the
results obtained for C10024+17 as an example (Dye et al. 2002 Since the
cluster galaxies generate a local overdensity of galaxy cots, they need to
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be removed rst, which can be done based on a color and magnitle crite-
rion. Comparison with extensive spectroscopy of this clustr (Czoske et al.
2001) shows that this selection is very e ective for the brighter objects. For
the fainter galaxies { those from which the lensing signal isactually mea-
sured { a statistical subtraction of foreground and cluster galaxies needs to
be performed, which is done by subtracting galaxies accordg to the eld
luminosity function with z < z4 and cluster galaxies according to the cluster
luminosity function. The latter is based on the assumption that the luminos-
ity distribution of cluster galaxies is independent from the distance to the
cluster center. Next, the eld of the cluster needs to be maskd for bright
objects, near which the photometry of fainter galaxies becmes inaccurate
or impossible; Fig.25 shows the masked data eld. The numbedensity of
sources is then determined from the unmasked area. The regirig mass re-
construction is shown in Fig. 24. The results con rm the earlier nding from

: Fig.25. The mask of the data eld of
the cluster C10024+17 (grey circles) and
< the location of putative background ob-

jects (crosses). The inner dashed circle
shows the critical curve of the cluster
as derived from the multiply imaged arc
system (from Dye et al. 2002)
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strong lensing (see Sect. 4.4) that the mass in the inner parof this cluster is
larger by a factor 3 than estimated from its X-ray emission (Soucalil et al.
2000).

Magni cation and shear method compared. It is interesting to con-
sider the relative merits of shear and magni cation methodsfor weak lens-
ing studies. The number of clusters that have been investig@d with either
method are quite di erent, with less than a handful for which the magni -
cation e ect has been seen. The reason for this is multifold First, the shear
method does not need external calibration, as it is based onhe assumption
of random source ellipticity; in contrast to this, the magni cation method
requires the number counts of unlensed sources. Whereas thican be ob-
tained from the same dataset, provided it covers a su ciently large area,



Weak Gravitational Lensing 73

this self-calibration removes one of the strongest appealsf the magni ca-
tion e ect, namely its potential to break the mass-sheet degeneracy. Second,
the magni cation method is a ected by the angular correlati on of galax-
ies, as clearly demonstrated by Athreya et al. (2002) in thei study of the
cluster MS 1008 1224, where the background number counts revealed the
presence of a background cluster which, if not cut out of the dta, would
contaminate the resulting mass pro le substantially. Thir d, the removal of
foreground galaxies, and more seriously, of faint cluster mmbers introduces
an uncertainty in the results which is di cult to control. Fi nally, the number
count method yields a lower lensing signal-to-noise than te shear method:
If we considerN and N galaxies in a given patch of the sky, such that for
the former ones the ellipticities have been measured, and fdhe latter ones
accurate photometry is available and the galaxies are abovéhe photometric
completeness brightness, the signal-to-noise ratio fromhe shear { see (15) {
and number count methods are

S _jiPg. S _, . N

N - N,N—ZJ 1 N ; (68)

where we employed (27) in the latter case and assumed that theource galaxy
positions are uncorrelated. The ratio of these two S/N values is

s
(S=N) _jj 1 N
(S=N) 2 j1 j N (69)
For an isothermal mass pro le, the rst of these factors is unity. With 0:4
and 0:75 for R-band counts, the second factor is 5. The nal factor

depends on the quality of the data: in good seeing conditionghis ratio is of
order unity. However, when the seeing is bad, the photometd completeness
level can be considerably fainter than the magnitude for whth the shape
of galaxies can be measured reliably. Therefore, for data wh relatively bad
seeing, the magni cation e ect may provide a competitive means to extract
weak lensing information. Having said all of this, the magnication method
will keep its position as an alternative to shear measuremes, in particular
for future multi-color datasets where the separation of foeground and cluster
galaxies from the background population can be made more céaly.

Summary. The mass reconstruction of clusters using weak lensing hasyb
now become routine; quite a few cameras at excellent sites gld data with
sub-arcsecond image quality to enable this kind of work. Ovell, the recon-
structions have shown that the projected mass distributionis quite similar to
that of the projected galaxy distribution and the shape of the X-ray emission,
at least for clusters that appear relaxed. There is no strongevidence for a dis-
crepancy between the mass obtained from weak lensing and thfrom X-rays,
again with exceptions like for ClI0024+16 mentioned above (vich most likely
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is not a single cluster). The weak lensing mass pro les are ¢widered more
reliable than the ones obtained from X-ray studies, since tey do not rely
on symmetry or equilibrium assumptions. On the other hand, they contain
contributions from foreground and background mass inhomogneities, and
are a ected by the mass-sheet degeneracy. What is still ladkg is a combined
analysis of clusters, making use of weak lensing, X-ray, Syaev{Zeldovich,
and galaxy dynamics measurements, although promising rstattempts have
been published (e.g., Zaroubi et al. 1998, 2001; Reblinsky0®0; Dok et al.
2001; Marshall et al. 2003).

5.7 Aperture mass and other aperture measures

In the weak lensing regime, 1, the mass-sheet degeneracy corresponds to
adding a uniform surface mass density . However, one can de ne quantities
in terms of the surface mass density which are invariant undethis transfor-
mation. In addition, several of these quantities can be detemined directly in
terms of the locally measured shear. In this section we shafiresent the basic
properties of the aperture measures, whereas in the followg section we shall
demonstrate how the aperture mass can be used to nd mass coeatrations
based solely on their weak lensing properties.

Aperture gnass.  Let U (j j) be a compensated weight (or Iter) function,
meaning d U () =0, then the aperture mass

y4
Map( 0)= d® ()U( ol) (70)

is independent of g, as can be easily seen. For example, # has the shape
of a Mexican hat, M4, will have a maximum if the lter center is centered
on a mass concentration. The important point to notice is that M4, can be
written directly in terms of the shear (Kaiser et al. 1994; Stneider 1996)

z

Map( 0)=  d® QG 1) «(; o) (71)

where we have de ned thetangential component ; of the shear relative to
the point ¢ [cf. eq. 17], and
z

2
—ZOdOOU(O) U(): (72)

Q()=

These relations can be derived from (54), by rewriting the patial derivatives
in polar coordinates and subsequent integration by parts (se Schneider &
Bartelmann 1997); it can also be derived directly from the Kaser & Squires
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inversion formula (44), as shown in Schneider (1996). Perhzs easiest is the
following derivation (Squires & Kaiser 1996): We rst rewri te (70) as

Z
Mg =2 d# #U(#) h (#)i
0
z, dhi
=2 [X#) h @®ily 2 d# X (#) —/—— ; (73)
0 d#
where  is the radius of the aperture, and we have de ned

z
X()=  d##U®):
0

This de nition and the compensated nature of U implies that the boundary
terms in (73) vanish. Making use of (24), one nds that

dhi _d dhi _ 2 i dhi

da#  d#  d#  o# a#
where we used (23) and (24) to obtain d=d# = 2h i =#. Inserting the
foregoing equation into (73), one obtains

z
Mep=2 d##Z);g#)ht(#)i
Z 0 dx
+2 [X#) h@)ily 2 d# - h (@i : (74)
0

The boundary term again vanishes, and one sees that the lastggation has
the form of (71), with the weight function Q = 2X=#2 U, reproducing (72).

We shall now consider a few properties of the aperture mass, lvich follow
directly from (72).

If U has nite support, then Q has nite support, which is due to the

compensated nature ofU. This implies that the aperture mass can be

calculated on a nite data eld, i.e., from the shear in the same circle

whereU 6 0.

If U( ) = const: for O in, then Q( ) = 0 for the same interval,

as is see directly from (72). Therefore, the strong lensingagime (where
deviates appreciably fromg) can be avoided by properly choosingU

(and Q).

FuU()=( §) *foro s U()= [ (3w @) Hfor in <
out,andU=0for > o4, thenQ( )= 2, 2 20 #) !

for in out, and Q( ) = 0 otherwise. For this special choice ofU,
Map = (in) (ins out); (75)
the mean mass density inside j; minus the mean density in the annulus
in out (Kaiser 1995). Since the latter is non-negative, this yield

a lower limitto (i), and thus to M ( in).



76 P. Schneider

The aperture mass can be generalized to the case where the ght function
U is constant on curves other than circles, e.g., on ellipsesn the sense
that the corresponding expressions can be rewritten diredy in terms of the
shear on a nite region (see Squires & Kaiser 1996 for the casehere U is
constant on a set of self-similar curves, and Schneider & Baelmann 1997
for a general set of nested curves). In generaM 4, is not a particularly good
measure for the total mass of a cluster { since it employs a copensated lter
{ but it has been speci cally designed that way to be immune aginst the
mass-sheet degeneracy. Howevel] 5, is a very convenient measure for mass
concentrations (see Sect. 5.8) and, as shown above, yields@bust lower limit
on cluster masses.

Aperture multipoles. The aperture method can also be used to calculate
multipoles of the mass distribution: de ne the multipoles
z
QM= d® jj"ui e (); (76)

then the Q(") can again be expressed as an integral over the shear. Hetg,is
a radial weight function for which certain restrictions apply (see Schneider &
Bartelmann 1997 for details), but is not required to be comp@sated forn > 0.
A few cases of interest are: a weight functiorlJ which is non-zero only within

an annulus i, out @nd which continuously goesto zeroas !  in.out;
in this case, the shear is required only within the same annuis. Likewise, if
U is constant for O in and then decreases smoothly to zero ateyt,

only the shear within the annulus is required to calculate the multipoles.
Aperture multipoles can be used to calculate the multipole noments of mass
concentrations like clusters directly from the shear, i.e, without obtaining
rst a mass map, which allows a more direct quanti cation of signal-to-noise
properties.

The cross aperture. We have seen that the Kaiser & Squires inversion,
given by the rst expression in (44), must yield a real result; the imaginary
part of the integral in (44) vanishes in the absence of noiseSuppose one
would multiply the complex shear by i = e? = 4; this would transform the real
part of the integral into the imaginary part and the imaginar y part into the
negative of the real part. Geometrically, multiplication by this phase factor
corresponds to rotating the shear at every point by 45. Hence, if all shears
are rotated by =4, the real part of the Kaiser & Squires inversion formula
(44) yields zero. This 45-degree test has been suggested by Btebbins; it
can be used on real data to test whether typical features in tle mass map
are signi cant, as those should have larger amplitude that purious features
obtained from the mass reconstruction in which the shear hadeen rotated
by =4 (the corresponding ‘mass map' then yields a good indicatio of the
typical noise present in the real mass map).
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One can de ne in analogy to (71) the cross aperture by replacig the
tangential component of the shear by its cross component. Amording to the
45-degree test, the resulting cross aperture should be exi#¢ zero. Hence, if
we denefor =0

z
M= Map+iMo= d® QG D[ «()+i ()]
z

= QG ()e? ; (77)

where is the polar angle of as in (17), then M is expected to be purely
real. We shall make use of this de nition and the interpretation of M in later
sections.

5.8 Mass detection of clusters

Motivation.  If a weak lensing mass reconstruction of a cluster has been
performed and a mass peak is seen, it can also be quanti ed bypalying the
aperture mass statistics to it: placing the center of the apeture on the mass
peak, and choosing the radius of the aperture to match the exdnt of the mass
peak will give a signi cant positive value of M 5,. Now consider to observe a
random eld in the sky, and to determine the shear in this eld. Then, one
can place apertures on this eld and determineM,, at each point. If Mgy
attains a signi cant positive value at some point, it then corresponds to a
point around which the shear is tangentially oriented. Suchshear patterns
are generated by mass peaks according to (70) { hence, a sigrant peak in
the M 4p-map corresponds to a mass concentration (which can, in priciple t
least, be a mass concentration just in two-dimensional pragction, not neces-
sarily in 3D). Hence, the aperture mass statistics allows uso search for mass
concentrations on blank elds, using weak lensing methods $chneider 1996).
From the estimate (19), we see that the detectable mass conog&ations have
to have typical cluster masses.

The reason why this method is interesting is obvious: As disassed in Sect.
6 of IN, the abundance of clusters as a function of mass and retift is an
important cosmological probe. Cosmological simulations ee able to predict
the abundance of massive halos for a given choice of cosmoiog param-
eters. To compare these predictions with observations, clster samples are
analyzed. However, clusters are usually detected either agn overdensity in
the galaxy number counts (possibly in connection with colorinformation, to
employ the red cluster sequence { see Gladders & Yee 2000), foom extended
X-ray sources. In both cases, one makes use of the luminousqperties of the
clusters, and cosmologists nd it much more di cult to predi ct those, as the
physics of the baryonic component of the matter is much harde to handle
than the dark matter. Hence, a method for cluster detection that is inde-
pendent of their luminosity would provide a clean probe of ce@mology. From
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what was said above, the aperture mass provides such methods¢hneider
1996).

To illustrate this point, we show in Fig. 26 the projected mass and the
corresponding shear eld as it results from studying the prgagation of light
rays through a numerically generated cosmological matter gtribution (Jain
et al. 2000; we shall return to such simulations in Sect. 6.6)From the com-
parison of these two panels, one sees that for each large massncentration
there is a tangential shear pattern centered on the mass peakThus, a sys-
tematic search for such shear patterns can reveal the presea and abundance
of peaks in the mass map.

The method. The search for mass concentrations can thus be carried out
by calculating the aperture mass on a gid over the data eld ard to identify
signi cant peaks. A practical estimator for M 4, is obtained by replacing the
integral in (71) by a nite sum over image ellipticities:

1X . .
Map( 0) = o iCQG i o)) (78)
i
wheren is the mean number density of galaxy images, and;;( o) is the ellip-

ticity component of a galaxy at ; tangent to the center ¢ of the aperture.
This estimator has gasy-fo-quantify signal-to-noise progrties. In the absence

of a lensing signal, Mo, 0, and the dispersion ofM 4, ( o) is

2 X

(=5 Qi o); (79)

2n2 ,
hence, the signal-to-noise ot\ﬁap( 0) IS

p_P _ _
S__2 4 4(0Q( i o).
N QG o)

The noise depends on o, as the image number density can vary of data eld.
The size (or radius) of the aperture shall be adapted to the mas concen-
trations excepted: too small aperture radii miss most of thelensing signal of
real mass concentrations, but is more susceptible to noisegaks, whereas too
large aperture radii include regions of very low signal whib may be swamped
again by noise. In addition, the shape of the lter function Q can be adapted
to the expected mass pro les of mass concentrations; e.g.,n@ can design
Iters which are particularly sensitive to NFW-like densit y pro les. In order
not to prejudice the ndings of a survey, it may be advantageaus to use a
‘generic' lter function, e.g., of the form

(80)

9 #2 1 # 6 #° #2
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Fig. 26. Projected mass distribution of the large-scale structure ( left), and the

corresponding shear eld (right), where the length and orie ntation of the sticks

indicate the magnitude and direction of the local shear. The top panels correspond
to an Einstein{de Sitter model of the Universe, whereas the b ottom panels are for
a low density open model. The size of the eld is one degree on he side, and the
background galaxies are assumed to all lie at the redshift z; = 1. Note that each

mass concentration seen in the left-hand panels generates aircular shear pattern

at this position; this form the basic picture of the detectio n of mass concentrations
from a weak lensing observation (from Jain et al. 2000)

The relation between the two expressions foiM 5, given by (70) and (71) is

only valid if the aperture lies fully inside the data eld. If it does not, i.e.,

if the aperture crosses the boundary of the data eld, these wo expressions
are no longer equivalent; nevertheless, the estimator (78ytill measures a
tangential shear alignment around the aperture center and hus signi es the

presence of a mass concentration.
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There are superior estimates of the signi cance of a detectk mass peak
than using the signal-to-noise ratio (80). One consists in botstrapping; there
one calculatesM 5, at a given point (where N galaxies are in the aperture)
many times by randomly drawing { with replacement { N galaxies and tests
how often is signal negative. The fraction of cases with negave values corre-
sponds to the error level of having a positive detection oM 4. Alternatively,
one can conduct another Monte-Carlo experiment, by randorrging all galaxy
image orientations and calculatingM 5, from these randomized samples, and
ask in which fraction of realizations is the value ofM 4, larger than the mea-
sured value? As the randomized galaxies should show no lengj signal, this
fraction is again the probability of getting a value as largeas that measured
from random galaxy orientations. In fact, from the central limit theorem one
expects that the probability distribution of My, from randomizing the im-
age orientations will be a Gaussian of zero mean, and its diggsion can be
calculated directly from (78) to be

1 X . .
(o) = i Jii2Q% i o) (82)

which is similar to (79), but accounts for the moduli of the ellipticity of the
individual galaxy images.

Both of the aforementioned methods take the true ellipticity distribution
of galaxy images into account, and should yield very similarresults for the
signi cance. Highly signi cant peaks signify the presenceof a mass concen-
tration, detected solely on the basis of its mass, and therefre, it is a very
promising search method for clusters.

There is nothing special about the weight function (81), exept mathe-
matical simplicity. It is therefore not clear whether these Iter functions are
most e cient to detect cluster-mass matter concentrations. In fact, as shown
in Schneider (1996), the largest S/N is obtained if the Iter function U fol-
lows the true mass pro le of the lens or, equivalently, if Q follows its radial
shear pro le. Hennawi & Spergel (2003) and Schirmer (2004) ¢sted a large
range of Iter functions, including (81), Gaussians, and those approximat-
ing an NFW pro le. Based on numerical ray-tracing simulatio ns, Hennawi &
Spergel conclude that the “truncated' NFW lter is most e ci ent for cluster
detections; the same conclusion has been achieved by Schiem(2004) based
on wide- eld imaging data.

Furthermore, Hennawi & Spergel have complemented their clster search
by a “‘tomographic' component, assuming that the source gabdes have (pho-
tometric) redshift estimates available. Since the lens stength is a function
of source redshift, the expected behaviour of the aperture @mss signal as a
function of estimated source redshift can be used as an additnal search cri-
teria. They shown that this additional information increas es the sensitivity
of weak lensing to nd mass concentrations, in particular fa higher-redshift
ones; in fact, the cluster search by Wittman et al. (describel below) has em-
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ployed the use of redshift information. As an additional borus, this method
also provides an estimate of the lens redshift.

Results. In the past few years, a number of clusters and/or cluster cadi-

dates have been detected by the weak lensing method, and a feof them

shall be discussed here. The right-hand panel of Fig. 27 sh@uhe mass re-
construction of one of the 50 FORS1@VLT elds observed in thecourse of
a cosmic shear survey (see Sect. 7.1). This reconstructiohews an obvious
mass peak, indicated by a circle. The left panel shows the optal image, and
it is obvious that the location of the mass peak coincides wih a concentration
of bright galaxies { this certainly is a cluster, detected by its weak lensing sig-
nal. However, no follow-up observations have been conduatieyet to measure
its redshift.

Fig.27. A cosmic shear survey was carried out with the FORS1 instrument on
the VLT (see Maoli et al. 2001 and Sect. 7.1 below). The left panel shows one of
the 50 elds observed in the course of this survey, whereas the right panel shows
a weak-lensing mass reconstruction of this eld. Obviously, a strong mass peak is
detected in this reconstruction, indicated by the circle. A t the same position, one
nds a strong overdensity of relatively bright galaxies ont he VLT image; therefore,
this mass peak corresponds to a cluster of galaxies. A reanasis of all 50 VLT elds
(Hetterscheidt 2003) yielded no further signi cant cluste r candidate; however, with
a eld size of only 6’5, detecting clusters in them is dicult unless these are
positioned close to the eld centers

Wittman et al. (2001, 2003) reported on the discovery of two dusters
from their wide- eld weak lensing survey; one of them is show in Fig. 28
and discussed here. First, a peak in their mass reconstruain was identi ed
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which has a signi cance of 4.5. The location of the mass peak is identi ed
with a concentration of red elliptical galaxies, with the tw o centers separated
by about 1° (which is about the accuracy with which the centers of mass
concentrations are expected to be determined from mass renstructions).
Follow-up spectroscopy con rmed the galaxy concentrationto be a cluster at
redshift zg = 0:28, with a velocity dispersion of , 600 km=s. Since multi-
color photometry data are available, photometric redshift estimates of the
faint galaxy population have been obtained, and the tangental shear around
the mass peak has been investigated as a function of this estated redshift.
The lens signal rises as the redshift increases, as expectdde to the lensing
e ciency factor Dgs=Ds. In fact, from the source redshift dependence of the
lens signal, the lens redshift can be estimated, and yields aesult within

0:03 of the spectroscopically measuredy. Hence, in this case not only can
the presence of a cluster be inferred from weak lensing, buttahe same time
a cluster redshift has been obtained from lensing observatins alone. This is
one example of using source redshift information to investiate the redshift
structure of the lensing matter distribution; we shall return to a more general
discussion of this issue in Sect. 7.6.

Fig. 28. Left: BTC image of a blank eld, right: mass reconstruction, showing the
presence of a (mass-selected) cluster near the lower right orner { spectroscopically
veried to be at z =0:276 (from Wittman et al. 2001)

In a wide- eld imaging weak lensing survey of galaxy clustes, Dahle et
al. (2003) detected three signi cant mass peaks away from th clusters that
were targeted. One of these cases is illustrated in Fig. 29hswing the mass
reconstruction in the eld of the cluster A 1705. The mass pe& South-West
of the cluster coincides with a galaxy concentration atz  0:55, as estimated
from their color, and an arc is seen near the brightest galaxyf this cluster. A
further cluster was detected in the wide- eld image of the A222/223 double
cluster eld (Dietrich et al. 2004) which coincides with an overdensity of
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galaxies. Hence, by now of order ten cluster-mass matter caentrations have
been discovered by weak lensing techniques and veri ed as gaine clusters
from optical photometry and, for some of them, spectroscopy

Fig.29. Shown is the mass recon-
struction of the eld containing the
cluster A1705, located near the cen-
ter of this eld. The peak 4° to
the North-East of A1705 appears to
be associated with galaxies at the
same redshift as A1705. However,
the peak  4° South-West of A1705
seems to be associated with galax-
ies at considerably larger redshift, at
z 055 0:05, as determined from
the V | colors of the corresponding
galaxy concentration. Indeed, an arc
curving around the central galaxy of
this newly detected cluster candidate
is observed (from Dahle et al. 2003)

Miyazaki et al. (2002) used a 21 ded deep image taken with the Suprime-
Cam wide- eld imager on Subaru to search for mass peaks. Thegompared
their peak statistics with both, the expected peak statistics from a noise eld
created by intrinsic galaxy ellipticities (Jain & van Waerb eke 2000) as well
as from N-body simulations, and found a broader distribution in the actual
data. They interpret this as statistical evidence for the presence of mass
peaks; however, their interpreation of the signi cant dips in the mass map as
evidence for voids cannot hold, as the density contrast of vidls is too small
(since the fractional density contrast > 1) to be detectable with weak
lensing. They nd a number density of > 5 peaks of about 5deg?, well in
agreement with predictions from Kruse & Schneider (1999) ad Reblinsky et
al. (1999). Schirmer (2004) investigated about 16 degof images taken with
the WFI@ESO/MPG 2.2m, and detected 100> 4 -peaks, again in good
agreement with theoretical expectations.

Dark clusters? In addition, however, this method has the potential to dis-
cover mass concentrations with very large mass-to-light r#o, i.e., clusters
which are very faint optically and which would be missed in mae conven-
tional surveys for clusters. Two potential “dark clusters' have been reported
in the literature. ” Umetsu & Futamase (2000), using the WFPC2 onboard

" A third case reported in Miralles et al. (2002) has in the mean time been consid-
erably weakened (Erben et al. 2003).
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HST detected a highly signi cant (4:5 ) mass concentration £7 away from
the cluster Cl11604+4304, also without an apparent overdenity of associated
galaxies.

In the course of a wide- eld weak lensing analysis of the clugr A 1942, Er-
ben et al. (2000) detected a mass peak which, using the apente mass statis-
tics introduced previously, has been shown to be highly sigicant ( 4:7 on
the V-band image), with the signi cance being obtained from the random-
ization and bootstrapping techniques described above. An @ditional I-band
image con rmed the presence of a mass peak at the same locatias on the
V-band image, though with somewhat lower signi cance. No cacentration
of galaxies is seen near the location of the mass peak, whichdicates that it
either is a very dark mass concentration, or a cluster at a faly high redshift
(which, however, would imply an enormous mass for it), or, afer all, a statis-
tical uke. It is important to note that the signal in M4, comes from a range
of radii (see Fig. 30); it is not dominated by a few highly att ened galaxies
which happen to have a fortitious orientation. Gray et al. (2000) have used
near-IR images to search for a galaxy concentration in this d@ection, with-
out nding an obvious candidate. Therefore, at present it is unclear whether
the “dark clump' is indeed a very unusual cluster. A low-sigmcance X-ray
source near its position, as obtained in a ROSAT observatiorof A 1942, cer-
tainly needs con rmation by the more sensitive X-ray obsenatory XMM. & Of
course, if there are really dark clusters, their con rmation by methods other
than weak lensing would be extremely di cult; but even if we are dealing
with a statistical uke, it would be very importantto ndthe cause forit. An
HST mosaic observation of this eld has been conducted; a r¢$ analysis of
these data was able to con rm the ndings of Erben et al., in the sense that
the shear signal from galaxies seen in both, the HST images drthe ground-
based data, have a signi cant tangential alignment (von der Linden 2004).
However, contrary to expectations if this was truly a lensing mass signal,
there is hardly any tangential alignment from fainter galaxies, although they
are expected to be located at higher redshift and thus shouléghow a stronger
shear signal. However, as a word of caution, the PSF anisotpy of WFPC2
cannot be controlled from stars on the image, owing to the smk eld-of-
view, and no stellar cluster has been observed with the Iterwith which the
dark clump observations were conducted, so that the PSF anistropy cannot
be accurately inferred from such calibration images. The eistence of dark
clusters would be highly unexpected in view of our current umerstanding
of structure formation and galaxy evolution, and would require revisions of
these models.

The search for clusters by weak lensing will certainly contiue, due to
the novel properties of the cluster samples obtained that wg. The observa-
tional data required are the same as those used for cosmic srestudies, and

8 Judging from the results of several proposal submissions, people on X-ray TACs
seem not to care too much about dark cluster candidates.
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Fig.30. Tangential shear pro le
from both (V- and I-band) images
around the ‘dark cluster' candi-
date near the cluster A1942. For
each angular scales, two points
(and corresponding error bars)
are plotted, which are derived
from two di erent images of the
eld in the V- and I-band. It can
be seen that the tangential shear
signal extends over quite a range
in radius (from Erben et al. 2000)

several very wide- eld surveys are currently conducted, aswill be described
in Sect. 7. Hence, we can expect to have a sizable sample of ah&elected
clusters in the near future. The search for mass concentratins by weak lens-
ing techniques is a ected by foreground and background inhaogeneities,
which impose fundamental limits on the reliability and completeness of such
searches; we shall return to this issue in Sect. 9.2.

Expectations. Kruse & Schneider (1999) have calculated the expected num-
ber density of lensing-detected clusters, using the apertte-mass method, for
di erent cosmological parameters; these have been veri edn numerical sim-
ulations of the large-scale structure by Reblinsky et al. (899). Depending on
the cosmological model, a few clusters per dégshould be detected at about
the 5 level. The dependence of the expected number density of dattable
mass peaks on the cosmological parameters can be used as ancokgical
probe; in particular, Bartelmann et al. (2002) and Weinberg & Kamionkowski
(2003) demonstrate that the observed abundance of weak leirgy clusters can
probe the equation-of-state of the dark energy. Bartelmannet al. (2001) ar-
gued that the abundance of weak lensing detected clusters isingly depends
on their mass pro le, with an order-of-magnitude di erence between NFW
pro les and isothermal spheres. Weinberg & Kamionkowski (002) argued,
based on the spherical collapse model of cluster formatiorthat a consider-
able fraction of such detections are expected to be due to newirialized mass
concentrations, which would then be considerably weaker Xay emitters and
may be candidates for the “dark clusters'.
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6 Cosmic shear { lensing by the LSS

Up to now we have considered the lensing e ect of localized nss concentra-
tions, like galaxies and clusters. In addition to that, light bundles propagating
through the Universe are continuously de ected and distorted by the gravita-
tional eld of the inhomogeneous mass distribution, the large-scale structure
(LSS) of the cosmic matter eld. This distortion of light bun dles causes shape
and size distortions of images of distant galaxies, and thesfore, the statistics
of the distortions re ect the statistical properties of the LSS (Gunn 1967,
Blandford et al. 1991; Miralda-Escude 1991; Kaiser 1992).

Cosmic sheardeals with the investigation of this connection, from the
measurement of the correlated image distortions to the infeence of cosmo-
logical information from this distortion statistics. As we shall see, cosmic
shear has become a very important tool in observational cosology. From a
technical point-of-view, it is quite challenging, rst because the distortions
are indeed very weak and therefore di cult to measure, and seond, in con-
trast to “ordinary' lensing, here the light de ection does not occur in a “lens
plane’ but by a 3-D matter distribution, implying the need fo r a di erent de-
scription of the lensing optics. We start by looking at the description of light
propagating through the Universe, and then consider the seand-order statis-
tical properties of the cosmic shear which re ect the seconebrder statistical
properties of the cosmic matter eld, i.e., the power spectum. Observational
results from cosmic shear surveys are presented in Sect. 7 hereas higher-
order statistical properties of the shear eld will be treated in Sect. 9.

6.1 Light propagation in an inhomogeneous Universe

In this brief, but rather technical section, we outline the derivation of the
lensing e ects of the three-dimensional mass distributionbetween the faint
background galaxy population and us; the reader is referredo Bartelmann
& Schneider (2001) for a more detailed discussion. The nal esult of this
consideration has a very simple interpretation: in the lowest-order approxi-
mation, the 3-D cosmological mass distribution can be conslered, for sources
at a single redshift zs, as an e ective surface mass density , just like in or-
dinary lensing. The resulting is obtained as a line-of-sight integral of the
density contrast , weighted by the usual geometrical factor entering the
lens equations.

The laws of light propagation follow from Einstein's Generd Relativity;
according to it, light propagates along the null-geodesicof the space-time
metric. As shown in SEF (see also Seitz et al. 1994), one can idee from
General Relativity that the governing equation for the propagation of thin
light bundles through an arbitrary space-time is the equation of geodesic
deviation,

—=T (83)
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where is the separation vector of two neighboring light rays, the ane
parameter along the central ray of the bundle, andT is the optical tidal matrix
which describes the in uence of space-time curvature on thepropagation of
light. T can be expressed directly in terms of the Riemann curvatureensor.

For the case of a weakly inhomogeneous Universe, the tidal ni@x can be
explicitly calculated in terms of the peculiar Newtonian potential. For that,
we write the slightly perturbed metric of the Universe in the form

wek) 1Lt 1k weegumt ;e

where w is the comoving radial distance,a = (1 + z) ! the scale factor,
normalized to unity today, is the conformal time, related to the cosmic
time t through dt = ad , f« (w) is the comoving angular diameter distance,
which equalsw in a spatially at model, and (x;w) denotes the Newtonian
peculiar gravitational potential which depends on the comwing position vec-
tor x and cosmic time, here expressed in terms of the comoving da&hce w
(see Sect. 4 of IN for a more detailed description of the varies cosmological
terms). In this metric, the tidal matrix T can be calculated in terms of the
Newtonian potential , and correspondingly, the equation of geodesic devi-
ation (83) yields the evolution equation for the comoving s@aration vector
x( ;w) between a ray separated by an angle at the observer from a ducial
ray

b(w) F W) db | dx= fi (w-w')
\ T
W F (x,w‘)\\
VFEw)

Fig. 31. lllustration of the evolution of the separation between two light rays in a
curved space-time (source: T. Schrabback)

d*x 2 N Ca - 0 ! .
W+ Kx= 2 ro (x(Ci;wiw) 1o @ (w) (85)
where K = (Ho=0?( m + 1) is the spatial curvature of the Uni-

verse,r » = (@=@x@=@X is the transverse comoving gradient operator,
and ©(w) is the potential along the ducial ray. ° The formal solution of

% In some of the literature, this transport equation is writte n without the term
accounting for the potential along the ducial ray. The idea behind this is to



88 P. Schneider

this transport equation is obtained by the method of Green's function, to
yield
Zy h i
dwWlfx (w w9 ro (x(whwd) r o OwmY
0

(86)
A source at comoving distancew with comoving separationx from the ducial
light ray would be seen, in the absence of lensing, at the andar separation
= x=fx (w) from the ducial ray (this statement is nothing but the de -
nition of the comoving angular diameter distance). Hence, is the unlensed
angular position in the “‘comoving source plane' at distancev, where the ori-
gin of this source plane is given by the intersection point wih the ducial
ray. Therefore, in analogy with standard lens theory, we de ne the Jacobian

x(;w) = fi(w) 2

matrix Al )= @ _ 1 @, (87)
VT @ fkw @’
and obtain from (86)
ZW
A (sw)= 0—22 . dwOfK(WfKV\(I\?V;K(WO) i (XCwOwd) Ay (5w ;

(88)
which describes the locally linearized mapping introducedy LSS lensing. To
derive (88), we noted thatr » (@ does not depend on , and used the chain
rule in the derivative of . This equation still is exact in the limit of validity
of the weak- eld metric. Next, we expand A in powers of , and truncate the
series after the linear term:

Zy
A (w) = 0_22 0 dWOfK(WfKV\(I\?v;K(WO) i (fk(wW) w) : (89)

Hence, to linear order, the distortion can be obtained by integrating along
the unperturbed ray x = fx (w) ; this is also called the Born approximation.
Corrections to the Born approximation are necessarily of oder 2. Through-
out this article, we will employ the Born approximation; lat er, we will com-
ment on its accuracy. If we now de ne the de ection potential

Z
oy 20 Mo fkw wo W) -
(=g Mm@y @m0

compare a light ray in the inhomogeneous universe with one in the homogeneous,
unperturbed universe. Apart from the conceptual diculty, this  rst-order ex-
pansion' is not justi ed, as the light rays in an inhomogeneo us universe can devi-
ate quite signi cantly from straight rays in the homogeneou s reference universe {
much more than the lenght scale of typical density uctuatio ns. These di culties
are all avoided if one starts from the exact equation of geodesic deviation, as
done here.
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then A = ij » just as in ordinary lens theory. In this approximation,
lensing by the 3-D matter distribution can be treated as an edvalent lens
plane with de ection potential , mass density = r 2 =2, and shear =

(1 22)=2+1 10,

6.2 Cosmic shear: the principle

The e ective surface mass density. Next, we relate to fractional density
contrast of matter uctuations in the Universe; this is done in a number of
steps:

1. Toobtain = r 2 =2, take the 2-D Laplacian of , and add the term .33
in the resulting integrand; this latter term vanishes in the line-of-sight
integration, as can be seen by integration by parts.

2. We make use of the 3-D Poisson equation in comoving coordites

_ 3HZ
o -2 o
to obtain
Z
N BHE W TV fe (WOfk (W w9 (Fk (W9 ;w9
(W)= —a o dw? Fr (W) awo - 92

Note that is proportionalto p,, since lensing is sensitiveto /  ,
not just to the density contrast = = itself.

3. For a redshift distribution of sources with p;(z)dz = pw(w)dw, the ef-
fective surface mass density becomes

z
()= dwpw(w) ( ;w)
2 Z Wh .
= LHZ‘::Z m . dw g(w) fk (w) (W) sw) Ka((ww)) W) ; (93)
with Z
Wh f 0
gw)= m(w%% : (94)

which is the source-redshift weighted lens e ciency factor D 4s=Ds for a
density uctuation at distance w, and wy is the comoving horizon dis-
tance, obtained fromw(a) by letting a! 0.

The expression (92) for the e ective surface mass density gabe interpreted
in a very simple way. Consider a redshift interval of width dz around z, corre-
sponding to the proper radial distance interval dDprop = jedtj = H 1(z)(1+
z) 'cdz. The surface mass density in this interval is  dD prop , Where only
the density contrast = acts as a lens (the “lensing e ect' of the mean
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matter density of the Universe is accounted for by the relatons between an-
gular diameter distance and redshift; see Schneider & Weist988a). Dividing
this surface mass density by the corresponding critical sface mass density,
and integrating along the line-of-sight to the sources, onends
z
* 4G DFD3Y dDyp

= d
o ¢z DM dz

(95)

This expression is equivalent to (92), as can be easily show(by the way,
this is a good excersize for practicing the use of cosmologitquantities like
redshift, distances etc.).

Limber's equation.  The density eld is assumed to be a realization of a
random eld. It is the properties of the random eld that cosm ologists can
hope to predict, and not a speci c realization of it. In parti cular, the second-
order statistical properties of the density eld are described in terms of the
power spectrum (see IN, Sect. 6.1). We shall therefore looktahe relation
between the quantities relevant for lensing and the power spctrum P (k) of
the matter distribution in the Universe. The basis of this relation is formed
by Limber's equation. If is a homogeneous and isotropic 3-D random eld,

then the projections
Y4

G()= dwgw) (fk(w) ;w) (96)

also are (2-D) homogeneous and isotropic random elds, wher the g are
weight functions. In particular, the correlation function

Ci2=hn(" 1) %R( )i Cw(j' 1 " 2l) (97)

depends only on the modulus of the separation vector. The oginal form of
the Limber (1953) equation relatesCj» to the correlation function of  which
is a line-of-sight projection. Alternatively, one can consder the Fourier-space
analogy of this relation: The power spectrumP12(") { the Fourier transform
of C12( ) { depends linearly on P (k) (Kaiser 1992, 1998),

Z
dw 0 (W) (W) ‘W (98)

P12(1) = T T

if the largest-scale structures in are much smaller than the e ective range
w of the projection. Hence, we obtain the (very reasonable) rsult that the
2-D power at angular scale £’ is obtained from the 3-D power at length scale
fk (w) (1="), integrated over w.

Comparing (93) with (98), one sees that ( ) is such a projection of
with the weights o (W) = (W) = (3=2)(Ho=0? mog(w)fk (w)=a(w), so that

Z
4 2 £ ow 2
Mg m dw 2 (w) W (99)

PO="2 | Yaw® fw)
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The power spectrum P , if observable, can therefore be used to constrain
the 3-D power spectrumP . For a number of cosmological models, the power
spectrum P (7) is plotted in Fig. 32. Predictions of P are plotted both for
assuming linear growth of the density structure (see Sect. 8 of IN), as well
as the prescription of the fully nonlinear power spectrum asgiven by the t-
ting formulae of Peacock & Dodds (1996). From this gure one hfers that the
nonlinear evolution of the density uctuations becomes doninant for values
of > > 200, corresponding to an angular scale of about 80the precise values
depend on the cosmological model and the redshift distribubn of the sources.
Furthermore, the dimensionless power spectrum? P (°), that is, the power
per logarithmic bin, peaks at around >  10%, corresponding to an angular
scale of 1° again somewhat depending on the source redshift distribubn.
Third, one notices that the shape and amplitude ofP depends on the values
of the cosmological parameters; therefore, by measuring thpower spectrum,
or quantities directly related to it, one can constrain the values of the cosmo-
logical parameters. We consider next appropriate statisttal measures of the
cosmic shear which are directly and simply related to the powr spectrum
P .
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Fig.32. The power spectrum P (*) (left panel) and its dimensionless form 2P (%)
(right panel) for several cosmological models (where here,” is denoted by s). Specif-
ically, EdS denotes an n =1, = 0 Einstein-de Sitter model, OCDM an open

m = 0:3, = 0 Universe, and CDM a at, low-density m = 0:3, =07
model. Numbers in parenthesis indicate ( spect; 8), Where spect is the shape pa-
rameter of the power spectrum (see IN, Sect. 6.1) and g is the power-spectrum
normalization. For these power spectra, the mean redshift of the galaxy distribution
was assumed to behzsi = 1:5. Thin curves show the power spectra assuming linear
evolution of the density uctuations in the Universe, and th ick curves use the fully
non-linear evolution, according to the prescription of Pea cock & Dodds (1996). For
angular scales below 30°, corresponding to © 200, the non-linear evolution of
the power spectrum becomes very important (from Schneider et al. 1998a)
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6.3 Second-order cosmic shear measures

We will now turn to statistical quantities of the cosmic shear eld which are
guadratic in the shear, i.e., to second-order shear statists. Higher-order sta-
tistical properties, which already have been detected in cemic shear surveys,
will be considered in Sect. 9. As we shall see, all second-@dstatistics of
the cosmic shear yield (Itered) information about, and are fully described
in terms of P . The most-often used second-order statistics are:

The two-point correlation function(s) of the shear, (),
the shear dispersion in a (circular) aperture, j j> (), and
the aperture mass dispersion, M§p ().

Those will be discussed next, and their relation toP () shown. As a prepa-
ration, consider the Fourier transform of
z

)= e () (100)

then,

MO CH =2 )2 eC IPO); (101)
which provides another de nition of the power spectrum P [compare with
eg. (123) of IN]. The Fourier transform of the shear is

!

/\(‘) = ‘%?# /\(‘) - e2i /\(‘) : (102)

where s the polar angle of the vector’; this follows directly from (42) and
(43). Eqg. (102) implies that
O Y =@ ) oC CIP () (103)

Hence, the power spectrum of the shear is the same as that of ¢hsurface
mass density.

Shear correlation functions. Consider a pair of points (i.e., galaxy im-
ages); their separation direction' (i.e. the polar angle of the separation vector
) is used to de ne the tangential and cross-component of the Isear at these

positions for this pair, ;= Re e? |, =1 m e?  asin(17).
Using these two shear components, one can then de ne the cagtation func-
tionsh¢ ¢i()andh i (), as well as the mixed correlator. However, it

turns out to be more convenient to de ne the following combinations,

()=h¢i() h i(): ()=he 0(): (104)

Due to parity symmetry, () is expected to vanish, since under such a
transformation, ! ¢, but ! . Next we relate the shear correlation
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functions to the power spectrum P : Using the de nition of |, replacing
in terms of ~, and making use of relation between ~and », one nds (e.g.,
Kaiser 1992)

Zld Zld
+()= , 5= J( )P ) ()= . 53 )P ()7 (109

where J, (x) is the n-th order Bessel function of rst kind. can be measured
as follows: on a data eld, select all pairs of faint galaxieswith separation
within of and then take the averagehy; :ji over all these pairs; since
P = i(s) + (i), the expectation value of hyi i is h (i (), provided
source ellipticities are uncorrelated. Similarly, the corelation for the cross-
components is obtained. It is obvious how to generalize thigstimator in the
presence of a weight factor for the individual galaxies, astiresults from the

image analysis described in Sect. 3.5.

The shear dispersion.  Consider a circular aperture of radius ; the mean
shear in this aperture is . Averaging over many such apertures, one de nes
the shear dispersion j j? (). Itis related to the power spectrum through

D E z 2
. 1 " . R 4J
i ():—2 dP ()Wru () where Wry () = )

1
> (106)
is the top-hat Iter function (see, e.g., Kaiser 1992) A pra]gtmal unbiased

estimator of the mean shear in the aperture is" = N iz1 i, where
N is the number of galaxies in the apeguregHowever, the squar of this

expression isnot an unbiased estimator of | j2 , since the diagonal terms of

the resulting double sum yield additional terms, since E(; ;) =j ( )j*+ 2.
An unbiased estimate for the shear dispersion is obtained bymitting the
diagonal terms,

a.o

= — P 107

] NN D), i (107)
This expression is then averaged over many aperture placechahe data eld.
Again, the generalization to allow for weighting of galaxy images is obvious.
Note in particular that this estimator is not positive semi- de nite.

The aperture mass. Consider a circular aperture of radius ; for a point
inside the aperture, de ne the tangential and cross-compoents of the shear
relative to the center of the aperture (as before); then de ne

z

Map( )= d?#Q(i#]) «(#); (108)
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where Q is a weight function with support # 2 [0; ]. If we use the function

Q given in (81), the dispersion of M4, ( ) is related to power spectrum by

(Schneider et al. 1998a)
z 1

1 - . . : 576%
MG ()= 5 @R OWa()i with Wapa()i= o)
(109)
Crittenden et al. (2002) suggested a di erent pair U and Q of Iter functions,

1 #2 #2 #2 #2

U(#):2 5 1 >3 exp >3 ; Q(#):ﬁexp >3
(110)
These function have the disadvantage of not having nite sugort; however,
due to the very strong fall-o for # , for many practical purposes the

support can be considered e ectively as nite. This little d rawback is com-
pensated by the convenient analytic properties of these ler functions, as
we shall see later. For example, the relation of the correspaling aperture
mass dispersion is again given by the rst of egs. (109), buthe Iter function

simpli es to
4
Wapiz( )= e (111)

Whereas the Iter functions which relate the power spectrum to the shear
correlation functions, i.e., the Bessel function appearig in (105), and to the
shear dispersion, given byWry , are quite broad lIters, implying that these
statistics at a given angular scale depend on the power spettm over a wide
range of °, the two Iter function Wap.1;» are very localized and thus the
aperture mass dispersion yields highly localized informdbn about the power
spectrum (see Bartelmann & Schneider 1999, who showed thaeplacing the
Iter function W by a delta-"function’ causes an error of only 10%). Hence,
the shape of M§p () directly re ects the shape of the power spectrum as
can also be seen in Fig. 35 below.

Interrelations.  These various 2-point statistics all depend linearly on the
power spectrum P ; therefore, one should not be too surprised that they
are all related to each other (Crittenden et al. 2002). The suprise perhaps
is that these interrelations are quite simple. First, the relations between
and P can be inverted, making use of the orthonormality relation d Bessel
functions:
Z, Z,
P()=2 . d +()Jo()=2 . d ()3a(C ) (112)

Next, we take one of these and plug them into the relation (10% between the
other correlation function and P , to nd:
z
Lodu

2
CO= OF W4 12 (113)



Weak Gravitational Lensing 95

z 2
O= O+ W a4 128 (114)

These equations show that the two shear correlation functias are not inde-
pendent of each other, the reason for that being that the shea(which itself
is a two-component quantity) is derived from a single scalar eld, namely
the de ection potential . We shall return to this issue further below. Using
(112) in the equation for the shear dispersion, one nds

D E Z, Z,
. d## # d## #
112(>:0—2+(#)s+—=0—2 #s =

where theS are simple functions, given explicitly in Schneider et al. 002a)
and plotted in Fig.33. Finally, the same procedure for the apgerture mass

+

T
T

Fig.33. The function S (x) and T (x)
which relate the shear and aperture mass
dispersion to the correlation functions.
Note that S does not vanish for x > 2,

o as is the case for the other three func-
0 e tions (from Schneider et al. 2002a)
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dispersion lets us write

z z
2 d## # 2 d##

s emT Boe e £ s

ME ()=

again with analytically known functions T , given for the lter function (81)

in Schneider et al. (2002a), and for the lter function (110) in Jarvis et
al. (2003b). Hence, all these 2-point statistics can be evahted from the
correlation functions (), which is of particular interest, since they can be
measured best: Real data elds contain holes and gaps (like CD defects;
brights stars; nearby galaxies, etc.) which makes the placig of apertures
di cult; however, the evaluation of the correlation functi ons is not a ected
by gaps, as one uses all pairs of galaxy images with a given aunigr separation.
Furthermore, it should be noted that the aperture mass dispesion at angular
scale can be calculated from (#) in the nite range # 2 [0;2 ], and the
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shear dispersion can be calculated from, on # 2 [0;2 ], but not from

on a nite interval; this is due to the fact that on small scales does not
contain the information of the power spectrum on large scals, because of the
Iter function J 4 in (105).

We also note that from a cosmic shear survey, the power speaim P
can be determined directly, as has been investigated by Kaer (1998), Sel-
jak (1998) and Hu & White (2001). This is not done by applying (112), as
these relations would require the determination of the corelation function
for all separation, but by more sophisticated methods. A sinple example
(though not optimal) is to consider the measured shear eld m the square;
Fourier transforming it and binning modes in j°j then yields an estimate of
the power spectrum, once the power from the intrinsic ellipicity dispersion
is subtracted. Better methods aim at minimizing the variance of the recon-
structed power spectrum (Seljak 1998; Hu & White 2001). As mationed be-
fore, the aperture mass dispersion is a Itered version of tlke power spectrum
with such a narrow lIter, that it contains essentially the sa me information
asP over the corresponding angular scale and at 5=, provided P has
no sharp features.

6.4 Cosmic shear and cosmology

Why cosmology from cosmic shear? Before continuing, it is worth to
pause for a second and ask the question why one tries to invégate cosmo-
logical questions by using cosmic shear { since it is widely ssumed that the
CMB will measure “all' cosmological quantities with high accuracy. Partial
answers to this question are:

Cosmic shear measures the mass distribution at much lower dshifts
(z < 1) and at smaller physical scalesR  0:3h *(=1%Mpc] than the
CMB; indeed, it is the only way to map out the dark matter distr ibution
directly without any assumptions about the relation between dark and
baryonic matter.

Cosmic shear measures the non-linearly evolved mass didttition and its
associated power spectrun® (k); hence, in combination with the CMB it
allows us to study the evolution of the power spectrum and in @rticular,
provide a very powerful test of the gravitational instabili ty paradigm for
structure growth.

As was demonstrated by the recent results from the WMAP satélite
(Bennett et al. 2003), the strongest constraints are derivel when combin-
ing CMB measurements (constraining the power spectrum on lege spa-
tial scales) with measurements on substantially smaller sales, to break
parameter degeneracies remaining from the CMB results alam(see Sper-
gel et al. 2003). Hu & Tegmark (1999) have explicitly demonstated how
much the accuracy of estimates of cosmological parameters improved
when the CMB results from missions like WMAP and later Planck is
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complemented by cosmic shear measurements (see Fig. 34). fact, as
we shall see later, combinations of CMB anisotropy measuresnts have
already been combined with cosmic shear measurements (segF47) and
lead to substantially improved constraints on the cosmologcal parame-
ters.

It provides a fully independent way to probe the cosmologich model,
given the revolutionary claims coming from the CMB, SN la, and the LSS
of the galaxy distribution, namely that more than 95% of the contents in
the Universe is in a form that we have not the slightest idea alout what
it is (the names “dark matter' and “dark energy' re ect our ignorance
about their physical nature), an additional independent veri cation of

these claims is certainly welcome.

For a foreseeable future, astronomical observations will ppvide the only
possibility to probe the dark energy empirically. The equation of state
of the dark energy can be probed best at relatively low redstiis, that is

with SN la and cosmic shear observations, whereas CMB anisaipy mea-
surements are relatively insensitive to the properties of he dark energy,
as the latter was subdominant at the epoch of recombination.

As we have seen in Sect. 5.8, cosmic shear studies provide awnand
highly valuable search method for cluster-scale matter cocentrations.

Expectations. The cosmic shear signal depends on the cosmological model,
parameterized by , ,and the shape parameter spect Of the power spec-
trum, the normalization of the power spectrum, usually expressed in terms
of g, and the redshift distribution of the sources. By measuring  over a
signi cant range of angular scales one can derive constrata on these param-
eters. To rst order, the amplitude of the cosmic shear signa depends on the
combination s 25, very similar to the cluster abundance. Furthermore,
the cosmic shear signal shows a strong dependence on the sceiredshift dis-
tribution. These dependencies are easily understood quaditively: A higher
normalization g increasesP on all scales, thus increasing® . The increase
with  , is mainly due to the prefactor in (99), i.e. due to the fact that
the light de ection depends on , not just merely on = = |, as most
other cosmological probes. Finally, increasing the redsifti of sources has two
e ects: rst, the lens eciency Dgs=Dgs = fx (ws w)=fg (ws) at given dis-
tance w increases as the sources are moved further away, and secoadarger
source redshift implies a longer ray path through the inhomgeneous matter
distribution.

In Fig. 35 the predictions of the shear dispersion and the apsgure mass
dispersion are shown as a function of angular scale, for sexa cosmological
models. The dependencies of the power spectrur® on cosmological pa-
rameters and’ is re ected in these cosmic shear measures. In particular,he
narrow lter function which relates the aperture mass dispersion to the power
spectrum implies that the peak in *2P (*) at around =  10* (see Fig.32)
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Fig. 34. The improvement of the accuracy of cosmological parameters when sup-
plementing CMB data from WMAP (upper panel) and the Planck sa tellite (lower
panel) by a cosmic shear survey of solid angle 2 . The accuracies are signi cantly
improved, certainly when combined with WMAP, but even in com bination with
Planck, the accuracies of the density parameters can be inceased, when using
next-generation cosmic shear surveys with hundreds of squae degrees (from Hu &
Tegmark 1999)

translates into a peak of M§p at around 10 The non-linear evolution
of the power spectrum is dominating the cosmic shear resultdr scales below

30 the fact that the non-linear prediction approach the linear ones at
somewhat smaller scales for the shear dispersiof j? is due to the fact that
this statistics corresponds to a broad-band Iter Wy (106) of P which in-
cludes the whole range of small values, which are less a ected by non-linear
evolution.

Deriving constraints. From the measured correlation functions () (or
any other measure of the cosmic shear, but we will concentraton the statis-
tics which is most easily obtained from real data), obtaining constraints
on cosmological parameters can proceed through maximizinthe likelihood
L(pj °°s), which yields the probability for the set of cosmological parameters
being p, given the observed correlation function °°S. This likelihood is given
by the probability P( °°Sjp) that the observed correlation function is ©°°s,
given the parametersp. For a given set of parameters, the correlation func-
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Fig. 35. The square root of the aperture mass dispersion (left) and of the shear
dispersion (right), for the same cosmological models as wee used for Fig. 32, again
with results from assuming linear growth of structure in the Universe shown as thin
curves, whereas the fully non-linear evolution was taken into account for the thick
curves. One sees that the aperture mass signal is consideraly smaller than that
of the shear dispersion; this is due to the fact that the Iter function Wa, is much
narrower than W4 ; hence, at a given angular scale, M§p samples less power than
j i? . However, this also implies that the aperture mass dispersion provides much
more localized information about the power spectrum than th e shear dispersion
and is therefore a more useful statistics to consider. Other advantages of M3,
will be described further below. For scales below 30°, the non-linear evolution of
the power spectrum becomes very important (from Schneider et al. 1998a)

tion (p) is predicted. If one assumes that the observed correlation °°S are
drawn from a (multi-variate) Gaussian probability distrib ution, then

] 1 Z(p. ObS)
P( °Sjp) = g exp —— 71
(7ip) (2 )"=2" detCov 2
with X
)= i ™ Coyto(p) o (116)
j
Here, the ; = ( i) are the values of the correlation function(s) (i.e., eithe

, or using both) in angular bins, n is the number of angular bins in case
either one of the is used, or if both are combined, twice the number of
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angular bins, and Coy, ! is the inverse of the covariance matrix, which is
de ned as

Covy = (@ ™ i@ ™ ; (117)

where the average is over multiple realizations of the cosmishear survey
under consideration. Coy; can be determined either from the itself, from
simulations, or estimated from the data in terms of the °PS (see Schneider et
al. 2002b; Kilbinger & Schneider 2004, Simon et al. 2004). Nertheless, the
calculation of the covariance is fairly cumbersome, and mdsauthors have
used approximate methods to derive it, such as the eld-to- eld variations
of the measured correlation. In fact, this latter approach may be more ac-
curate than using the analytic expressions of the covariane in terms of the
correlation function, which are obtained by assuming that the shear eld
is Gaussian, so that the four-point correlation function can be factorized as
products of two-point correlators. As it turns out, . ( ) is strongly correlated
across angular bins, much less so for ( ); this is due to the fact that the
Iter function that describes in terms of the power spectrumP is much
broader for . (namely Jo) than J4 which applies for

The accuracy with which can be measured, and thus the covariance
matrix, depends on the number density of galaxies (that is, @pth and quality
of the images), the total solid angle covered by the survey, iad its geometrical
arrangement (compact survey vs. widely separated pointing). The accuracy
is determined by a combination of the intrinsic ellipticity dispersion and the
cosmic (or sampling) variance. The likelihood function then becomes

r:‘]_ Z(p; ObS)
(2 )"=2" detCov 2

L (pj Obs) = Pprior (P) ; (118)

where Pyior (p) contains prior information (or prejudice) about the param e-

ters to be determined. For example, the redshift distribution of the sources
(at given apparent magnitude) is fairly well known from spedroscopic red-
shift surveys, and so the prior probability for zs would be chosen to be a fairly
narrow function which describes this prior knowledge on theredshifts. One
often assumes that all but a few parameters are known preci$g and thus

considers a restricted space of parameters; this is equivaht to replacing the

prior for those parameters which are xed by a delta-"function'. If m param-

eters are assumed to be undetermined, but one is mainly intested in the

con dence contours ofm®< m parameters, then the likelihood function is in-

tegrated over the remainingm m©°parameters; this is called marginalization
and yields the likelihood function for these m® parameters.

There are two principal contributions to the “noise' of cosnic shear mea-
surements. One is the contribution coming from the nite int rinsic ellipticity
dispersion of the source galaxies, the other due to the nitedata elds of any
survey. This latter e ect implies that only a typical part of the sky is mapped,
whose properties will in general deviate from theaverageproperties of such a
region in the sky for a given cosmology. This e ect is called osmic variance,
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or sample variance. Whereas the noise from intrinsic elliptity dispersions
dominates at small angular scales, at scales beyond a few aminutes the
cosmic variance is always the dominating e ect (e.g., Kaise 1998; White &
Hu 2000).

Of course, all of what was said above can be carried over to thether
second-order shear statistics, with their respective cowdance matrices. The
rst cosmic shear measurements were made in terms of the shedispersion
and compared to theoretical prediction from a range of cosmiogical mod-
els. As is true for the correlation functions, the shear disgrsion is strongly
correlated between dierent angular scales. This is much les the case for
the aperture mass dispersion, where the correlation quicki falls o once the
angular scales di er by more than a factor 1.5 (see Schneider et al. 2002b).
Even less correlated is the power spectrum itself. These pperties are of
large interest if the results from a cosmic shear survey are idplayed as a
curve with error bars; for the aperture mass dispersion and lhe power spec-
trum estimates, these errors are largely uncorrelated. Hoever, for deriving
cosmological constraints, the correlation function  are most useful since
they contain all second-order information in the data, in addition of being
the primary observable.

6.5 E-modes, B-modes

In the derivation of the lensing properties of the LSS, we endd up with
an equivalent surface mass density. In particular, this impied that A is a
symmetric matrix, and that the shear can be obtained in termsof or
Now, the shear is a 2-component quantity, whereas both and are scalar
elds. This then obviously implies that the two shear components are not
independent of each other!

Recall that (54) yields a relation between the gradient of and the rst
derivatives of the shear components; in particular, (54) inpliesthatr u
0, yielding a local constraint relation between the second drivatives of the
shear components. The validity of this constraint equation guarantees that
the imaginary part of (44) vanishes. This constraint is alsopresent at the
level of 2-point statistics, since one expects from (112) tht

z 1 z 1
d +()o( )= d ()a():
0 0

Hence, the two correlation functions  are not independent. The observed
shear eld is not guaranteed to satisfy these relations, dudo noise, remaining
systematics, or other e ects. Therefore, searching for defations from this re-
lation allows a check for these e ects. However, there mighalso be a “shear
component present that is not due to lensing (by a single equialent thin mat-
ter sheet ). Shear components which satisfy the foregoing relationsra called
E-modes; those which don't are B-modes { these names are exgped from
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the polarization of the CMB, which has the same mathematical properties
as the shear eld, namely that of a polar.

@

tween E- and B-modes of the shear. The
@ @ upper row shows a typical E-mode shear

O O Q pattern coming from a mass overden-
O sity (left) or underdensity (right), yield-

Q Q O 0 Fig.36. Sketch of the distinction be-

@
ing tangential and radial alignment of
’ 8 mode ‘ the shear, respectively. The lower row
. <@ @ . shows a B-mode pattern, which is ob-
tained from the E-mode pattern by ro-
\ \ ’ ’ tating all shears by 45 . Those cannot

be produced from gravitational lensing

’ . . ‘ @ (from van Waerbeke & Mellier 2003)

The best way to separate these modes locally is provided by #haperture
measures: Méfp( ) is sensitiveonly to E-modes. If one de nes in analogy {
recall (77) b

Mo ()= d*#QG#i) (#); (119)

then M2( ) is sensitiveonly to B-modes. In fact, one can show that for
a pure E-mode shear eld,M, 0, and for a pure B-mode eld, My, O.
Furthermore, in general (that is, even if a B-mode is present hMapi = 0,
sinceh i =0, and M, i = 0, owing to parity invariance: a non-zero mean
value of M, would introduce a net orientation into the shear eld. Using the
same argument, one nds that MZiM7 =0 for n odd (Schneider 2003).

E/B-mode decomposition of a shear eld. There are a number of
(equivalent) ways to decompose a shear eld into its two mods. One is pro-
vided by the Kaiser & Squires mass reconstruction (44), whih yields, for a
general shear eld, a complex surface mass density = & +i B. Another
separation is obtained by considering the vector eldu ( ) (54) obtained
from the rst derivatives of the shear components. This vector will in general
not be a gradient eld; its gradient component corresponds b the E-mode
eld, the remaining one to the B-mode. Hence one de nes

r2€=r u ; r2B=yr u: (120)

In full analogy with the “lensing-only' case (i.e., a pure Emode), one de nes
the (complex) potential () = E( )+i B() by the Poisson equation
r 2 =2 , and the shear is obtained in terms of the complex in the usual
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way,
= 1+i 2=( .11 22) =2+ 10
1 ) 1
=3 ;Ell ;Ezz ;B;LZ +1 ;Elz + > ;Bll ;Bzz ©(121)

On the level of second-order statistics, one considers thedarier transforms
of the E- and B-mode convergence, and de nes the two power sp&a Pg,
Pg, and the cross-power spectrunPgg by

AECNECY) =@ ) o TYPe();
ABEMECY =2 ) o TIPe(); (122)
AECIME (Y =2 )2 o TYPes ()
From what was said above, the cross powdPgg vanishes for parity-symmetric
shear elds, and we shall henceforth ignore it. The shear caelation functions

now depend on the power spectra of both modes, and are given &srittenden
et al. 2002; Schneider et al. 2002a)

Z, g
+()= , 5= Jo( )[PeC)+ Pe ()]
Z ..
()= dZ—J4(‘ )[Pe() Ps()]:
0

Hence, in the presence of B-modes, the correlation function cannot be
obtained from ., as was the case for a pure E-mode shear eld. The inverse
relation (112) now gets modi ed to
z 1
Pe(’) = d [+()JoC )+ ()€ )5
z,
Pe(’) = , d [+()() ( Ma(C 1 (123)

Hence, the two power spectra can be obtained from the shear omlation
functions. However, due to the in nite range of integration, one would need to
measure the correlation functions over all angular scalesatapply the previous
equations for calculating the power spectra. Much more conenient for the
E/B-mode decomposition is the use of the aperture measuresince one can

show that
z 1

M&p ()= zi o dPEQ)Wap(T)
Zl
ME ()= 5 @ PR Wapl ) (124)

so that these two-point statistics clearly separate E- and Bmodes. In ad-
dition, as mentioned before, they provide a highly localizel measure of the
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corresponding power spectra, since the Iter functionWgp( ) involved is very
narrow. As was true for the E-mode only case, the aperture mesures can be
expressed as nite integrals over the correlation functiors,

Z
M2, ():% d#—z# +#T, - #HT # ;

Z
M2 ()=% d#—z# BT = #HT # ; (125)

where the two functions T are the same as in (115) and have been given
explicitly in Schneider et al. (2002a) for the weight function Q given in (81),
and in Jarvis et al. (2003) for the weight function (110). Herce, the relations
(125) remove the necessity to calculate the aperture measas by placing
apertures on the data eld which, owing to gaps and holes, wold make this
an inaccurate and biased determination. Instead, obtainig the correlation
functions from the data is all that is needed.

The relations given above have been applied to recent cosmghear sur-
veys, and signi cant B-modes have been discovered (see Sed); the ques-
tion now is what are they due to? As mentioned before, the nois, which
contributes to both E- and B-modes in similar strengths, codd be under-
estimated, the cosmic variance which also determines the esr bars on the
aperture measures and which depends on fourth-order statical properties
of the shear eld could also be underestimated, there could b remaining
systematic e ects, or B-modes could indeed be present. Ther are two possi-
bilities known to generate a B-mode through lensing: The rd-orderin  (or
"Born') approximation may not be strictly valid, but as show n by ray-tracing
simulations through cosmic matter elds (e.g., Jain et al. 2000), the resulting
B-modes are expected to be very small. Clustering of sourcesso yields a
nite B-mode (Schneider et al. 2002a), but again, this e ect is much smaller
than the observed amplitude of the B-modes (see Fig. 37).

Intrinsic alignment of source galaxies. Currently the best guess for the
generation of a nite B-mode are intrinsic correlations of galaxy ellipticities.

Such intrinsic alignments of galaxy ellipticities can be caised by tidal grav-
itational elds during galaxy formation, owing to tidal int eractions between
galaxies, or between galaxies and clusters. Predictions dhe alignment of
the projected ellipticity of the galaxy mass can be made anaftically (e.g. in

the frame of tidal torque theory) or from numerical simulati ons; however, the
predictions from various groups di er by large factors (e.g, Croft & Metzler

2000; Crittenden et al. 2001; Heavens et al. 2000; Jing 2002yhich means
that the process is not well understood at present. For examfe, the results
of these studies depend on whether one assumes that the ligbf a galaxy is
aligned with the dark matter distribution, or aligned with t he angular mo-
mentum vector of the dark halo. This is related to the questicn of whether
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Fig.37. The correlation functions () fora CDM model with  spect = 0:21
and g =1, and a source population with mean redshift of hzsi = 1:5. Also plotted
are the corresponding correlation functions that arise separately from the E- and
B-modes, with the g+ mode curve coinciding within the line thickness with .
In this calculation, the clustering of the faint galaxy popu lation was taken into
account, and they give rise to a very small B-mode contributi on, as can be seen
fromthe g curves. The smallness of the B-mode due to intrinsic source dustering
renders this e ect not viable to explain the B-modes observe d in some of the cosmic
shear surveys (from Schneider et al. 2002a)

the orientation of the galaxy light (which is the issue of relevance here) is the
same as that of the mass.
If intrinsic alignments play a role, then
D E

f= 0 = i(s) j('S) + I+ens ; (126)
and measured correlations contain both components, the intrinsic corre-
lation and the shear. Of course, there is no reason why intrigic correlations
should have only a B-mode. If a B-mode contribution is generted through
this process, then the measured E-mode is most likely also ntaminated
by intrinsic alignments. Given that intrinsic alignments y ield ellipticity cor-
relations only for spatially close sources (i.e., close in-®, not merely in
projection), it is clear that the deeper a cosmic shear surwis, and thus the
broader the redshift distribution of source galaxies, the saller is the relative
amplitude of an intrinsic signal. Most of the theoretical investigations on the
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strength of intrinsic alignments predict that the deep cosmic shear surveys
(say, with mean source redshifts oftesi 1) are aected ata 10% level,
but that shallower cosmic shear surveys are more strongly aected; for them,
the intrinsic alignment can be of same order or even larger thn the lensing
signal.

However, the intrinsic signal can be separated from the leriag signal
th redshifginformation of the sources is available, owing b the fact that

i(s) j(s) will be non-zero only if the two galaxies are at essentially he

same redshift. Hence, ifz-information is available (e.g., photometric red-
shifts), then galaxy pairs which are likely to have similar redshifts are to
be avoided in estimating the cosmic shear signal (King & Scheider 2002;
Heymans & Heavens 2002, Takada & White 2004). This will chang the ex-
pectation value of the shear correlation function, but in a controllable way, as
the redshifts are assumed to be known. Indeed, using (photoetric) redshifts,
one can simultaneously determine the intrinsic and the lengg signal, essen-
tially providing a cosmic shear tomography (King & Schneide 2003). This
again is accomplished by employing the fact that the intrindc correlation can
only come from galaxies very close in redshift. Hence, in th@resence of in-
trinsic alignments, the redshift dependent correlation functions  (z1;22; )
between galaxies with estimated redshiftsz; are expected to show a strong
peak over the rangejz; z,j < z , where z is the typical uncertainty in
photometric redshifts. It is this peak that allows one to identify and subtract
the intrinsic signal from the correlation functions. An e ¢ ient method to cal-
culate the covariance of the redshift-dependent correlatin functions has been
developed by Simon et al. (2004), where the improvement in te constraints
on cosmological parameters from redshift information has ben studied, con-
rming the earlier results by Hu (1999) which were based on casiderations
of the power spectrum.

Brown et al. (2002) obtained a measurement of the intrinsic #ipticity
correlation from the Super-COSMOS photographic plate data where the
galaxies are at too low a redshift for cosmic shear playing anrole. Heymans
et al. (2003) used the COMBO-17 data set (that will be descrited in Sect. 7.3
below) for which accurate photometric redshifts are availdle to measure
the intrinsic alignment. The results from both studies is that the models
predicting a large intrinsic amplitude can safely be ruled at. Nevertheless,
intrinsic alignment a ects cosmic shear measurements, at bout the 2% level
for a survey with the depth of the VIRMOS-DESCART survey, and somewhat
more for the slightly shallower COMBO-17 survey. Hence, to dtain precision
measurements of cosmic shear, very important for constraing the equation
of state of dark energy, these physically close pairs of gatées need to be
identi ed in the survey, making accurate photometric redshifts mendatory.

Correlation between intrinsic ellipticity and shear. The relation (126)
above implicitly assumes that the shear is uncorrelated wih the intrinsic
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shape of a neighboring galaxy. However, as pointed out by Hata & Seljak
(2004), this is not necessarily the case. Hence consider gaies at two signif-
icantly di erent redshifts z < z;. For them, the rst term in (126) vanishes.
However, making use of = ©) + o oneEnds

= Py o+ (127)

]
where the rst term on the right-hand side describes the corelation between
the intrinsic ellipticity of the lower-redshift galaxy wit h the shear along the
l.o.s. to the higher-redshift one. The correlation can in pinciple be non-zero:
if the intrinsic alignment of the light of a galaxy is determined by the large-
scale tidal gravitational eld, then this tidal eld at the r edshift z causes
both, an alignment of the nearer galaxy and a contribution to the shear of
the more distant one (see Fig. 38). This alignment e ect can herefore not be
removed by considering only pairs at di erent redshifts.

d>0 d>C

Fig. 38. A tidal gravitational eld, for example caused by two matter concentra-
tions, can produce an alignment of a galaxy situated at the same redshift (indicated
by the solid ellipse), as well as contributing to the shear to wards a more distant
galaxy (as indicated by the dashed ellipse) (from Hirata & Se ljak 2004)

The importance of this e ect depends on the nature of the aligiment
of galaxies relative to an external tidal eld. If the alignm ent is linear in
the tidal eld strength, then this e ect can be a serious contaminant of
the cosmic shear signal, in particular for relatively shalbw surveys (where
the mean source redshift is small); in particular, this e ect can yield much
larger contaminations than the intrinsic alignment given by the rst term
in (126). As can be seen from Fig. 38, the resulting contribuion is negative,
hence decreases the lensing signal. If, however, the intsic alignment de-
pends quadratically on the tidal eld, as is suggested by tidal torque theory,
than this e ect is negligible. Whether or not this e ect is re levant needs to
be checked from observations. Assuming that the matter dengy eld is rep-
resented approximately by the galaxy distribution, the latter can be used
to estimate the tidal gravitational eld, in particular its direction. Alterna-
tively, since the correlation between the intrinsic alignment and the shear
towards more distant galaxies has a di erent redshift depemence than the
lensing shear signal, these two contributions can be diseangled from the
z-dependence of the signal.
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It should be noted that the use of photometric redshifts alsopermits to
study the cosmic shear measures as a function of source redfshhence, one
can probe various redshift projectionsP (*) of the underlying power spec-
trum P (k;z) separately. This is due to the fact that the cosmic shear sigal
from di erent populations of galaxies (i.e., with di erent redshift distribu-
tions) lead to di erent weight functions g(w) [see (94)], and thus to di erent
weighting in the projection (99) of the power spectrum. Not surprisingly,
uncertainties of cosmological parameters are thereby redred (Hu 1999; Si-
mon et al. 2004). Also, as shown by Taylor (2001), Hu & Keeton 2002) and
Bacon & Taylor (2003), in principle the three-dimensional mass distribution

(x) can be reconstructed if the redshifts of the source galax&are known
(see Sect. 7.6).

6.6 Predictions; ray-tracing simulations

The power spectrum of the convergenc® can be calculated from the power
spectrum of the cosmological matter distribution P , using (99); the latter in
turn is determined by the cosmological model. However, sine the non-linear
evolution of the power spectrum is essential for making acawate quantitative
predictions for the shear properties, there is no analytic nethod known how
to calculate the necessary non-lineat . As was mentioned in Sect. 6.1 of
IN, fairly accurate tting formulae exist which yield a clos ed-form expression
for P and which can be used to obtainP (see, e.g., Jain & Seljak 1997).
Nevertheless, there are a number of reasons why this purelynalytic approach
should at least be supplemented by numerical simulations.

First, the tting formulae for P (Peacock & Dodds 1996; Smith et al.
2003) have of course only a nite accuracy, and are likely to e insu cient
for comparison with results from the ongoing cosmic shear sweys which
are expected to yield very accurate measurements, owing toheir large
solid angle.

A second reason why simulations are needed is to test whethehe vari-
ous approximations that enter the foregoing analytical treatment are in
fact accurate enough. To recall them, we employed the Born agproxima-
tion, i.e., neglected terms of higher order than linear in the Newtonian
potential when deriving the convergence, and we assumed thahe shear
everywhere is small, so that the di erence between shear andeduced
shear can be neglected, at least on average. This, howeves, ot guaran-
teed: regions in the sky with large shear are most likely alsthose regions
where the convergence is particularly large, and thereforethere one ex-
pects a correlation between and , which can a ect the dispersion of
g= =1 ).

Third, whereas fairly accurate tting formulae exist for th e power spec-
trum, this is not the case for higher-order statistical properties of the
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matter distribution; hence, when considering higher-orde shear statis-
tics (Sect. 9), numerical simulations will most likely be the only way to
obtain accurate predictions.

The covariance of the shear correlations (and all other secw-order shear
measures) depends on fourth-order statistics of the sheareld, for which
hardly any useful analytical approximations are available The analyti-

cal covariance estimates are all based on the Gaussian assption for

the fourth-order correlators. Therefore, simulations areinvaluable for the
calculation of these covariances, which can be derived forrhitrary survey

geometries.

Ray-tracing simulations: The principle. The simulations proceed by
following light rays through the inhomogeneous matter distibution in the
Universe. The latter is generated by cosmological simulatins of structure
evolution. Those start at an early epoch by generating a reakration of a
Gaussian random eld with a power spectrum according to the ®smological
model considered, and follow the evolution of the density ad velocity eld
of the matter using Newtonian gravity in an expanding Universe. The mass
distribution is represented by discrete particles whose ewlution in time is
followed. A nite volume of the Universe is simulated this way, typically a
box of comoving side-lengthL, for which periodic boundary conditions are
applied. This allows one to use Fast Fourier Transforms (FFT) to evaluate
the gravitational potential and forces from the density distribution. The box
sizeL should be chosen such that the box contains a representativpart of
the real Universe, and must therefore be larger than the largst scales on
which structure is expected, according to the power spectrm; a reasonable
choice isL > 100h *Mpc. The number of grid points and the number of par-
ticles that can be distributed in this volume is limited by co mputer memory;
modern simulations work typically with 2563 points and the same number
of particles, though larger simulations have also been cared out; this im-
mediately yields the size of grid cells, of order Bh *Mpc. This comoving
length, if located at a redshift of z  0:3 (which is about the most relevant for
cosmic shear), subtends an angle of roughly®»n the sky. The nite number
of particles yields the mass resolution of the simulationswhich is typically
10%h M , depending on cosmological parameters.

In order to obtain higher spatial resolution, force calculdions are split
up into near- eld and far- eld forces. The gravitational fo rce due to the dis-
tant matter distribution is obtained by grid-based FFT meth ods, whereas
the force from nearby masses is calculated from summing up thforces of
individual particles; such simulations yield consideraby higher resolution of
the resulting mass distribution. Since the matter in these smulations is rep-
resented by massive particles, these can undergo strong irtactions, leading
to (unphysical) large orbital de ections. In order to avoid these unphysical
strong collisions, the force between pairs of particles is wdi ed at short dis-
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tances, typically comparable to the mean separation of two particles in the
simulation. This softening length de nes the minimum length scale on which
the results from numerical simulations can be considered t@able. Cosmolog-
ical simulations consider either the dark matter only or, mare recently, the
hydrodynamics e ects of baryons have been incorporated as &ll.

The outcome of such simulations, as far as they are relevantdre, are the
3-dimensional positions of the matter particles at di erent (output) times
or redshifts. In order to study the light propagation throug h this simulated
mass distribution, one employs multiple lens-plane theoryFirst, the volume
between us and sources at some redshiits is lled with boxes from the
cosmological simulations. That is, the comoving distancens = w(zs) is split
up into n intervals of length L, and the mass distribution at an output time
close tot; = t(w = (i 1=2)L) is considered to be placed at this distance.
In this way, one has a light cone covered by cubes containingepresentative
matter distributions. Since the mass distributions at the di erent times t; are
not independent of each other, but one is an evolved versionfdhe earlier one,
the resulting mass distribution is highly correlated over dstances much larger
than L. This can be avoided by making use of the statistical homogegity and
isotropy of the mass distribution: each box can be translate by an arbitrary
two-dimensional vector, employing the periodicity of the mass distribution,
and rotated by an arbitrary angle; furthermore, the three di erent projections
of the box can be used for its orientation. In this way { a kind of recycling
of numerical results { the worst correlations are removed.

Alternatively, one can combine the outputs from several sinulations with
di erent realizations of the initial conditions. In this ca se, one can use simu-
lation boxes of di erent spatial extent, to match the comoving size of a big
light cone as a function of redshift. That is, for a given light-cone size, only
relatively small boxes are needed at low redshifts, and biggy ones at higher
redshift (see White & Hu 2000).

Second, the mass in each of these boxes is projected along thiee-of-
sight, yielding a surface mass density at the appropriate comoving distance
w; = (i 1=2)L. Each of these surface mass densities can now be considered
a lens plane, and the propagation of light can be followed frm one lens plane
to the next; the corresponding theory was worked out in detal by Blandford
& Narayan (1986; see also Chap. 9 of SEF), but applied as earlgs 1970 by
Refsdal (1970) for a cosmological model consisting of poinhasses only (see
also Schneider & Weiss 1988a,b). Important to note is that the surface mass
density in each lens plane is the projection of = of a box, so
that for each lens plane,h i = 0. As has been shown in Seitz et al. (1994),
this multiple lens-plane approach presents a well-de ned dscretization of the
full 3-dimensional propagation equations. Light bundles ae de ected and
distorted in each lens plane and thus represented as piecesd straight rays.
The resulting Jacobi matrix A is then obtained as a sum of products of the
tidal matrices in the individual lens planes, yielding a discretized version of
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the form (88) for A. The result of such simulations is then the matrix A( )
on a prede ned angular grid, as well as the positions ( ) in the source plane.
The latter will not be needed here, but have been used in studis of multiple
images caused by the LSS (see Wambsganss et al. 1998).

One needs special care in applying the foregoing prescrifth; in particu-
lar, in the smoothing process to obtain a mass distribution fom the discrete
particles; Jain et al. (2000) contains a detailed discussio on these issued?®
The nite spatial resolution in the simulations translates into a redshift-
dependent angular resolution, which degrades for the low mshift lens planes;
on the other hand, those have a small impact on the light propaation due
to the large value of  for them [see eq. (10) of IN]. The discreteness of
particles gives rise to a shot-noise term in the mass distribition, yielding
increased power on small angular scales.

Results from ray-tracing simulations. We shall summarize here some of
the results from ray-tracing simulation:

Whereas the Jacobi matrix in this multi-de ection situatio n is no longer
symmetric, the contribution from the asymmetry is very small. The power
spectrum of the asymmetric part of A is at least three orders of magni-
tude smaller than the power spectrumP , for sources atzs = 1 (Jain

et al. 2000). This result is in accord with analytical expecttions (e.g.,
Bernardeau et al. 1997; Schneider et al. 1998a), i.e., thaterms quadratic
in the Newtonian potential are considerably smaller than rst-order terms,
and supports the validity of the Born approximation. Furthe rmore, this

result suggests that a simpler method for predicting cosmicshear distri-
butions from numerical simulations may be legitimate, namdy to project

the mass distribution of all lens planes along the grid of anglar positions,

with the respective weighting factors, according to (92), ie., employing
the Born approximation. Of course this simpli ed method is computa-

tionally much faster than the full ray-tracing.

The power spectra obtained reproduce the ones derived using@9), over
the range of wavevectors which are only mildly a ected by reslution and

discreteness e ects. This provides an additional check onhe accuracy of
the tting formulae for the non-linear power spectrum.

The simulation results give the full two-dimensional shearmap, and thus
can be used to study properties other than the second-orderrees, e.g.,
higher-order statistics, or the occurrence of circular shar patters indicat-

ing the presence of strong mass concentrations. An exampld such maps
is shown in Fig. 26. These shear maps can be used to simulatealesur-

veys, e.g, including the holes in the data eld resulting from masking or

10 For other recent ray-tracing simulations related to cosmic shear, see e.g. Barber
et al. (2000); Hamana & Mellier (2001); Premadi et al. (2001) ; Taruya et al.
(2002); Fluke et al. (2002); Barber (2002); Vale & White (200 3).
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complicated survey geometries, and thus to determine the amracy with

which the power spectra can be determined from such survey®ote that

in order to quantify the error (or covariance matrix) of any second-order
statistics, one needs to know the fourth-order statistics,which in gen-
eral cannot be obtained analytically when outside the linea (Gaussian)
regime. Simulations are also used to obtain good survey sttagies.

Higher-order correction terms. Up to now we have considered the lowest-
order approximation of the Jacobi matrix (88) and have arguel that this
provides a su ciently accurate description. Higher-order terms in  were
neglected since we argued that, because the Newtonian potgal is very small,
these should play no important role. However, this argumentis not fully
correct since, whereas the potential certainly is small, is derivatives are not
necessarily so. Of course, proper ray-tracing simulation ake these higher-
order terms automatically into account.

We can consider the terms quadratic in  when expanding (88) to higher
order. There are two such terms, one containing the product 6second-order
derivatives of , the other a product of rst derivatives of  and its third
derivatives. The former is due to lens-lens coupling: The skar and surface
mass densities from di erent redshifts (or lens planes, in be discretized ap-
proximation) do not simply add, but multi lens plane theory shows that the
tidal matices from di erent lens planes get multiplied. The latter term comes
from dropping the Born approximation and couples the de ection of a light
ray ( rst derivative of ) with the change of the tidal matrix with regards to
the position (third derivatives of ). These terms are explitly given in the ap-
pendix of Schneider et al. (1998a), in Bernardeau et al. (198) and in Cooray
& Hu (2002) and found to be indeed small, providing correctios of at most
a few percent. Furthermore, Hamana (2001) has shown that themagni ca-
tion bias caused by the foreground matter inhomogeneities o the selection
of background galaxies has no practical e ect on second-oet cosmic shear
statistics.

Another e ect that a ects the power spectrum P is the dierence be-
tween shear and reduced shear, the latter being the observé Since the
correlation function of the reduced shear is the correlatio function of the
shear plus a term containing a product of two shears and one stace mass
density, this correction depends linearly on the third-order statistical proper-
ties of the projected mass . Also this correction turns out to be very small;
moreover, it does not give rise to any B-mode contribution (Shneider et al.
2002a).

7 Large-scale structure lensing: results

After the theory of cosmic shear was considered in some detan the previous
section, we shall summarize here the observational resultthat have been
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obtained so far. In fact, as we will see, progress has been medlibly fast
over the past four years, with the rst detections reported in 2000, and
much larger surveys being available by now, with even largeones ongoing
or planned. Already by now, cosmic shear is one of the pillar&n which our
cosmological model rests.

The predictions discussed in the previous section have shawthat the
rms value of cosmic shear is of the order of 2% on angular scales of
1% and considerably smaller on larger scales. These small was make the
measurements of cosmic shear particularly challenging, athe observational
and instrumental e ects described in Sect. 3 are expected tde larger than the
cosmic shear signal, and thus have to be understood and remes with great
precision. For example, the PSF anisotropy of nearly all wig- eld cameras
is considerably larger than a few percent and thus needs to beorrected for.
But, as also discussed in Sect. 3, methods have been develdgnd thoroughly
tested which are able to do so.

7.1 Early detections of cosmic shear

Whereas the theory of cosmic shear was worked out in the earlyd990's
(Blandford et al. 1991; Miralda-Escuce 1991; Kaiser 1992) it took until the
year 2000 before this e ect was rst discovered! The reason for this evo-
lution must be seen by a combination of instrumental developnents, i.e. the
wide- eld CCD mosaic cameras, and the image analysis softwa, like IMCAT
(the software package encoding the KSB method discussed inegt. 3.5), with
which shapes of galaxies can be accurately corrected for PS&ects. Then
in March 2000, four groups independently announced their st discoveries
of cosmic shear (Bacon et al. 2000; Kaiser et al. 2000; van Wezeke et al.
2000, Wittman et al. 2000). In these surveys, of the order of @° galaxy im-
ages have been analyzed, covering about 1 deglLater that year, Maoli et
al. (2001) reported a signi cant cosmic shear measurementrém 50 widely
separated FORS1@VLT images, each of size 6% 6%, which also agreed
with the earlier results. The fact that the results from four independent teams
agreed within the respective error bars immediately lend cedit to this new
window of observational cosmology. This is also due to the & that 4 di er-
ent telescopes, 5 di erent cameras (the UH8K and CFH12K at CHHT, the
8% 16%imager on WHT, the BTC at the 4m-CTIO telescope and FORS1 at
the VLT), independent data reduction tools and at least two di erent image
analysis methods have been used. These early results are played in Fig. 39,
where the (equivalent) shear dispersion is plotted as a furton of e ective
circular aperture radius, together with the predictions for several cosmolog-
ical models. It is immediately clear that a high-normalization Einstein-de

11 An early heroic attempt by Mould et al. (1994) to detect cosmi ¢ shear on a single
9% 9° eld only yielded an upper limit, and the putative detection  of a shear
signal by Schneider et al. (1998b; see also Fort et al. 1996) m three 2° 2° elds
is, due to the very small sky area, of no cosmological relevarce.
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Sitter model can already be excluded from these early resudt but the other
three models displayed are equally valid approximations tothe data.

Fig. 39. Shear dispersion as a function of equivalent circular aperture radius as
obtained from the rst ve measurements of cosmic shear (MvW M+: Maoli et al.
2001; vVWME+: van Waerbeke et al. 2000; KWL: Kaiser, Wilson & L uppino 2000;
BRE: Bacon, Refregier & Ellis 2000; WTK: Wittman et al. 2000) . The data points
within each team are not statistically independent, due to t he fairly strong covari-
ance of the shear dispersion on di erent angular scales, but points from di erent
teams are independent (see text). The error bars contain the noise from the in-
trinsic ellipticity dispersion and, for some of the groups, also an estimate of cosmic
variance. The four curves are predictions from four cosmological models; the upper-
most one corresponds to an Einstein-de Sitter Universe with normalization g =1,
and can clearly be excluded by the data. The other three models are cluster nor-
malized { see Sect. 4.4 of IN { and all provide equally good ts to these early data
(courtesy: Y. Mellier)

Maoli et al. (2001) considered the constraints one obtains ¥ combining
the results from these ve surveys, in terms of the normalizdion parameter
g of the power spectrum. The con dence contours in the g-plane are
shown in Fig. 40. There is clearly a degeneracy between thesso parameters
from the data sets considered, roughly tracing g 0:59 ,,%4’; although the
best tting modelisde nedby , =0:26, g =1:1, it cannot be signi cantly
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distinguished from, e.g., a n =1, g = 0:62 model since the error bars
displayed in Fig. 39 are too large and the range of angular s¢es over which
the shear was measured is too small. In Fig. 40, the solid cuevdisplays the
normalization as obtained from the abundance of massive chters, which is
seen to follow pretty much the valley of degeneracy from the asmic shear
analysis. This fact should not come as a surprise, since thduster abundance
probes the power spectrum on a comoving scale of abouti8 * Mpc, which is

comparable to the median scale probed by the cosmic shear maarements.
However, the predictions of the cluster abundance rely on tk assumption that

the initial density eld was Gaussian, whereas the cosmic sbar prediction is

independent of this assumption, which therefore can be testd by comparing
the results from both methods.

1.4 71
L Fig.40. Constraints on n and
1.2¢ g from the ve surveys shown in
I Fig. 39; shown are 1, 2 and 3-
. 1.0¢ con dence regions. The cross de-
S) [ notes the best- tting model, but
0.81 as can be seen, these two param-
[ |1 eters are highly degenerate with
0.61 1 the data used. The solid curve
[ 1 displays the constraint from clus-
0.41 1 ter normalization (from Maoli et
oot ] Ek200D)
0.2 0.4 0.6 0.8 1.0
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7.2 Integrity of the results

As mentioned before, the cosmic shear e ects are smaller thmmany ob-
servational e ects (like an anisotropic PSF) that could mimic a shear; it is
therefore necessary to exclude as much as possible such gysatics from the
data. The early results described above were therefore acogpanied by quite
a large number of tests; they should be applied to all cosmictear surveys
as a sanity check. A few of those shall be mentioned here.

Stellar ellipticity ts. The ellipticity of stellar objects should be well t-
ted by a low-order function, so one is able to predict the PSF aisotropy
at galaxy locations. After subtracting this low-order t fr om the measured
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stellar ellipticities, there should be no coherent spatialstructure remaining,
and the ellipticity dispersion of the corrected ellipticit ies should be consider-
ably smaller that the original ones, essentially compatibé with measurement
noise.

Correlation of PSF anisotropy with corrected galaxy ellipt icities.
After correcting for the anisotropy of the PSF, there should remain no cor-
relation between the corrected galaxy ellipticities and the ellipticity of the
PSF. This correlation can be measured by consideringp i, where is the
corrected galaxy ellipticity (31), and  the uncorrected stellar ellipticity (i.e.,
the PSF anisotropy). Bacon et al. (2000) found that for fairly low signal-to-
noise galaxy images, this correlation was signi cantly di erent from zero, but
for galaxies with high S/N (only those entered their cosmic $iear analysis),
no signi cant correlation remained. The same was found in va Waerbeke et
al. (2000), except that the averageh 1i was slightly negative, but independent
of ;. The level of h1i was much smaller than the estimated cosmic shear,
and does not a ect the latter by more than 10%.

Spatial dependence of mean galaxy ellipticity. When a cosmic shear
survey consist of many uncorrelated elds, the mean galaxy Hipticity at a
given position on the CCD chips should be zero, due to the assned statistical
isotropy of the shear eld. If, on the other hand, the shear aweraged over many
elds shows a dependence on the chip position, most likely ajral distortions
and/or PSF e ects have not been properly accounted for.

Parity invariance. The two-point correlation function ()= h¢ ()
is expected to vanish for a density distribution that is parity symmetric.
More generally, every astrophysical cause for a “shear' sigl (such as intrin-
sic galaxy alignments, or higher-order lensing e ects) is gpected to be in-
variant under parity transformation. A signi cant cross-c orrelation  would
therefore indicate systematic e ects in the observations ad/or data analysis.

7.3 Recent cosmic shear surveys

Relatively soon after the announcement of the rst cosmic stear detections,
additional results were published. These newer surveys camughly be classi-
ed as follows: deep surveys, shallower, but much wider sureys, and special
surveys, such as obtained with the Hubble Space Telescope.a&\hall mention
examples of each of these classes here, without providing @amplete list.

Deep surveys. Currently the largest of the deep surveys from which cosmic
shear results have been published is the VIRMOS-DESCART swrey, carried
out with the CFH12K camera at the CFHT; this camera covers abaut 45° 30°
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Fig.41. The shear dispersion as a function of aperture radius (left) and the shear
correlation function + () (right) as measured from the VIRMOS-DESCART sur-
vey (van Waerbeke et al. 2001). The lower panel on the right shows an enlarge-
ment with logarithmic axis of the larger gure. The error bar s were calculated
from simulations in which the galaxy images have been randomized in orientation.
The curves show predictions from three di erent cosmologic al models, correspond-
ingto( m; ; 8)=(0:3;0;0:9) (open model, short-dashed curves), (03; 0:7; 0:9)
(low-density at model, solid curves), and (1 ;0;0:6) (Einstein-de Sitter Universe,
long-dashed curves). In all cases, the shape parameter of tle power spectrum was
setto spect = 0:21. The redshift distribution of the sources was assumed to follow
the law (128), with =2, =1:5 and zo = 0:8, corresponding to a mean redshift
ofz 1.2

in one exposure. The exposure time of the images, taken in théband, is

one hour. The survey covers four elds of 2 2 each, of which roughly
8:5ded have been used for a weak lensing analysis up to now (van Waeeke
et al. 2001, 2002). About 20% of the area is masked out, to acoot for

di raction spikes, image defects, bright and large foregraind objects etc. The
number density of galaxy images used for the cosmic shear alyais is about
17 arcmin 2. A small part of this survey was used for the early cosmic shaa
detection (van Waerbeke et al. 2000). Compared to the earlieresults, the

error bars on the shear measurements are greatly reduced, avg to the much

better statistics. We show in Fig. 41 the shear dispersion ad the correlation

function as measured from this survey. Furthermore, this suvey yielded the

rst detection of a signicant M §p -signal; we shall come back to this later.
In order to compare the measured shear signal with cosmologgl predictions,

one needs to assume a redshift distribution for the galaxies frequently used
parameterization for this is

p(z) = N Zio exp = (128)
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where and determine the shape of the redshift distribution, gp the charac-
teristic redshift, and N is a normalization factor, chosen such as dz p(z) = 1.

Another example of a deep survey is the Suprime-Cam survey (dmana
et al. 2003), a 21ded survey taken with the wide- eld camera Suprime-
Cam (with a 34° 27° eld-of-view) at the 8.2-m Subaru telescope. With an
exposure time of 30 min, the data is considerably deeper thathe VIRMOS-
DESCART survey, due to the much larger aperture of the telesope. After
cuts in the object catalog, the resulting nhumber density of djects used for
the weak lensing analysis is 30 arcmin 2. Fig. 42 shows how small the PSF
anisotropy is, and that the correction with a fth-order pol ynomial over the
whole eld-of-view in fact reduces the remaining stellar elipticities consider-
ably. This survey has detected a signi cant cosmic shear sigal, as measured
by the shear correlation functions and the aperture mass digersion, over an-
gular scales 2< < 40°. The shear signal increases as fainter galaxies are
used in the analysis, as expected, since fainter galaxieseaexpected to be at
larger mean redshift and thus show a stronger shear signal.

Fig.42. Stellar ellipticities be-
fore and after correction for PSF
anisotropies in the Suprime-Cam
survey. Numbers give mean and
dispersion of stellar ellipticities
j ] (from Hamana et al. 2003)

Bacon et al. (2003) combine images taken at the Keck I telesape and the
WHT. For the former, 173 elds were used, each having a f.o.vof 2° 8% and
the data from WHT were obtained from 20 di erent elds, cover ing about
1ded in total. The large number of elds minimizes the sample variance of
this particular survey, and the two instruments used allowed a cross-check of
instrumental systematics.

Very wide surveys.  Within a given observing time, instead of mapping a
sky region to fairly deep magnitudes, one can also map largetegions with
smaller exposure time; since most of the surveys have beenrcigd out with
goals in addition to cosmic shear, the survey strategy will @pend on these
other considerations. We shall mention two very wide surveg here.
Hoekstra et al. (2002a; also Hoekstra et al. 2002b) used the &l Cluster
Sequence (RCS) survey, a survey designed to obtain a largersgle of galaxy
clusters using color selection techniques (Gladders & Yee(®0). The cosmic
shear analysis is based on 53 dé@f R¢ -band data, spread over 13 patches on
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the sky and observed with two di erent instruments, the CFH1 2K@CFHT
for Northern elds, and the Mosaic Il camera at the CTIO 4m tel escope in
the South. The integration times are 900 s and 1200 s, respegely. The shear
dispersion as measured with the two instruments are in satigctory agree-
ment and thus can be safely combined. Owing to the shallower mgnitude,
the detected shear is smaller than in the deeper surveys meianed above: on
a scale of 25 arcmin, the shear dispersion is j j? 4 10 % in the RCS
survey, compared to 2 10 # in the deeper VIRMOS-DESCART survey
(see Fig. 41), in accordance with expectations.

Jarvis et al. (2003) presented a cosmic shear survey of 75 dedaken with
the BTC camera and the Mosaic Il camera on the CTIO 4m telescop, with
about half the data taken with each instrument. The survey covers 12 elds,
each with sidelength of 2:5 . For each pointing, three exposures of 5min
were taken, making the depth of this survey comparable to theRCS. A total
of 2 1CP galaxies withR 23 were used for the shear analysis. Since this
survey has some peculiar properties which are very educatial, it will be
discussed in somewhat more detail. The rst point to notice is the large pixel
size of the BTC, of ®%43 per pixel { for comparison, the CFH12K has (*20
per pixel. With a median seeing of 205, the PSF is slightly undersampled
with the BTC. Second, the PSF anisotropy on the BTC is very large, as
shown in Fig. 43 { a large fraction of the exposures has stellaimages with
ellipticities higher than 10%. Obviously, this renders the image analysis and
the correction for PSF e ects challenging. As shown on the rght-hand part
of Fig. 43, this challenge is indeed met. This fact is very niely illustrated
in Fig. 44, where the corrected stellar ellipticities are slown as a function of
the PSF anisotropy; in essence, the correction reduces the3F anisotropy by
nearly a factor of 300!

The third point to notice is that the image analysis for this survey has
not been carried out with IMCAT (as for most of the other surveys), but
by a di erent image analysis method described in Bernstein &Jarvis (2002).
In this respect, this survey is independent of all the othersdescribed in this
section; it is important to have more than one image analysistool to check
potential systematics of either one.

One of the amazing results from the CTIO cosmic shear surveysithat the
shear dispersion can be measured with about a 3signi cance on each of the
12 elds. Hence, this provides a shear dispersion measuremieon scales larger
than 1 degree (the radius of a circle with area of the mean areaf the 12 elds
of 6:2ded); the shear dispersion on these scales i j2 =0:0012 0:0003.

Special surveys. There are a number of cosmic shear surveys which cover
a much smaller total area than the ones mentioned above, andra thus not
competitive in terms of statistical accuracy, but which have some special
properties which give them an important complementary role One example
are surveys carried out with the Hubble Space Telescope. Sie for them the
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Fig.44. These two plots show the two components of the stellar ellipticities as
measured on the data (x-axis) and after correction, from the Jarvis et al. (2003)
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PSF anisotropy can be corrected for up to this very small residual. The nal PSF

anisotropy is well below 5 10 “. This gure, together with Fig. 43, demonstrates

how well the procedures for PSF corrections work (from Jarvi s et al. 2003)
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PSF is much smaller than for ground-based observations, PSorrections
in measuring galaxy ellipticities are expected to be corrgzondingly smaller.
The drawback of HST observations is that its cameras, at leasbefore the
installment of the ACS, have a small eld-of-view, less than 1 arcmin? for
the STIS CCD, and about 5 arcmir? for WFPC2. This implies that the total
area covered by HST surveys are smaller than those achievablfrom the
ground, and that the number of stars per eld are very small, 0 that PSF
measurements are typically not possible on those frames wtth are used for
a cosmic shear analysis. Hence, the PSF needs to be measured d erent
frames, e.g., taken on star clusters, and one needs to assurtikis assumption
can be tested, of course) that the PSF is fairly stable in time In fact, this is
not really true, as the telescopes moves in and out the Eartls shadow every
orbit, thereby changing its temperature and thus changing ts length (an
e ect called breathing). A further potential problem of HST observations is
that the WFPC2 has a pixel scale of 4 and thus substantially undersamples
the PSF; this is likely to be a serious problem for very faint djects whose
size is not much larger than the PSF size.

Cosmic shear surveys from two instruments onboard HST have &en re-
ported in the literature so far. One of the surveys uses archial data from the
Medium Deep Survey, a mostly parallel survey carried out wih the WFPC2.
Refregier et al. (2002) used 271 WFPC2 pointings observed ithe I-band,
selected such that each of them is separated from the othersybat least
10° to have statistically independent elds. They detected a shear dispersion
on the scale of the WFC-chips (which is equivalent to a scale  (?72) of

ii® 3:5 10 4, which is a 3.8 detection. The measurement accuracy is
lower than that, owing to cosmic variance and uncertaintiesin the redshift
distribution of the sources. Hammerle et al. (2002) used achival parallel data
taken with STIS; from the 121 elds which are deep enough, hae multiple
exposures, and are at su ciently high galactic latitude, th ey obtained a shear
dispersion of j j2 15 10 “4 on an e ective scale of 30°0 a mere 1.5
detection. This low signi cance is due to the small total area covered by this
survey. On the other hand, since the pixel scale of STIS is hélof that of
WFPC2, the undersampling problem is much less in this case. Aarger set
of STIS parallel observations were analyzed with respect ta@osmic shear by
Rhodes et al. (2004) and Miralles et al. (2003). Whereas Rhaozs et al. ob-
tained a signicant (5 ) detection on an angular scale of 30° Miralles
et al. concluded that the degradation of the STIS CCD in orbit regarding
the charge transfer e ciency prevents a solid measurement bweak lensing.
The discrepancies between these two works, which are based & large de-
gree on the same data set, is unclear at present. Personallydonsider this
discrepancy as a warning sign that weak lensing measuremebgised on small
elds-of-view, and correspondingly too few stars to contrd the PSF on the
science exposures, need to be regarded with extreme caution
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The new ACS onboard HST o ers better prospects for cosmic shar mea-
surements, since it has a substantially larger eld-of-viev. A rst result was
derived by Schrabback (2004), again based on parallel data-He found that
the PSF is not stable in time, but that the anisotropy pattern changes among
only a few characteristic patterns. He used those as templas, and the (typ-
ically a dozen) stars in the science frames to select a lineaaombination of
these templates for the PSF correction of individual framesthereby obtaining
a solid detection of cosmic shear from the early ACS data.

A further survey that should be mentioned here is the one condcted
on COMBOL17 elds (Brown et al. 2003). COMBO17 is a one square dgree
survey, split over four elds, taken with the WFI at the ESO/M PG 2.2m tele-
scope on La Silla, in 5 broad-band and 12 medium-band Iters.In essence,
therefore, this multi-band survey produces low-resolution spectra of the ob-
jects and thus permits to determine very accurate photometic redshifts of
the galaxies taken for the shear analysis. Therefore, for th analysis of Brown
et al., the redshift distribution of the galaxies is assumedto be very well
known and not a source of uncertainty in translating the cosnic shear mea-
surement into a constraint on cosmological parameters. We hall return to
this aspect in Sect. 7.6. The data set was reanalyzed by Heynnz et al. (2004)
where special care has been taken to identify and remove thdégnal coming
from intrinsic alignment of galaxy shapes.

7.4 Detection of B-modes

The recent cosmic shear surveys have measured the apertureass dispersion

Mgp( ) , as well as its counterpart M2 ( ) for the B-modes (see Sect. 6.5).
These aperture measures are obtained in terms of the diregtimeasured shear
correlation functions, using the relations (125). As an exanple, we show in
Fig. 45 the aperture measures as obtained from the Red ClusteSequence
survey (Hoekstra et al. 2002a). A signi cant measurement of Mgp( ) is
obtained over quite a range of angular scales, with a peak atmd a few ar-
cminutes, as predicted from CDM power spectra (see Fig. 35)In addition
to that, however, a signi cant detection of M2 ( ) signies the presence of
B-modes. As discussed in Sect. 6.5, those cannot be due to aus shear. The
only plausible explanation for them, apart from systematics in the observa-
tions and data analysis, is an intrinsic alignment of galaxes. If this is the
cause of the B-modes, then one would expect that the relativeontribution
of the B-mode signal decreases as higher-redshift galaxiese used for the
shear measurement. In fact, this expectation is satis ed, & shown in Fig.
45, where the galaxy sample is split into a bright and faint pat, and the
relative amplitude of the B-mode signal is smaller for the fanter (and thus
presumably more distant) sample.

Similar detections of a B-mode signal have been obtained byhie other

surveys. For example, van Waerbeke et al. (2001) reported aigni cant B-
mode signal on angular scales of a few arcminutes. In the realysis of the
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Fig. 45. The aperture mass dispersion M azp( ) (top panels) and the cross aperture
dispersion M2 () (bottom panels) from the RCS survey (Hoekstra et al. 2002a).

In the left panels, all galaxies with apparent magnitude 20 Rc 24 are used,
the middle and right panels show the same statistics for the brighter and fainter

subsamples of background galaxies, respectively. Error bas in the former are larger,

owing to the smaller number of bright galaxies

VIRMOS-DESCART data, van Waerbeke et al. (2002) reported that the B-
mode on these scales was caused by the polynomial PSF anisogry t: the
third-order function (tted for each chip individually) ha s its largest ampli-
tude near the boundary of the chips and is least well constraied there, unless
one nds stars close to these edges. If a second-order polymial t is used,
the B-modes on a few arcminute scales disappear. Van Waerbelet al. (2002)
calculate the aperture statistics from the uncorrected stdlar ellipticities in
their survey and found that the "E- and B-modes' of the PSF ansotropy
have very similar amplitude and shape (as a function of ). This similarity
is unlikely to change in the course of the PSF correction proedure. Thus,
they argue, that if the B-mode is due to systematics in the dat analysis, a
systematic error of very similar amplitude will also a ect t he E-mode. Jarvis
et al. (2003) found a signi cant B-mode signal on angular scées below 3%
hence, despite their detection of an E-mode signal over a lge range of an-
gular scales £< < 10, one suspects that part of this signal might be due
to non-lensing e ects.

Given our lack of understanding about the origin of the B-mode signal,
and the associated likelihood that any e ect causing a B-mo@ signal also
contributes a non-lensing part to the E-mode signal, one ness a prescrip-
tion on how to use the detected E-mode signal for a cosmologt analysis.
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Depending on what one believes the B-modes are due to, this gscription
varies. For example, if the B-mode is due to a residual systeatic, one would
add its signal in quadrature to the error bars of the E-mode sgnal, as done
in van Waerbeke et al. (2002). On the other hand, if the B-modesignal is
due to intrinsic alignments of galaxies, as is at least sugggted for the RCS
survey from Fig. 45 owing to its dependence on galaxy magnitdes, then it
could be more reasonable to subtract the B-mode signal fromhe E-mode
signal, if one assumes that intrinsic alignments produce siilar amplitudes of
both modes [which is far from clear, however; Mackey et al. (202) nd that
the E-mode signal from intrinsic alignments is expected to @ 3:5 times
higher than the corresponding B-mode signal].

Owing to the small size of the elds observed with the early HS instru-
ments, no E/B-mode decomposition can be carried out from thee surveys {
the largest size of these elds is smaller than the angular sde at which the
aperture mass dispersion is expected to peak (see Fig. 35).okbever, future
cosmic shear studies carried out with ACS images will most kely be able to
detect, or set upper bounds on the presence of B-modes.

In fact, it is most likely that (most of) the B-mode signal seen in the
cosmic shear surveys is due to remaining systematics. Hodkas (2004) in-
vestigated the PSF anisotropy of the CFH12k camera using efls with a
high number density of stars. Randomly selecting about 100tars per CCD,
which is the typical number observed in high galactic latitute elds, he tted
a second-order polynomial to these stars representing the $ anisotropy.
Correcting with this model all the stars in the eld, the rema ining stellar el-
lipticities carry substantial E- and B-mode signals, essetfially on all angular
scales, but peaking at about the size of a CCD. A substantialf smaller resid-
ual is obtained if the ellipticities of stars in one of the elds is corrected by a
more detailed model of the PSF anisotropy as measured from ai@érent eld;
this improvement indicates that the PSF anisotropy pattern in the data set
used by Hoekstra is fairly stable between di erent exposurs. This, however,
is not necessarily the case in other datasets. Nevertheles§ one assumes that
the PSF anisotropy is a superposition of two e ects, one fromthe properties
of the telescope and instrument itself, the other from the sgci c observation
procedure (e.g., tracking, wind shake, etc.), and further asuming that the
latter one a ects mainly the large-scale properties of the aisotropy pattern,
then a superposition of a PSF model (obtained from a dense sliar eld and
describing the small-scale properties of the anisotropy piéern) plus a low-
order polynomial can be a better representation of the PSF aisotropy. This
indeed was veri ed in the tests made by Hoekstra (2004). In tkeir reanalysis
of the VIRMOS-DESCART survey, van Waerbeke et al. (2004) hawe tted
the PSF anisotropy with a rational function, instead of a polynomial. This
functional form was suggested by the study of Hoekstra (2004 When cor-
recting the galaxy ellipticities with this new PSF model, essentially no more
B-modes in the VIRMOS-DESCART survey are detected. Further studies on
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PSF anisotropy corrections need to be conducted; possiblyhte optimal way
of dealing with them will be instrument-speci c.

7.5 Cosmological constraints

The measured cosmic shear signal can be translated into caingints on cos-
mological parameters, by comparing the measurements withteoretical pre-
dictions. In Sect. 6.4 we have outlined how such a comparisonan be made;
there, we have concentrated on the shear correlation functins as the primary
observables. However, the detection of signi cant B-modesn the shear eld
makes the aperture measures the “better' statistics to comare with predic-
tions. They can be calculated from the shear correlation fuetions, as shown
in (125). Calculating a likelihood function from the aperture mass dispersion
proceeds in the same way as outlined in Sect. 6.4 for the coriagion functions.

We have argued in Sect. 6.3 that Mgp( ) provides very localized infor-
mation about the power spectrum P (*) and is thus a very useful statistic.
One therefore might expect that the aperture mass dispersio as calculated
from the shear correlation functions contains essentiallyall the second-order
statistical information of the survey. This is not true, how ever; one needs to
recall that the shear correlation function . is a low-pass Iter of the power
spectrum, and thus contains information of P on angular scales larger than
the survey size. This information is no longer contained in he aperture mass
dispersion, owing to its localized associated lter. Therdore, in order to keep
this long-range information in the comparison with theoretical predictions, it
is useful to complement the estimates of Mgp( ) with either the shear dis-
persion, or the correlation function ., at a scale which is not much smaller
than the largest scale at which Mgp( ) is measured. Note, however, that
this step implicitly assumes that on these large angular sdas, the shear sig-
nal is essentially free of B-mode contributions. If this asamption is not true,
and cannot be justi ed from the survey data, then this additi onal constraint
should probably be dropped.

The various constraints on parameters that have been derive from the
cosmic shear surveys di er in the amount of prior information that has been
used. As an example, we consider the analysis of van Waerbeke al. (2002).
These authors have considered a model with four free paramets: n,, the
normalization g, the shape parameter spect @and the characteristic redshift
Zs (or, equivalently, mean redshift z;) of their galaxy sample, assuming a at
Universe, i.e., =1 m. They have used a at prior for gpect @and zs in a
fairly wide interval over which they marginalized the likelihood function (see
Fig. 46). Depending on the width of these intervals, the condence regions
are more or less wide. It should be noted that the con dence catours close
if spect @and zs are assumed to be known (see van Waerbeke et al. 2001), but
when these two parameters are kept free, , and g are degenerate.

The right panel of Fig. 46 shows the corresponding constraits as ob-
tained from the RCS survey. Since this survey is shallower ath only extends
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Fig.46. Constraints on , and g from two cosmic shear surveys. Left: The
VIRMOS-DESCART survey (van Waerbeke et al. 2002). The grey- scale and dashed
contours show the 68%, 95% and 99.9% con dence regions with amarginaliza-
tion over the range spect 2 [0:05;0:7], and mean galaxy redshift in the range
Zs 2 [0:50; 1:34], whereas the solid contours show the same con dence regins with
the stronger priors spect 2 [0:1;0:4] and zs 2 [0:8;1:1]. Right: The RCS survey
(Hoekstra et al. 2002), showing the 1, 2, and 3 con dence regions for a prior

spect 2 [0:05; 0:5] and mean redshift zs 2 [0:54; 0:66]. In both cases, a at Universe
has been assumed

to magnitudes where spectroscopic surveys provide infornten on their red-
shift distribution, the range of zs over which the likelihood is marginalized is
smaller than for the VIRMOS-DESCART survey. Correspondingly, the con-
dence region is slightly smaller in the case. Even smaller on dence regions
are obtained if external information is used: Hoekstra et al (2002a) consid-
ered Gaussian priors with , + =1:02 0:06, as follows from pre-WMAP
CMB results, gspect = 0:21  0:03, as follows from the 2dF galaxy redshift
survey, andzs = 0:59 0:02, for which the width of the valley of maximum
likelihood narrows considerably. Jarvis et al. (2003) usedor their estimate of
cosmological parameters the aperture mass dispersion at the angular scales
plus the shear dispersion at = 100° and they considered alternatively the
E-mode signal, and the E-mode signal the B-mode signal, to arrive at con-
straints on the { g parameter plane. Since the CTIO survey samples a
larger angular scale than the other surveys (data at small agular scales are
discarded owing to the large B-mode signal there), the rests are much less
sensitive t0 spect; furthermore, for the same reason the Jarvis et al. results
are much less sensitive to the t of the non-linear power spettum according
to Peacock & Dodds (1996) which van Waerbeke et al (2002) fouh to be
not accurate enough for some cosmological models. In facff instead of the
Peacock & Dodds tting formula, the t by Smith et al (2003) is used to
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describe the non-linear power spectrum, the resulting besestimate of g is
decreased by 8% for the RCS survey (as quoted in Jarvis et al.0B3).

For the RCS and the CTIO surveys, the covariance matrix was olained
from eld-to- eld variations, i.e., Cov j = hd; i)(d; j)i, where ; is
the mean of the observabled; (e.g., the aperture mass dispersion at a spe-
ci ¢ angular scale) over the independent patches of the surgy, and angular
brackets denote the average over all independent patches.he estimate of the
covariance matrix for the VIRMOS-DESCART survey is slightl y di erent, as
it has only four independent patches.

To summarize the results from these surveys, each of them fad that
a combination of parameters of the form g |, is determined best from the
data, with 0:55, where the exact value of depends on the survey depth.
If we consider the speci ¢ case of ,, = 0:3 which is close to the concordance
value that was recently con rmed by WMAP, then the VIRMOS-DE SCART
survey yields g = 0:94 0:12, the RCS survey has g = 0:91°%95, which
improvesto g=0 :86"00;8?) if the stronger (Gaussian) priors mentioned above
are used, and the CTIO survey yields g = 0:71'%12, here as 2 limits.
Whereas these results are marginally in mutual agreement,ite CTIO value
for g is lower than the other two. The higher values are also suppded by
results from the WFPC2 survey by Refregier et al. (2002), whond g =
0:94 0:17, Bacon et al. (2003) with g =0:97 0:13, and the earlier surveys
discussed in Sect. 7.1. The only survey supporting the low Mae of the CTIO
survey is COMBO17 (Brown et al. 2002; see also the reanalys@f this dataset
by Heymans et al. 2004). Most likely, these remaining discneancies will be
clari ed in the near future; see discussion below. It shouldalso be noted that
at least for some of the surveys, a large part of the uncertaity comes from the
unknown redshift distribution of the galaxies; this situation will most likely
improve, as e cient spectrographs with large multiplex capability become
available at 10m-class telescopes, which will in the near fure deliver large
galaxy redshift surveys at very faint magnitudes. Those carbe used to much
better constrain the redshift distribution of the source galaxies in cosmic
shear surveys.

7.6 3-D lensing

As mentioned several times before, using individual sourceedshift informa-

tion, as will become available in future multi-color wide- eld surveys, can
improve the cosmological constraints obtained from weak lasing. In this sec-
tion we shall therefore summarize some of the work that has ben published
on this so-called 3-D lensing.

Three-dimensional matter distribution. Provided the redshifts of indi-
vidual source galaxies are known (or estimated from their mitiple colors),
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one can derive the 3-D matter distribution, not only its proj ection. The princi-
ple of this method can be most easily illustrated in the case ba at Universe,
for which the surface mass density ( ;w) for sources at comoving distance
w becomes { see (93)

3HE Zw owWow  wo  (wl ;wo)
- dw :
22 w a(wo)

(;w)= (129)

Multiplying this expression by w and di erentiating twice yields
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2c2  a(w)
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which therefore allows one to obtain the three-dimensionadensity contrast
in terms of the surface mass densities at di erent source redshifts. As

we have seen in Sect. 5, there are several methods how to ohtatihe surface

mass density from the observed shear. To illustrate the 3-D rathod, we use

the nite- eld reconstruction in the form of (60), for which one nds

z
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Taylor (2001) derived the foregoing result, but concentraed on the 3-D gravi-
tational potential instead of the mass distribution, and Bacon & Taylor (2003)
and Hu & Keeton (2003) discussed practical implementationf this relation.
First to note is the notorious mass-sheet degeneracy, whicim the present con-
text implies that one can add an arbitrary function of w to the reconstructed
density contrast . This cannot be avoided, but if the data eld is su ciently
large, so that averaged over it, the density contrast is expeted to vanish, this
becomes a lesser practical problem. For such large data ek the above mass
reconstruction can be substituted in favour of the simpler aiginal Kaiser &
Squires (1993) method. Still more freedom is present in theaconstruction of
the gravitational potential. The second problem is one of sneothing: owing
to the noisiness of the observed shear eld, thev-di erentiation (as well as
the -dierentiation present in the construction of the vector eld u ) needs
to be carried out on the smoothed shear eld. A discretization of the observed
shear eld, as also suggested by the nite accuracy of photoratric redshifts,
can be optimized with respect to this smoothing (Hu & Keeton 2003).

A rst application of this methods was presented in Taylor et al. (2004)
on one of the COMBOL17 elds which contains the supercluster £01/902.
The clusters present clearly show up also in the 3-D mass mags well as a
massive structure behind the cluster A902 at higher redshif Already earlier,
Wittman et al. (2001, 2003) estimated the redshifts of clusers found in their
deep blank- eld data by studying the dependence of the weakédnsing signal
on the estimated source redshifts, and subsequent spectrogpy showed that
these estimates were fairly accurate.
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Power spectrum estimates. A redshift-dependent shear eld can also be
used to improve on the cosmological constraints obtained fm cosmic shear.
Hu (1999) has pointed out that even crude information on the urce redshifts
can strongly reduce the uncertainties of cosmological pamaeters. In fact, the
3-D power spectrum can be constructed from redshift-depeneht shear data
(see, e.g., Heavens 2003, Hu 2002, and references thereiR)r illustration
purposes, one can use the power spectrum for sources at xed comoving
distance w, which reads in a at Universe { see (99)
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Di erentiating w?P three times w.r.t. w then yields (Bacon et al. 2004)
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P (k;w) =
In this way, one could obtain the three-dimensional power spctrum of the
matter. However, this method is essentially useless, sindeis both very noisy
(due to the third-order derivatives) and throws away most of the informa-
tion contained in the shear eld, as it makes use only of shearcorrelations
of galaxies having the same redshift, and not of all the pairsat di erent dis-
tances. A much better approach to construct the three-dimersional power
spectrum is given, e.g., by Pen et al. (2003).

In my view, the best use of three-dimensional data is to constict the shear
correlators  ( ;z1;22), as they contain all second-order statistical informa-
tion in the data and at the same time allow the identi cation a nd removal
of a signal from intrinsic shape correlations of galaxies (khg & Schneider
2003). From these correlation functions, one can calculata 2 function as in
(116) and minimize it w.r.t. the wanted parameters. One problem of this ap-
proach is the large size of the covariance matrix, which now &s six arguments
(two angular separations and four redshifts). However, asisown in Simon et
al. (2004), it can be calculated fairly e ciently, provided one assumes that
the fourth-order correlations factorize into products of two-point correlators,
i.e., Gaussian elds (if this assumption is dropped, the coariance must be
calculated from cosmological N-body simulations).

Bacon et al. (2004) used the COMBO17 data to derive the shapefahe
power spectrum, using the redshift dependent shear corretins. They pa-
rameterize the power spectrum in the formP(k;z) / Ak e 52, so that it is
described by an amplitudeA, a local slope and a growth parameters which
describes how the amplitude of the power spectrum declinesotvards higher
redshifts. In fact, the slope = 1:2 was xed to the approximate value in

CDM models over the relevant range of spatial scales and red#ts probed
by the COMBO17 data (since the data used cover only 1/2 ded, reducing
the number of free parameters by xing is useful). The evolution of the
power spectrum is found with high signi cance in the data. Furthermore, the



130 P. Schneider

authors show that the use of redshift information improves the accuracy in
the determination of g by a factor of two compared to the 2-D cosmic shear
analysis of the same data (Brown et al. 2003).

The main application of future multi-waveband cosmic shearsurveys will
be to derive constraints on the equation of state of dark enagy, as besides
lensing there are only a few methods available to probe it, mst noticibly the
magnitude-redshift relation of SN la. Since dark energy stats to dominate the
expansion of the Universe only at relatively low redshifts, little information
about its properties is obtainable from the CMB anisotropies alone. For that
reason, quite a number of workers have considered the constints on the
dark energy equation of state that can be derived from futurecosmic shear
surveys (e.g., Huterer 2002; Hu 2002; Munshi & Wang 2003; Hu &Jain
2003; Abazajian & Dodelson 2003; Benabed & van Waerbeke 200Song &
Knox 2003). The results of these are very encouraging; the ssitivity on
the dark energy properties is due to its in uence on structure growth. With
(photometric) redshift information on the source galaxies the evolution of
the dark matter distribution can be studied by weak lensing, as shown above.
Van Waerbeke & Mellier (2003) have compared the expected acracy of the
cosmic shear result from the ongoing CFHT Legacy Survey withthe variation
of various dark energy models and shown that the CFHTLS will ke able to
discriminate between some of these models, with even much tier prospects
from future space-based wide- eld imaging surveys (e.g., H & Jain 2003).

7.7 Discussion

The previous sections have shown that cosmic shear researtias matured,;
several groups have successfully presented their resultshich is important in
view of the fact that the e ects one wants to observe are smallin uenced by
various e ects, and therefore, independent results from derent instruments,
groups, and data analysis techniques are essential in thisessearch. We have
also seen that the results from the various groups tend to agre with each
other, with a few very interesting discrepancies remainingwhose resolution
will most likely teach us even more about the accuracies of da analysis
procedures.

Lessons for cosmology. A natural question to ask is, what has cosmic
shear taught us so far about cosmology? The most important castraint
coming from the available cosmic shear results is that on thenormalization
g, for which only few other accurate methods are available. Wehave seen
that cosmic shear prefers a value of g 0:8 0:9, which is slightly larger
than current estimates from the abundance of clusters, but ery much in
agreement with the measurement of WMAP. The estimate from the cluster
abundance is, however, not without di culties, since it inv olves several scal-
ing relations which need to be accurately calibrated; hencedi erent authors
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arrive at di erent values for g (see, e.g., Pierpaoli, Scott & White 2001; Sel-
jak 2002; Schuecker et al. 2003). The accuracy with which g is determined

from CMB data alone is comparable to that of cosmic shear esthates; as
shown in Spergel et al. (2003), more accurate values ofs are obtained only

if the CMB measurements are combined with measurements on satler spa-

tial scales, such as from galaxy redshift surveys and the Lym@n alpha forest
statistics. Thus, the g-determination from cosmic shear is certainly compet-
itive with other measurements. Arguably, cosmic shear stiks out in this set

of smaller-scale constraints due to the fewer physical assuptions needed for
its interpretation.

But more importantly, it provides a fully independent metho d to mea-
sure cosmological parameters. Hence, at present the largasle of the cosmic
shear results is that it provides an independent approach taletermining these
parameters; agreement with those obtained from the CMB, gadxy redshift
surveys and other methods are thus foremost of interest in tht they pro-
vide additional evidence for the self-consistency of our camological model
which, taken at face value, is a pretty implausible one: we sbuld always
keep in mind that we are claiming that our Universe consists 6 4.5% normal
(baryonic) matter, with the rest being shared with stu that we have given
names to (‘dark matter', “dark energy'), but are pretty ignorant about what
that actually is. Insofar, cosmic shear plays an essentialale in shaping our
cosmological view, and has become one of the pillars on whiaur standard
model rests.

Agreement, or discrepancies?  How to clarify the remaining discrepancies
that were mentioned before { what are they due to? One needs tatep back
for a second and be amazed that these results are in fact so wat agreement
as they are, given all the technical problems a cosmic sheamusrey has to
face (see Sect. 3). Nevertheless, more investigations caraing the accuracy
of the results need to be carried out, e.g., to study the in uence of the di erent

schemes for PSF corrections on the nal results. For this reaon, it would be
very valuable if the same data set is analyzed by two indepeneht groups
and to compare the results in detail. Such comparative studés may be a
prerequisite for the future when much larger surveys will tun cosmic shear
into a tool for precision cosmology.

Joint constraints from CMB anisotropies and cosmic shear. As men-
tioned before, the full power of the CMB anisotropy measurenents is achieved
when these results are combined with constraints on smallespatial scales.
The tightest constraints from WMAP are obtained when it is combined with

results from galaxy redshift surveys and the statistics of he Ly forest ab-
sorption lines (Spergel et al. 2003). Instead of the latter,one can instead
use results from cosmic shear, as it provides a cleaner proks the statis-
tical properties of the matter distribution in the Universe . As was pointed
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out before (e.g., Hu & Tegmark 1999; see Fig. 34), the combirtaon of CMB

measurements with cosmic shear results is particularly poerful to break de-
generacies that are left from using the former alone. Contali et al. (2003)
used the CMB anisotropy results from WMAP (Bennett et al. 2003), supple-
mented by anisotropy measurements on smaller angular scaddrom ground-
based experiments, and combined them with the cosmic sheaparture mass
dispersion from the RCS survey (Hoekstra et al. 2002a). As ishown in Fig.
47, the constraints inthe - g-parameter plane are nearly mutually orthog-
onal for the CMB and cosmic shear, so that the combined con dace region
is substantially smaller than each of the individual regiors.

Fig.47. The con dence region in
the m- g-plane obtained from
the two-dimensional marginalized
likelihood. Shown are the 68%
and 95% con dence regions de-
rived individually from the CMB
and the RCS cosmic shear survey,
as well as those obtained by com-
bining both constraints (Contaldi
et al. 2003)

Wide vs. deep surveys. In designing future cosmic shear surveys, the
survey strategy needs to decide the e ective exposure timefor a given total
observing time (the most important practical constraint), one needs to nd
a compromise between depth and area. Several issues need te tonsidered
in this respect:

The lensing signal increases with redshift, and therefore ith increasing
depth of a survey; it should therefore be easier to detect a lsing signal
in deep surveys. Furthermore, by splitting the galaxy sampk into sub-
samples according to the magnitude (and/or colors), one carstudy the
dependence of the lensing signal on the mean source redshifthich is
an important probe of the evolution of the matter power spectum, and
thus of cosmology. If one wants to probe the (dark) matter digribution
at appreciable redshifts ¢  0:5), one needs to carry out deep surveys.
A wider survey is more likely to probe the linear part of the power spec-
trum which is more securely predicted from cosmological moels than the
non-linear part; on the other hand, measurement of the latter, when com-
pared with precise models (e.g., from numerical simulatios), can probe
the non-linear gravitational clustering regime.
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Depending on the intrinsic galaxy alignment, one would preér deeper
surveys, since the relative importance of the intrinsic sigal decreases with
increasing survey depth. Very shallow surveys may in fact bestrongly

a ected by the intrinsic signal (e.g., Heymans & Heavens 203). On the

other hand, for precision measurements, as will become avable in the

near future, one needs to account for the intrinsic signal inany case,
using redshift information (at least in a statistical sensé, and so shallow
surveys lose this potential disadvantage. In fact, the redkift estimates of
shallower surveys are easier to obtain than for deeper ones.

In this context, one needs to compromise between area and artie num-

ber of iters in which exposures should be taken. Smaller ara means
worse statistics, e.g., larger e ects of cosmic variance, dt this has to

be balanced against the additional redshift information. Also, if a xed

observing time is used, one needs to account for the weathesgeing and
sky brightness distribution. One should then device a straegy that the

best seeing periods are used to obtain images in the lter with is used
for shape measurements, and bright time shall be spent on théongest
wavelength bands.

Fainter galaxies are smaller, and thus more strongly a ectel by the point-

spread function. One therefore expects that PSF correctios are on aver-
age smaller for a shallow survey than for a deeper one. In adibn, the

separation between stars and galaxies is easier for brightéhence, larger)
objects.

The relative weight of these arguments is still to be decidedWhereas some
of the issues could be clari ed with theoretical investigations (i.e., in order
to obtain the tightest constraints on cosmological parameers, what is the
optimal choice of area and exposure time, with their productbeing xed),
others (like the importance of intrinsic alignments) still remain unclear. Since
big imaging surveys will be conducted with a broad range of denti c ap-
plications in mind, this choice will also depend on those addional science
goals.

Future surveys. We are currently witnessing the installment of square-
degree cameras at some of the best sites, among them Megacattree CFHT,
and OmegaCAM at the newly built VLT Survey Telescope (the 2.6m VST)
on Paranal (I present here European-biased prospects, as hamost familiar
with these projects). Weak lensing, and in particular cosmc shear has been
one of the science drivers for these instruments, and largeusveys will be
carried out with them. Already ongoing is the CFHT Legacy Survey, which
will consist of three parts; the most interesting one in the arrent context is
a 160ded survey with an exposure time of 1h in each of ve optical
Iters. This survey will therefore yield a more than ten-fol d increase over
the current VIRMOS-DESCART survey, with corresponding reductions of
the statistical and cosmic variance errors on measurementsThe multi-color
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nature of this survey implies that one can obtain photometric redshift esti-
mates at least for a part of the galaxies which will enable thesuppression
of the potential contribution to the shear signal from intri nsic alignments of
galaxies. A forecast of the expected accuracy of cosmologicparameter es-
timates from the CFHTLS combined with the WMAP CMB measureme nts
has been obtained by Tereno et al. (2004). It is expected that substantial
fraction of the VST observing time will be spend on multi-band wide- eld

surveys which, if properly designed, will be extremely usefl for cosmic shear
research. In order to complement results from the CFHTLS, acounting for
the fact that the VST has smaller aperture than the CFHT (2.6m vs. 3.6m),
a somewhat shallower but wider- eld survey would be most reagonable. For
both of these surveys, complementary near-IR data will becme available af-
ter about 2007, with the WirCam instrument on CFHT, and the ne wly build

VISTA 4m-telescope equipped with a wide- eld near-IR camer on Paranal,
which will yield much better photometric redshift estimate s than the opti-

cal data alone. Furthermore, with the PanStarrs project, a novel method for
wide- eld imaging and a great leap forward in the data accessate will be

achieved.

Towards the end of the decade, a new generation of cosmic shesurveys
may be started; there are two projects currently under debae which would
provide a giant leap forward in terms of survey area and/or deth. One is a
satellite project, SNAP/JDEM, originally designed for nd ing and follow-up
of high-redshift supernovae to study the expansion historyof the Universe
and in particular to learn about the equation of state of the dark energy. With
its large CCD array and multi-band imaging, SNAP will also be a wonderful
instrument for cosmic shear research, yielding photometi redshift estimates
for the faint background galaxies, and it is expected that the observing time
of this satellite mission will be split between these two prdes of dark energy.
The other project under discussion is the LSST, a 8m telescap equipped
with a  9ded camera; such an instrument, with an e ciency larger than
a factor 40 over Megacam@CFHT, would allow huge cosmic sheaurveys,
easily obtaining a multi-band survey over all extragalactic sky (modulo the
constraints from the hemisphere). Since studying the equabn of state of
dark energy will be done most e ectively with good photometric redshifts
of source galaxies, the space experiment may appear more pnising, given
the fact that near-IR photometry is needed for a reliable redshift estimate,
and su ciently deep near-IR observations over a signi cant area of sky is not
possible from the ground.

8 The mass of, and associated with galaxies

8.1 Introduction

Whereas galaxies are not massive enough to show a weak lerginignal in-
dividually (see eq. 19), the signal of many galaxies can be gp@rposed statis-
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tically. Therefore, if one considers sets of foreground (les) and background
galaxies, then in the mean, in a foreground-background gabey pair, the image
ellipticity of the background galaxy will be preferentiall y oriented in the di-
rection tangent to the line connecting foreground and backgound galaxy. The
amplitude of this tangential alignment then yields a mean lensing strength
that depends on the redshift distributions of foreground ard background
galaxies, and on the mass distribution of the former populaton. This ef-
fect is called galaxy-galaxy lensing and will be describedni Sect. 8.2 below;
it measures the mass properties of galaxies, provided the hsing signal is
dominated by the galaxies themselves. This will not be the cae for larger
angular separations between foreground and background gakies, since then
the mass distribution in which the foreground galaxies are enbedded (e.g.,
their host groups or clusters) starts to contribute signi c antly to the shear
signal. The interpretation of this signal then becomes moredi cult. On even
larger scales, the foreground galaxies contribute negligly to the lens signal;
a spatial correlation between the lens strength and the forground galaxy
population then reveals the correlation between light (gabxies) and mass in
the Universe. This correlated distribution of galaxies with respect to the un-
derlying (dark) matter in the Universe { often called the bia s of galaxies {
can be studied with weak lensing, as we shall describe in Sed.3 by using
the shear signal, and in Sect. 8.4 employing the magni catia e ect. It should
be pointed out here that our lack of knowledge about the relaion between
the spatial distribution of galaxies and that of the underlying (dark) matter
is one of the major problems that hampers the quantitative irterpretation of
galaxy redshift surveys; hence, these lensing studies camqvide highly valu-
able input into the conclusions drawn from these redshift saveys regarding
the statistical properties of the mass distribution in the Universe.

8.2 Galaxy-galaxy lensing

The average mass prole of galaxies. Probing the mass distribution
of galaxies usually proceeds with dynamical studies of lunmous tracers. The
best-known method is the determination of the rotation curves of spiral galax-
ies, measuring the rotational velocity of stars and gas as auhction of distance
from the galaxy's center (see Sofue & Rubin 2001 for a recenteview). This
then yields the mass pro le of the galaxy, i.e.M ( r)/ vZ,(r)r. For ellipti-

cal galaxies, the dynamics of stars (like velocity dispersins and higher-order
moments of their velocity distribution, as a function of r) is analyzed to
obtain their mass pro les; as the kinematics of stars in ellpticals is more
complicated than in spirals, their mass pro les are more di cult to measure
(e.g., Gerhard et al. 2001). In both cases, these dynamical ethods provided
unambiguous evidence for the presence of a dark matter halmiwhich the
luminous galaxy is embedded; e.g., the rotation curves of spals are at out

to the most distant point where they can be measured. The lackof stars or
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gas prevents the measurement of the mass pro le to radii beyad the lumi-

nous extent of galaxies, that is beyond 10h *kpc. Other luminous tracers
that have been employed to study galaxy masses at larger radinclude glob-
ular clusters that are found at large galacto-centric radii (Cot et al. 2003),

planetary nebulae, and satellite galaxies. Determining tle relative radial ve-
locity distribution of the latter with respect to their susp ected host galaxy
leads to estimates of the dark matter halo out to distances of 100h *kpc.

These studies (e.g., Zaritsky et al. 1997) have shown that th dark matter

halo extends out to at least these distances.

One of the open questions regarding the dark matter pro le ofgalaxies is
the spatial extent of the halos. The dynamical studies mentoned above are all
compatible with the mass pro le following approximately an isothermal law
( / r ?), which has to be truncated at a nite radius to yield a nite t otal
mass. Over the limited range in radii, the isothermal pro le cannot easily
be distinguished from an NFW mass pro le (see IN, Sect. 6.2),for which
measurements at larger distances are needed (the mass diftation in the
central parts of galaxies is a ected by the baryons and thus mt expected to
follow the NFW pro le; see Sect. 7 of SL).

Weak gravitational lensing provides a possibility to study the mass pro-
les of galaxies at still larger radii. Light bundles from di stant background
galaxies provide the “dynamical tracers' that cannot be fomd physically as-
sociated with the galaxies. Light bundles get distorted in sich a way that on
average, images of background sources are oriented tangentthe transverse
direction connecting foreground (lens) and background (sorce) galaxy. The
rst attempt to detect such a galaxy-galaxy lensing signal was reported in
Tyson et al. (1984), but the use of photographic plates and te relatively
poor seeing prevented a detection. Brainerd et al. (1996) msented the rst
detection and analysis of galaxy-galaxy lensing. Since the quite a number
of surveys have measured this e ect, some of them using mithns of galaxies.

Strategy. Consider pairs of fore- and background galaxies, with sepation
in a given angular separation bin. The expected lensing sigu is seen as a
statistical tangential alignment of background galaxy images with respect to
foreground galaxies. For example, if is the angle between the major axis of
the background galaxy and the connecting line, values= 4 =2 should
be slightly more frequent than 0 =4 (see Fig. 48). Using the fact that
the intrinsic orientations of background galaxies are distibuted isotropically,
one can show (Brainerd et al. 1996) that

IO()=E 1 Jisj cos(2) ; (133)

where 2 [0; =2] and : is the mean tangential shear in the angular bin
chosen. Thus, the amplitude of the cos-wave yields the (aveige) strength of
the shear.
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The mean tangential ellipticity h( )i of background galaxies relative
to the direction towards foreground galaxies measures the ean tangential
shear at separation . Since the signal is averaged over many foreground{
background pairs, it measures the average mass pro les of th foreground
galaxies. For su ciently large samples of galaxies, the lels sample can be
split into several subsamples, e.g., according to their colr and/or morphology
(early-type vs. late-type galaxies), or, if redshift estimates are available, they
can be binned according to their luminosity. Then, the mass poperties can
be derived for each of the subsamples.

The distinction between foreground and background galaxis is ideally
performed using redshift information. This is indeed the cae for the galaxy-
galaxy lensing studies based on the Sloan Digital Sky Surveyor which early
results have been reported by McKay et al. (2001); all lens gaxies used there
have spectroscopic redshifts, whereas the source galaxiase substantially
fainter than the lens galaxies so that they can be considereds a background
population. For other surveys, the lack of redshift information requires the
separation of galaxies to be based solely on their apparent agnitudes: fainter
galaxies are on average at larger distances than brighter @s. However, the
resulting samples of “foreground' and “background' galaxis will have (often
substantial) overlap in redshift, which needs to be accountd for statistically
in the quantitative analysis of these surveys.

Quantitative analysis. The measurement of the galaxy-galaxy lensing sig-
nal provides the tangential shear as a function of pair sepaation, ( ). With-
out information about the redshifts of individual galaxies, the separation of
galaxies into a “foreground' and “background' population las to be based on
apparent magnitudes only. In the ideal case of a huge numberfdoreground
galaxies, one could investigate the mass properties of “egli galaxies, by
nely binning them according to redshift, luminosity, colo r, morphology etc.
However, in the real world such a ne binning has not yet been wssible, and
therefore, to convert the lensing signal into physical paraneters of the lens, a
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parameterization of the lens population is needed. We shalbutline here how
such an analysis is performed.

The rstingredient is the redshift probability distributi  on p(zjm) of galax-
ies with apparent magnitude m which is assumed to be known from redshift
surveys (and/or their extrapolation to fainter magnitudes). This probability
density depends on the apparent magnitudem, with a broader distribution
and larger mean redshift expected for fainterm. Since the distribution of
“foreground' and “background' galaxies in redshift is know for a given survey,
the probabilities p(zjm) can be employed to calculate the value oD 4s=Ds,
averaged over all foreground{background pairs (with this ratio being set to
zero if zg  z4). For given physical parameters of the lenses, the shear gigl
is proportional to this mean distance ratio.

The mass pro les of galaxies are parameterized according ttheir luminos-
ity. For example, a popular parameterization is that of a truncated isothermal
sphere, where the parameters are H@ line-of-sight velogitdispersion (or
the equivalent circular velocity V. = ° 2 ) and a truncation radius s at which
the / r 2 isothermal density pro le turns into a steeper / r *law. The
velocity dispersion is certainly dependent on the luminosly, as follows from
the Tully-Fisher and Faber-Jackson relations for late- and early-type galax-
ies, respectively. One therefore assumes the scaling=  (L=L ) =2, where
L isa ducial luminosity (and which conveniently can be chosen close to the
characteristic luminosity of the Schechter luminosity function). Furthermore,
the truncation scale s is assumed to follow the scalings = s (L=L ) . The
total mass of a galaxy thenisM / 2s,orM =M (L=L ) * .

Supposem and z were given; then, the luminosity of galaxy would be
known, and for given values of the parameters , s, and , the mass
properties of the lens galaxy would be determined. Howeversince z is not
known, but only its probability distribution, only the prob ability distribution
of the lens luminosities, and therefore the mass propertiesare known. One
could in principle determine the expected shear signal ;( ) for a given sur-
vey by calculating the shear signal for a given set of redshi§ z; for all lens
and source galaxies, and then averaging this signal over thg using the red-
shift probability distribution p(zjjm;). However, this very-high dimensional
integration cannot be performed; instead, one uses a Mont€arlo integra-
tion method (Schneider & Rix 1997): Given the positions ; and magnitudes
m; of the galaxies, one can draw for each of them a redshift accding to
p(zjm;), and then calculate the shear at all positions ; corresponding to a
source galaxy, for each set of parameters , s, and . This procedure can
be repeated several times, yielding the expected sheér;i and its dispersion

i for each source galaxy's position. One can then calculate thlikelihood
function N I
° 1 ji h jij2
L = B s eXp % y

i=1 ( 2+ 2|) i (134)
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where is the intrinsic ellipticity dispersion of the galaxies. L depends on
the parameters of the model, and can be maximized with respeédo them,
thereby yielding estimates of ,s, and

First detection  The galaxy-galaxy lensing e ect was rst found by Brainerd
et al. (1996), on asingle % 9% eld. They considered “foreground' galaxies
in the magnitude range m 2 [20; 23], and “background' galaxies withm 2
[23; 24]; this yielded 439 foreground and 506 background galaxée and 3202
pairs with 2 [5%934°9.12 For these pairs, the distribution of the alignment
angle is plotted in Fig. 48. This distribution clearly is incompat ible with
the absence of a lens signal (at the 99.9% con dence level)nd thus provides
a solid detection.

They analyzed the lens signal {( ) in a way similar to the method out-
lined above, except that their Monte-Carlo simulations also randomized the
positions of galaxies. The resulting likelihood yields 160" km=s (90%
con dence interval), whereas fors only a lower limit of 25h *kpc (1 ) is
obtained; the small eld size, in combination with the relative insensitivity
of the lensing signal tos once this value is larger than the mean transverse
separation of lensing galaxies, prohibited the detection ban upper bound on
the halo size.

Galaxy-galaxy lensing from the Red-Sequence Cluster Surve y (RCS).
Several groups have published results of their galaxy-gaky lensing surveys
since its rst detection. Here we shall describe the resultf a recent wide- eld
imaging survey, the RCS; this survey was already describechithe context of
cosmic shear in Sect. 7.3. 45.5 square degrees of single-iémaging data were
used (Hoekstra et al. 2004). Choosing lens galaxies with 1® R¢ 21, and
source galaxies having 26 Rc 24 yielded 1:2 10° lenses with me-
dian redshift of 0.35 and 1.5 10° sources with median redshift of 0:53,
yielding D 4s=Dsi = 0:29 0:01 for the full sample of lenses and sources. Fig.
49 shows the shear signal for this survey.

The lens signal is a ected by galaxies counted as lenses, buwhich in
fact are in the foreground. As long as they are not physicallyassociated with
lens galaxies, this e ect is accounted for in the analysis,.e., in the value of
hD 4s=Dsi . However, if fainter galaxies cluster around lens galaxigshis pro-
duces an additional e ect. Provided the orientation of the associated faint
galaxies are random with respect to the separation vector totheir bright
neighbor, these physical pairs just yield a dilution of the $ear signal. The
amplitude of this e ect can be determined from the angular carelation func-
tion of bright and faint galaxies, and easily corrected for.Once this has been

12 The lower angular scale has been chosen to avoid overlappingisophotes of fore-
ground and background galaxies, whereas the upper limit was selected since it
gave the largest signal-to-noise for the deviation of the angular distribution shown
in Fig. 48 from a uniform one.
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T Fig.49. (a) Tangential shear as a
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done, the corrected shear signal within 18P 2° has been tted with

Bnis model, yielding a mean velocity dispersion of the lengalaxies of
h 2i = 128 4kms=s. If the scaling relations between galaxy luminosity

and velocity dispersion as described above is employed, viit = 0:6, the

resultis =140 4km=sforL =10%°h 2L in the blue passband.

To interpret the shear results on larger angular scales, theSIS model
no longer su ces, and di erent mass models need to be employé. Using a
truncated isothermal model, the best- tting values of the scaling parameters

=0:60 0:11and =0:24"%25 are obtained, when marginalizing over all
other parameters. Furthermore, =137 5km=s, in very close agreement
with the results from small and the SIS model; this is expected, since most of
the signal comes from these smaller separations. Most intesting, the analysis
also yields an estimate of the truncation scale ofs = (185 30)h lkpc,
providing one of only a few estimates of the scale of the dark atter halo.
Hoekstra et al. also performed the analysis in the frame of alNFW mass
model.

These results can then be used to calculate the mass-to-ligtratio of
an L galaxy and, using the scaling, of the galaxy population as a Wwole.
Considering only galaxies with M 10'%h *M , the mean mass-to-light
ratio inside the virial radius of galaxy halos is about 100 insolar units.

The shape of dark matter halos. In the mass models considered before,
the mass distribution of galaxies was assumed to be axi-symaetric. In fact,
this assumption is not crucial, since the relation between kear and surface
mass density, ((#) = (#) (#) is true for a general mass distribution,
provided ; and (#) are interpreted as the mean tangential shear and mean
surface mass density on a circle of radiug, and (#) as the mean surface
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mass density inside this circle (see eq.24). However, detians from axial
symmetry are imprinted on the shear signal and can in princige be mea-
sured. If the mass distribution is “elliptical', the shear dong the major axis
(at given distance #) is larger than that along the minor axis, and therefore,
an investigation of the strength of the shear signal relative to the orienta-
tion of the galaxy can reveal a nite ellipticity of the mass distribution. For
that, it is necessary that the orientation of the mass distribution is (at least
approximately) known. Provided the orientation of the mass distribution fol-
lows approximately the orientation of the luminous part of galaxies, one can
analyze the direction dependence of the shear relative to ta major axis of the
light distribution (Natarajan & Refregier 2000). Hoekstra et al. (2002b) have
used the RCS to search for such a direction dependence; theyammeterized
the lenses with a truncated isothermal pro le with elliptic ity mass = T iight
wheref is a free parameter. The resultf =0:77 0:2 indicates rst that the
mass distribution of galaxies is not round (which would be tre case forf =0,
which is incompatible with the data), and second, that the mass distribution
is rounder than that of the light distribution, since f < 1. However, it must
be kept in mind that the assumption of equal orientation between light and
mass is crucial for the interpretation of f ; misalignment causes a decrease of
f . Note that numerical simulations of galaxy evolution predict such a mis-
alignment between total mass and baryons, with an rms deviaibn of around
20 (van den Bosch et al. 2002). Given the above result offi, it is therefore
not excluded that the attening of halos is very similar to th at of the light.
Also note that this result yields a value averaged over all géaxies; since the
lens e ciency of elliptical galaxies (at given luminosity) is larger than that
of spirals, the value off is dominated by the contributions from early-type
galaxies.

Results from the Sloan Survey. The Sloan Digital Sky Survey (e.g., York
et al. 2000) will map a quarter of the sky in ve photometric bands, and
obtain spectra of about one million galaxies. A large fracton of the data has
already been taken by SDSS, and parts of this data have alreacbeen released
(Abazajian et al. 2004). The huge amount of photometric datain principle
is ideal for weak lensing studies, as it beats down statistial uncertainties to
an unprecedented low level. However, the site of the telespe, the relatively
large pixel size of 8%, the relatively shallow exposures of about one minute
and the drift-scan mode in which data are taken (yielding exellent at-
elding, and thus photometric properties, somewhat at the expense of the
shape of the PSF) render the data less useful for, e.g., cosmshear studies:
the small mean redshift of the galaxies yields a very small epectation value
of the cosmic shear, which can easily be mimicked by residuslfrom PSF
corrections. However, galaxy-galaxy lensing is much lesseasitive to larger-
scale PSF problems, since the component of the shear used ihd analysis
is not attached to pixel directions, but to neighboring galaxies, and thus
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varies rapidly with sky position. Another way of expressingthis fact is that
the galaxy-galaxy lensing signal would remain unchanged i& uniform shear
would be added to the data; therefore, SDSS provides an greaipportunity
for studying the mass pro le of galaxies.

Fischer et al. (2000) reported the rst results from the SDSS and a larger
fraction of the SDSS data was subsequently used in a galaxyagpxy lensing
study by McKay et al. (2001), where also the spectroscopic mshifts of the
lens galaxies were used. Their sample consists of 31000 lens galaxies with
measured redshifts, and 3:6 10° source galaxies selected in the bright-
ness range 18 r  22. For this magnitude range, the redshift distribution
of galaxies is fairly well known, leaving little calibration uncertainty in the
interpretation of the shear signal. In particular, there is very little overlap in
the redshift distribution of source and lens galaxies. The dta set has been
subjected to a large number of tests, to reveal systematicse.g., null results
are obtained when the source galaxies are rotated by 45(or, equivalently,
if is used instead of ), or if the lens galaxies are replaced by an equal
number of randomly distributed points relative to which the tangential shear
component is measured. Since the redshifts of the lens gales are known,
the shear can be measured directly in physical units, so onean determine
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Fig. 50 shows the lensing result from McKay et al. (2001), whee the
lens sample has been split according to the type of galaxy (el vs. late
type) and according to the local spatial number density of gdaxies, which is
known owing to the spectroscopic redshifts. The fact that mat of the signal
on small scales is due to ellipticals is expected, as they amore massive at
given luminosity than spirals. The large spatial extent of the shear signal for
ellipticals relative to that of spirals can be interpreted either by ellipticals
having a larger halo than spirals, or that ellipticals are preferentially found
in high-density environments, which contribute to the lens signal on large
scales. This latter interpretation is supported by the lower panel in Fig. 50
which shows that the signal on large scales is entirely due ttens galaxies in
dense environments. This then implies that the galaxy-galay lensing signal
on large scales no longer measures the density pro le of indidual galaxies,
but gets more and more dominated by group and cluster halos invhich these
(predominantly early-type) galaxies are embedded.

A separation of these contributions from the data themselve is not possi-
ble at present, but can be achieved in the frame of a theoretial model. Guzik
& Seljak (2001) employed the halo model for the distribution of matter in
the universe (see Cooray & Sheth 2002) to perform this sepat@n. There,
the galaxy-galaxy lensing signal either comes from mattern the same halo
in which the galaxy is embedded, or due to other halos which & physi-
cally associated (i.e., clustered) with the former. This later contribution is
negligible on the scales below 1h ! Mpc on which the SDSS obtained a
measurement. The former contribution can be split further into two terms:
the rstis from the dark matter around the galaxies themselves, whereas the
second is due to the matter in groups and clusters to which thegalaxies might
belong. The relative amplitude of these two terms depends otthe fraction of
galaxies which are located in groups and clusters; the largehis fraction, the
more important are larger-scale halos for the shear signalGuzik & Seljak
estimate from the radial dependence of the SDSS signal thatkmout 20% of
galaxies reside in groups and clusters; on scales larger thabout 200h * kpc
their contribution dominates. The virial mass of an early-type L galaxy is
estimated to be Mago(L ) = (9:3 2:2) 10%h M , and about a factor
of three smaller for late-type galaxies (with luminosity measured in a red
passband; the di erences are substantially larger for blue passbands, owing
to the sensitivity of the luminosity to star formation activ ity in late types).
From the mass-to-light ratio in red passbands, Guzik & Selj& estimate that
an L galaxy converts about 10{15% of its virial mass into stars. $nce this
fraction is close to the baryon fraction in the universe, they conclude that
most of the baryons of anL galaxy are transformed into stars. For more
massive halos, the mass-to-light ratio increasesM=L / L%% 92), and there-
fore their conversion of baryons into stars is smaller { in ageement with what
we argued about clusters, where most of the baryons are presein the form
of a hot intracluster gas.



144 P. Schneider

Yang et al. (2003) studied the cross-correlation between mes and galaxies
using numerical simulations of structure formation and seniranalytic models
of galaxy evolution. The observed dependence of the galaxgalaxy lensing
signal on galaxy luminosity, morphological type and galaxyenvironment, as
obtained by McKay et al. (2001), is well reproduced in these snulations. The
galaxy-mass correlation is a ected by satellite galaxiesj.e. galaxies not situ-
ated at the center of their respective halo. Central galaxis can be selected by
restricting the foreground galaxy sample to relatively isdated galaxies. The
galaxy-galaxy lensing signal for such central galaxies cawell be described
by an NFW mass pro le, whereas this no longer is true if all gabxies are con-
sidered. Combining the measurement with the simulation, they nd that an
L -galaxy typically resides in a halo with a virial mass of 2 10%2h M

With the SDSS progressing, larger datasets become availad| allowing a
more re ned analysis of galaxy-galaxy lensing (Sheldon etla2004; Seljak et
al. 2004). In the analysis of Seljak et al. (2004), more than Z 10° galaxies
with spectroscopic redshifts have been used as foregroundalgxies, and as
background population those fainter galaxies for which phéometric redshifts
have been estimated. The resulting signal is shown in Fig. 5Xor six di erent
bins in (foreground) galaxy luminosity.

In a further test to constrain systematic e ects in the data, Hirata et
al. (2004) have used spectroscopic and photometric redsksf to study the
question whether an alignment of satellite galaxies aroundhe lens galaxies
can a ect the galaxy-galaxy lensing signal from the SDSS; tley obtain an
upper limit of a 15% contamination.

The SDSS already has yielded important information about the mass
properties of galaxies; taken into account that only a part d the data of the
complete survey have been used in the studies mentioned abeyvan analysis
of the nal survey will yield rich harvest when applied to a galaxy-galaxy
lensing analysis.

Lensing by galaxies in clusters. As an extension of the method presented
hitherto, one might use galaxy-galaxy lensing also to spedaially target the
mass pro le of galaxies in the inner part of clusters. One midt expect that
owing to tidal stripping, their dark matter halo has a considerably smaller
spatial extent than that of the galaxy population as a whole. The study of
this e ect with lensing is more complicated than galaxy-galaxy lensing in
the eld, both observationally and from theory. Observatio nally, the data
sets that can be used need to be taken in the inner part of mase clusters;
since these are rare, a single wide- eld image usually contas at most one
such cluster. Furthermore, the number of massive galaxiesmpjected near the
center of a cluster is fairly small. Therefore, in order to oliain good statistics,
the data of di erent clusters should be combined. Since the ores of clusters
are optically bright, measuring the shape of faint background galaxies is more
di cult than in a blank eld. From the theoretical side, the | ensing strength
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Fig.51. The galaxy-galaxy lensing signal for six luminosity bins of foreground
galaxies, as indicated by the absolute magnitude interval i n each panel. The curves
show a two-parameter model tted to the data, based on the hal o model, and the t

parameters are indicated: M is the virial mass of the halo (in units of 10 *h M )
in which the galaxies reside, and is the fraction of the galaxies which are not
central inside the halo, but satellite galaxies (from Selja k et al. 2004)

of the cluster is much stronger than that of the individual cluster galaxies,
and so this large-scale shear contribution needs to be accnoted for in the
galaxy-galaxy lensing analysis.

Methods for performing this separation between cluster andgalaxy shear
were developed by Natarajan & Kneib (1997) and Geiger & Schrider (1998).
Perhaps the simplest approach is provided by the aperture mss methods,
applied to the individual cluster galaxies; there one meastes the tangential
shear inside an annulus around each cluster galaxy. This mesare is insen-
sitive to the shear contribution which is linear in the angular variable
which is a rst local approximation to the larger-scale shea caused by the
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cluster. Alternatively, a mass model of the (smoothed) cluser can be ob-
tained, either from strong or weak lensing constraints, or peferentially both,

and subtracted from the shear signal around galaxies to seeheir signal.

However, once the mass fraction in the galaxies becomes cadwrable, this

method starts to become biased. Geiger & Schneider (1999) ka suggested
to simultaneously perform a weak lensing mass reconstruatin of the cluster
and a determination of the parameters of a conveniently paraneterized mass
model of cluster galaxies (e.g., the truncated isothermal ghere); since the
maximum likelihood method for the mass reconstruction (seeSect. 5.3) was
used, the solution results from maximizing the likelihood with respect to the

mass pro le parameters (the de ection potential on a grid) and the galaxy
mass parameters.

0 2 4 6 B 1020 40 60 80 100
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Fig.52. Signi cance contours (solid) for galaxy properties obtain ed from galaxy-
galaxy lensing of galaxies in the cluster Cl0939+4713. The parameters are the
velocity dispersion and the halo truncation radius s of an L -galaxy. Based on
HST data (see Fig.22), a simultaneous reconstruction of the cluster mass pro le
and the determination of the galaxy mass parameters was performed. No signi cant
lensing signal is seen from the 55 late-type galaxies (lowerpanel), but a clear de-
tection and upper bound to the halo size is detected for the 56 early-types. Dashed
and dotted curves connect models with the same mass inside & * kpc and total
mass of anL -galaxy, respectively (from Geiger & Schneier 1999)

Natarajan et al. (1998), by analyzing HST data of the cluster AC114,
concluded that the truncation radius of a ducial L galaxy in this cluster is
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15h 1kpc; similarly, Geiger & Schneider (1999) showed that the bst- tting
truncation radius for early-type galaxies in the cluster A851 is  10h 'kpc
(see Fig. 52). Although the uncertainties are fairly large,these results indicate
that indeed galaxies near cluster centers have a halo size wsiderably smaller
than the average galaxy. The sample of clusters which can benvestigated
using this method will dramatically increase once the cluser sample observed
with the new ACS camera onboard HST becomes available and getproperly
analyzed.

8.3 Galaxy biasing: shear method

On small scales, galaxy-galaxy lensing measures the massode of galaxies,
whereas on intermediate scales the environment of galaxiesarts to dominate
the shear signal. On even larger scale (say, beyond 1h ! Mpc), the host halo
contribution becomes negligible. Beyond that distance, ag signal must come
from the correlation of galaxy positions with the mass distibution in the
Universe. This correlation, and the related issue of galaxybiasing (see Sect.
6.1 of IN), can ideally be studied with weak lensing. In this ®ction we shall
outline how these quantities can be determined from shear nasurements, and
describe some recent results. As we shall see, this issue mgirnately related
to galaxy-galaxy lensing. The next section deals with the magni cation of
distant sources caused by mass overdensities correlated tvigalaxies and
thereby causing an apparent correlation between high-redsft sources and
low-redshift galaxies; the amplitude of this signal is agan proportional to the
correlation between galaxies and the underlying dark matte.

An interesting illustration of the correlation between galaxies and mass
has been derived by Wilson et al. (2001). They studied 6 eldswith 30°
3P each, selected bright early-type galaxies from theirvV | colors and |
magnitudes and measured the shear from faint galaxies. Assning that mass
is strongly correlated with early-type galaxies, these carbe used to predict
the shear eld, with an overall normalization given by the mean mass-to-light
ratio of the early-type galaxies. This correlation has indeed been found, at
the 5.2- signi cance level, and a value ofM=L  30Ch in solar units has
been obtained, assuming a at low-density Universe.

The galaxy-mass correlation and the bias parameter. First, the con-
cept of the correlation between galaxies and mass shall be geribed more
quantitatively. The mass density inhomogeneities are degsibed, as before,
by the dimensionless density contrast (x;w). In analogy to this quantity,

one de nes the number density contrast 4(x;w) of galaxies as

n(x;w) n(w)

g(X;w) = W) ; (136)

where n(x;w) is the number density of galaxies at comoving positionx and
comoving distancew (the latter providing a parameterization of cosmic time
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or redshift), and n(w) is the mean number density of galaxies at that epoch.
Since the galaxy distribution is discrete, the true number density is simply a
sum of delta-functions. What is meant by n is that the probability of nding

a galaxy in the volume dV situated at position x is n(x)dV.

The relation between and g describes the relative distribution of galax-
ies and matter in the Universe. The simplest case is that of anunbiased
distribution, for which 4 = ; then, the probability of nding a galaxy at
any location would be just proportional to the matter density. However, one
might expect that the relation between luminous and dark matter is more
complicated. For example, galaxies are expected to form pferentially in the
high-density peaks in the early Universe, which would implythat there are
proportionally more galaxies within mass overdensities. his led to the intro-
duction of the concept of biasing (e.g., Bardeen et al. 1986aiser 1984). The
simplest form of biasing, called linear deterministic biasng, is provided by
setting ¢ = b , with bbeing the bias parameter. One might suspect that the
relative bias is approximately constant on large scales, wére the density eld
is still in its linear evolution (i.e., on scales> 10h ! Mpc today). On smaller
scales, howeverp most likely is no longer simply a constant. For example,
the spatial distribution of galaxies in clusters seems to deiate from the ra-
dial mass pro le, and the distributions of di erent galaxy t ypes are di erent.
Furthermore, by comparing the clustering properties of gabxies of di erent
types, one can determine their relative bias, from which it 5 concluded that
more luminous galaxies are more strongly biased than lessitinous ones, and
early-type galaxies are more strongly clustered than lateypes (see Norberg
et al. 2001 and Zehavi et al. 2002 for recent results from thedFGRS and the
SDSS). This is also expected from theoretical models and nuerical simula-
tions which show that more massive halos cluster more stroryg (e.g., Sheth
et al. 2001; Jing 1998). In order to account for a possible sé@ dependence of
the bias, one considers the Fourier transforms of and 4 and relates them
according to

"k w) = b(ikj;w) "(k;w) ; (137)

thus accounting for a possible scale and redshift dependeacf the bias.

Even this more general bias description is most likely too snple, as it is
still deterministic. Owing to the complexity of galaxy form ation and evolu-
tion, it is to be expected that the galaxy distribution is sub ject to stochastic-
ity in excess to Poisson sampling (Tegmark & Peebles 1998; Rel & Lahav
1999). To account for that, another parameter is introduced the correlation
parameter r(jkj; w), which in general will also depend on scale and cosmic
epoch. To de ne it, we rst consider the correlator

D E

ow) G(kGw) =2 )% ok k)P g(ikiw) ; (138)

where the occurrence of the delta function is due to the stasitical homogene-
ity of the density elds, and P 4 denotes the cross-power between galaxies
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and matter. The correlation parameter r is then de ned as

_ P g4(jikj;w
r(ij;W): D Q(J J )

P ! (139)
P (jkj; w) Pg(jkj; w)

In the case ofstochastic biasing the de nition of the bias parameter is mod-
iedto

Py (ikj;w) = B (jkj;w) P (jkj;w) ; (140)
which agrees with the de nition (137) in the case ofr 1, but is more general

since (140) no longer relates the phase of (the Fourier trarferm of) 4 to that
of . Combining the last two equations yields

P g(kj;w) = bijkj;w) r(jkj;w) P (jkj; w) : (141)

We point out again that galaxy redshift surveys are used to déermine the
two-point statistics of the galaxy distribution, and there fore Pg; in order to
relate there measurements toP , assumptions on the properties of the bias
have to be made. As we shall discuss next, weak lensing can @emine both
the bias parameter and the correlation parameter.

The principle. In order to determine b and r, the three power spectra
de ned above (or functions thereof) need to be measured. Sead-order cos-
mic shear measures, as discussed in Sect. 6, are proportidoria the power
spectrum P . The correlation function of galaxies is linearly related to Py.
In particular, the three-dimensional correlation function is just the Fourier
transform of Py, whereas the angular correlation function contains a proje-
tion of Py along the line-of-sight and thus follows from Limber's equdion as
discussed in Sect. 6.2. Finally, the cross-powelP ¢ describes the correlation
between mass and light, and thus determines the relation beteen the lens-
ing properties of the mass distribution in the Universe to the location of the
galaxies. Galaxy-galaxy lensing on large angular scales (vere the mass pro-
le of individual galaxies no longer yields a signi cant contribution) provides
one of the measures for such a correlation. Hence, measurente of these
three statistical distributions allow a determination of r and b.

As we shall consider projected densities, we relate the deitg eld of
galaxies on the sky to the spatial distribution. Hence, congler a population of
(‘foreground’) galaxies with spatial number density ngx; w). The number den-
sity of these galaxies on the sky at isthenN( )= dw (w)n(fx(w) ;w),
where (w) is the redshift-dependent selection function, describig which
fraction of the galaxies at comoving distancew are included in the sample.
Foremost, this accounts for the fact that for large distances, only the more
luminous galaxies will be in the observed galaxy sample, but can account
also for more subtle e ects, such as spectral features entarg or leaving the
photometric bands due go redshifting. The mean number dengy of galax-
ies on the sky isN = dw (w)n(w); the redshift distribution, or more
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precisely, the distribution in comoving distance, of thesegalaxies therefore

is pr(w) = (w)n(w)=N, thus relating the selection function (w) to the
redshift distribution. Using the de nition (136), one then nds that
z
N()=N 1+ dwp(w) g(fx(w) ;w) (142)

/e shall denote the fractional number density by 4( ):= N( ) N =N =
dw pr(w) o(fk (W) ;w).

Aperture measures. We have seen in Sect. 6.3 that the aperture mass
dispersion provides a very convenient measure of secondemr cosmic shear
statistics. Therefore, it is tempting to use aperture measues also for the
determination of the bias and the mass-galaxy correlationDe ne in analogy
to the de nition of the aperture mass Mg, in terms of the projected mass
density the aperture counts (Schneider 1998),

z

N()= d®*#U(#) o(#); (143)

where the integral extends over the aperture of angular radis , and # mea-
sures the position relative to thg center of the aperture. Anunbiased estimate
of the aperture counts isN 1", U(j ij), where the ; are the positions of
the galaxies. We now consider the dispersion of the apertureounts,

z z

N2() =  d?#UG#) d#U@#Y) o) #9 - (144)

The correlator in the last expression is the angular two-poit correlation
function ! (# ) of the galaxies; its Fourier transform is the angular power
spectrum P, (7) of galaxies. Using the de nition of ¢ together with the result
(98) allows us to express$?; in terms of the three-dimensional power spectrum
of the galaxy distribution,

z

“_ pZ (W) _ S
PO)= ;'Wfé(w)bz A PR
P dw W W (145)

f& (w) fr (W)’

where we made use of (140), and in the nal step we de ned the ma&n bias
parameter b which is a weighted average of the bias parameter over the red
shift distribution of the galaxies and which depends on the agular wave
number . To simplify notation, we shall drop the bar on b and consider the
bias factor as being conveniently averaged over redshift ¢ad later, also over
spatial scale). The aperture count dispersion then becomes
z
NZ() = AP (OWap(1)=2 b2Hg( )i (146)
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where W, is given in (109), and we have de ned

P (w)
f2 (w)

z
Hgg( )= dw P(w; ); (147)
with 1 z .
Pw, )= — d P ——w
W)= 2y fcw)
Using the same notation (following Hoekstra et al. 2002c), v can write the
aperture mass dispersion as

Wap () : (148)

4

_ 9 Hg _
M§p()—7 = AH () (149)
with Z )
H ()= dw gzgx; P(w; ); (150)

whereg(w) (see eq. 94) describes the source-redshift weighted e ciecy factor
of alens at distancew. One therefore obtains an expression for the bias factor,
4

Ho N2()

9 H() » N?0) 2
-2 Mo = fu() : (151)
4 ¢ Hg() ™ MZ() " MZ0)
Note that f,( ) depends, besides the aperture radius, on the cosmological
parameters  and , but for a given cosmological model, it depends only

weakly on the lter scale and on the adopted power spectrunP (van Waer-
beke 1998; Hoekstra et al. 2002c). This is due to the fact thaboth, N?( )
and Mgp( ) are linear in the power spectrum, through the functionsH, and
in both cases they probe only a very narrow range ok-values, owing to the
narrow width of the Iter function Wa,. Hence, the ratio N2( ) = M2 ()
is expected to be very close to a constant if the bias factob is scale indepen-
dent.

Next we consider the correlation coe cient r between the dark matter
distribution and the galaxy eld. Correlating Map( ) with N ( ) yields

z z

MMap(ON ()i = d#UG#) d*#U@#Y)  #) o#9
Ho °
=3 s mbrH ¢(); (152)
v % pr(w) gw)
_ Pr(w) g(w Dy

It should be noted that "M, ( )N ( )i is a rst-order statistics in the cos-
mic shear. It correlates the shear signal with the location 6 galaxies, which
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are assumed to trace the total matter distribution. As shown in Schneider
(1998), the signal-to-noise of this correlator is higher ttan that of M §p , and
therefore was introduced as a convenient statistics for theletection of cosmic
shear. In fact, in their original analysis of the RCS, based a 16 ded, Hoek-
stra et al. (2001) obtained a signi cant signal for M 5, ( )N ( )i, but not for
Mgp( ) . Combining (146) and (149) with (152), the correlation coe cient

r can be expressed as

_ i ()Hg() g Map(ON(C)I f.() g MMap ()N ()i
H o) MZ,() hNZ()i MZ() hNZ()i
(154)
As was the case foif,, the function f, depends only very weakly on the lter
scale and on the adopted form of the power spectrum, so that aariation
of the (observable) nal ratio with angular scale would indicate the scale
dependence of the correlation coe cient.

Whereas the two aperture measuresvl,, and N can in principle be ob-
tained from the data eld by putting down circular apertures , and the corre-
sponding second-order statistics can likewise be determau through unbiased
estimators de ned on these apertures, this is not the methodf choice in prac-
tice, due to gaps and holes in the data eld. Note that in our discussion of
cosmic shear in Sect. 6.3, we have expressei¥l §p( ) in terms of the shear
two-point correlation functions () { see (115) { just for this reason. In
close analogy,N ?( ) can be expressed in terms of the angular correlation
function ! () of the projected galaxy positions, as seen by (144), or more
explicitly, when replacing the power spectrumP, (*) in (146) by its Fourier
transform, which is the angular correlation function, one nds

Z
N2() = 02 d#—z#!(#)h # ; (155)

where the function T, is the same as that occurring in (115). Correspondingly,
we introduce the power spectrumPy (*), which is de ned as

ACGCY =@ o TP GG (156)

Applying (98), as well as the de nitions of the bias and corrdation functions,
this projected cross-power spectrum is related to the 3-D desity contrast by

3 Ho °
F’g()=§—° mbr

g(w)pr (w) T .
c awyfe(w) . fey " 39D

w

The angular correlation function  (#) (#% occurring in (152) can then be
replaced by its Fourier transform P 4. On the other hand, since the Fourier
transform of the surface mass density is simply related to that of the shear,
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one can consider the correlation between the galaxy positits with the tan-
gential shear component,

h ()i :=hg(0) «( )i
t N

_ dZ‘Oezi( 0 ')exp i 0 A (‘)/\(‘0)
= ZEY] g
@7 ey
= 5 47 3()P () (158)
Z
) Pg()=2 d he()ida():

Note that h {( )i isjust the galaxy-galaxy lensing signal discussed in Sec8.2;
this shows very clearly that galaxy-galaxy lensing measure the correlation
of mass and light in the Universe. In terms of this mean tangetial shear, the
aperture mass and galaxy number counts can be written as

z
2 du#

. . #
MM ap(ON ()i = — h@®i T — ; (159)
0
where the function T, is de ned in a way similar to T and given explicitly
as zZ, it
To(x) =576 5 Ja(xt) Ba(t)]” ; (160)
0

this function vanishes for x > 2, so that the integral in (159) extends over
a nite interval only. Hence, all three aperture correlators can be calculated
from two-point correlation functions which can be determined from the data
directly, independent of possible gaps in the eld geometry

Results from the RCS.  Hoekstra et al. (2002c) have applied the foregoing
equations to a combination of their RCS survey and the VIRMOSDESCART
survey. The former was used to determine N2 and MM Ni, the latter for
deriving M §p . As pointed out by these authors, this combination of surveys
is very useful, in that the power spectrum at a redshift arourdz  0:35 can be
probed; indeed, they demonstrate that the e ective redshit distribution over
which the power spectrum, and thusb and r are probed, are well matched
for all three statistics for their choice of surveys. "Foregound' galaxies for
the measurement of! ( ) and h ¢(( )i are chosen to have 1% R¢ 21,
“background' galaxies are those with 26 Rc  24. In Fig. 53 the three
aperture statistics are shown as a function of angular scaleas determined
from their combined survey, whereas in the right panels, theratios of these
statistics as they appear in (151) and (154) are displayed. 50 shown are
predictions of these quantities from two cosmological modes, assumingb =1
and r = 1. The fact that these model predictions are fairly constart in the
right-hand panels shows that the factorsf,, and f, are nearly independent of
the radius of the aperture, as mentioned before.
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Fig.53. The left gure displays the three aperture statistics as mea sured by com-
bining the RCS and the VIRMOS-DESCART survey. Points show me asured values,
as determined from the correlation functions. The right pan els display the ratios of
the aperture statistics as they appear in (151) and (154). Th e dotted and dashed
curves in all panels show the predictions for an OCDM and a CDM model, re-
spectively, both with  =0:3, g =0:9, and et = 0:21, for the ducial values
of b=1= r. The fact that the curves in the right panels are nearly const ant show
the near-independence off, and f, on the Iter scale. The upper axis in the right
panels show the e ective physical scale on which the values d band r are measured
(from Hoekstra et al. 2002c)
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The results for the bias and correlation factor are shown in kg. 54, as
a function of angular scale and e ective physical scale, caesponding to a
median redshift ofz  0:35. The results indicate that the bias factor and the
galaxy-mass correlation coe cient are compatible with a constant value on
large scales,> 5h !Mpc, but on smaller scales both seem to change with
scale. The transition between these two regimes occurs at &t the scale
where the density eld at redshift z  0:35 turns from linear to non-linear
evolution. In fact, in the non-linear regime one does not expct a constant
value of both coe cients, whereas in the linear regime, consant values for
them appear natural. It is evident from the gure that the err or bars are
still too large to draw de nite conclusions about the behavior of bandr as a
function of scale, but the approach to investigate the relaton between galaxies
and mass is extremely promising and will certainly yield vey useful insight
when applied to the next generation of cosmic shear surveydn particular,
with larger surveys than currently available, di erent cut s in the de nition
of foreground and background galaxies can be used, and thu$i¢ redshift
dependence ofb and r can be investigated. This is of course optimized if
(photometric) redshift estimates for the galaxy sample beome available.

Results from the SDSS.  The large sample of galaxies with spectroscopic
redshifts already available now from the SDSS permits an aagate study
of the biasing properties of these galaxies (see the end of &e8.2). Two
di erent approaches should be mentioned here: the rst follows along the line
discussed above and has been published in Sheldon et al. (200In short, the
galaxy-galaxy signal can be translated into the galaxy-mas cross-correlation
function ¢m, due to the knowledge of galaxy redshifts. The ratio of gn and
the galaxy two-point correlation function ¢4 then depends on the ratior=b.
In Fig. 55 we show the galaxy-mass correlation as a functionfdinear scale, as
well as the ratio b=r. Note that from the SDSS no cosmic shear measurement
has been obtained yet, owing to the complex PSF properties, rad therefore
band r cannot be measured separately from this data set.

The galaxy-mass correlation function follows a power law ogr more than
two orders-of-magnitude in physical scale, and its slope isery similar to the
slope of the galaxy two-point correlation function. Hence,the ratio between
these two is nearly scale-independent. When splitting the ample into blue
and red, and early- and late-type galaxies, the correlatiorlength is larger for
the red and the early-type ones. Furthermore, as expected,he lensing signal
increases with the velocity dispersion in early-type galaies.

An alternative approach was taken by Seljak et al. (2004). Tteir starting
point is the fact that the biasing properties of dark matter halos is very well
determined from cosmological simulations. This is of cours not true for the
biasing of galaxies. The bias parameter of galaxies with luimosity L is given
as 4

blL)= dMp(MjL) (M) ; (161)
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where by, is the bias of halos of masdv relative to the large-scale matter
distribution, and p(M jL) is the probability that a galaxy with luminosity
L resides in a halo of masdM . This latter probability distribution is then
parameterized for any luminosity bin, by assuming that a fraction 1 of
all galaxies in the luminosity bin considered are at the cengr of their parent
halos, whereas the remaining fraction are satellite galaxies. For the central
galaxies, a unique masi (L) is assigned, whereas for the non-central ones,
a mass distribution is assumed. The values of and M for six luminosity
bins are shown in the various panels of Fig.51; they are obtaied by tting
the galaxy-galaxy lensing signal with the model just descided. The main
reason why the mass spectrum can be probed is that the numerauow-mass
galaxy halos contribute to the lensing signal only at relatively small scales,
whereas at larger scales the higher-mass halos dominate thegnal; hence,
di erent halo masses appear at di erent separations in the galaxy-galaxy
lensing signal. In this way,b(L ) can be determined, which depends on the non-
linear mass scaleM (see Sect. 6.2 of IN). The bias parameter is a relatively
slowly varying function of galaxy luminosity for L < L , approaching a value
0:7 for very low-luminosity galaxies, but quickly rises for L > L

Seljak et al. combined these measurements of the bias paranee with
the clustering properties of the SDSS galaxies and the WMAP esults on the
CMB anisotropy, and derived new constraints on g = 0:88 0:06 and the bias
parameter of anL -galaxy,b =0:99 0:07; furthermore, the combination of
these datasets is used to obtain new constraints on the staradd cosmological
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parameters. This work has opened up a new way on how to employhe results
from galaxy-galaxy lensing as a cosmological tool.

8.4 Galaxy biasing: magni cation method

High-redshift QSOs are observed to be correlated on the sky ith lower-
redshift galaxies and clusters. This topic has indeed an irgresting history:
The detection of very close associations of higla-QSOs with low-z galaxies
(see Arp 1987, and references therein) has been claimed asdance against
the cosmological interpretation of the QSO redshifts, as tke probabilities of
observing such close pairs of objects which are physicallyruelated were
claimed to be vanishingly small. However, these probabilies were obtained
a posteriori, and of course, any speci ¢ con guration has a anishingly small
probability. Since the cosmological interpretation of QSO redshifts is sup-
ported by overwhelming evidence, the vast majority of reseechers consider
these associations as a statistical uke.

A physical possibility to generate the association of backgpund sources
with foreground objects is provided by the magni cation bias caused by lens-
ing: the number counts of background sources is changed in gions where a
foreground lens yields magni cations di erent from unity { see Sect. 5 of IN.
Thus, close to a galaxy where > 1, the number counts of bright background
QSOs can be enhanced since the slope of their counts is steeflean unity.
There have been various attempts in the literature to “explan’ the observed
QSO-galaxy associations by invoking the magni cation bias either with a
smooth galaxy mass distribution or by including the e ects of microlensing;
see SEF for a detailed discussion of this e ect. The bottom le, however,
is that the magni cation e ect is by far not large enough to ac count for the
small (a posteriori) probabilities of the observed individual close associations.

The topic has be revived, though in a di erent direction, by t he nding
that high-redshift AGNs are statistically associated with low-redshift galax-
ies. Fugmann (1990) provided evidence that radio-selectedigh-z AGNs from
the 1-Jansky-catalog are correlated with relatively bright (and therefore low-
z) galaxies taken from the Lick catalog, an analysis that late on was repeated
by Bartelmann & Schneider (1993), using a slightly di erent statistics. Di er-
ent samples of foreground and background populations haveden employed in
further studies, including the correlation between 1-Janky AGN with bright
IRAS galaxies (Bartelmann & Schneider 1994; Bartsch et al. 997), high-z
QSOs with clusters from the Zwicky catalog of clusters (Rodigues-Williams
& Hogan 1994; Seitz & Schneider 1995b), 1-Jansky AGNs with & galaxies
from the APM catalog (Bentez & Martnez-Gonalez 1995; see also Norman
& Impey 2001), to mention just a few. Radio-selected AGN are onsidered
to be a more reliable probe since their radio ux is una ected by extinction,
an e ect which could cause a bias (if the sky shows patchy extiction, both
galaxies and QSOs would have correlated inhomogeneous diktutions on
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the sky) or anti-bias (if extinction is related to the lensing matter) for ux-
limited optical surveys of AGNs, and which therefore needs ¢ be taken into
account in the correlation analysis of optically-selectedAGNs. However, most
radio source catalogs are not fully optically identi ed and lack redshifts, and
using incomplete radio surveys therefore can induce a selion bias (Bentez
et al. 2001). These latter authors investigated the correlion between two
completely identi ed radio catalogs with the COSMOS galaxy catalog, and
found a very signi cant correlation signal.

The upshot of all these analyses is that there seems to be a ptse
correlation between the highz sources and the lowz objects, on angular
scales between 1°and about 1 . The signi cances of these correlations are
often not very large, they typically are at the 2{3 level, essentially limited
by the nite number of high-redshift radio sources with a large ux (the
latter being needed for two reasons: rst, only radio surveys with a high
ux threshold, such as the 1-Jansky catalog, have been complely optically
identi ed and redshifts determined, which is necessary to &clude low-redshift
sources which could be physically associated with the “foggound' galaxy
population, and second, because the counts are steep onlyrfbigh uxes,
needed to obtain a high magni cation bias.) If this e ect is r eal, it cannot
be explained by lensing caused by individual galaxies; the rgular region on
which galaxies produce an appreciable magni cation is justa few arcseconds.
However, if galaxies trace the underlying (dark) matter digtribution, the latter
can yield magni cations (in the same way as it yields a shear)n larger scales.
Thus, an obvious qualitative interpretation of the observed correlation is
therefore that it is due to magni cation of the large-scale matter distribution
in the Universe of which the galaxies are tracers. This views supported by
the nding (Menard & Reroux 2003) that there is a signi can t correlation
of bright QSOs with metal absorption systems in the sense thathere are
relatively more bright QSOs with an aborber than without; th is e ect shows
the expected trend from magni cation bias caused by matter dstributions
associated with the absorbing material.

We therefore consider a ux-limited sample of AGNs, with distance prob-
ability distribution pg(w), and a sample of galaxies with distance distribution
pr (w). It will be assumed that the AGN sample has been selected sicthat
it includes only objects with redshift larger than some threshold z,, , cor-
responding to a minimum comoving distancewn,, , which is larger than the
distances of all galaxies in the sample. We de ne the AGN-galxy correlation
function as

Ng( ) Ng Nqo( + ) Ng

; 162
N, Ng (162)

Wog( ) =

where Ng( ) and Ng( ) are the observed number densities of galaxies and
AGNs, respectively. The former is given by (142). The obsergd number den-
sity of AGN is a ected by the magni cation bias. Provided the unlensed
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counts can be described (locally) as a power-law in ux,Ng,o(>S)/ S ,
then from (108) of IN we nd that Ng( )= Ng.o (), where ( )isthe
magni cation in the direction . Then, if the magni cations that are relevant
are small, we can approximate

() 1+2 ()=1+ (); (163)

and the projected surface mass density is given by (93) with py in (94)
replaced by pg. Assuming that the magni cations do not a ect the mean
source countsNg, the cross-correlation becomes

Wog( )=2(  1b()r()w g(); (164)

where b and r are the e ective bias factor of the galaxies and the mean
galaxy-mass correlation function just as in Sect. 8.3, anav 4 is the correlation

between the projected density eld and the projected number density of
galaxies ¢, de ned after (142), which is the Fourier transform of P 4(*)

de ned in (141). Hence, a measurement of this correlation, dgether with a

measurement of the correlation function of galaxies, can awstrain the values

of bandr (Dolag & Bartelmann 1997; Menard & Bartelmann 2002).

The observed correlation between galaxies and background@N appears
to be signi cantly larger than can be accounted for by the mocels presented
above. On scales of a few arcmin, Bentez et al. (2001) argukthat the ob-
served signal exceeds the theoretical expectations by a fimr of a few. This
discrepancy can be attributed to either observational e eds, or shortcomings
of the theoretical modelling. Obviously, selection e ectscan easily produce
spurious correlations, such as patchy dust obscuration or ghysical associa-
tion of AGNs with the galaxies. Furthermore, the weak lensirg approximation
employed above can break down on small angular scales. Jain al. (2003,
see also Takada & Hamana 2003) argued that the simple biasingnodel most
likely breaks down for the small scales where the discrepamgcis seen, and
employed the halo model for describing the large-scale digbution of matter
and galaxies to predict the expected correlations. For example, the strength
of the signal depends sensitively on the redshifts, magnitdes and galaxy
type.

At present, the shear method to determine the bias factor andhe galaxy-
mass correlation has yielded more signi cant results than he magni cation
method, owing to the small complete and homogeneous samplex high-
redshift AGNs. As pointed out by Menard & Bartelmann (2002) , the SDSS
may well change this situation shortly, as this survey will dbtain ~ 10° ho-
mogeneously selected spectroscopically veried AGNs. Praded the e ects
of extinction can be controlled su ciently well, this data s hould provide a
precision measurement of the QSO-galaxy correlation funéon.
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9 Additional issues in cosmic shear

9.1 Higher-order statistics

On the level of second-order statistics, “only' the power sectrum is probed.
If the density eld was Gaussian, then the power spectrum woud fully char-
acterize it; however, in the course of non-linear structureevolution, non-
Gaussian features of the density eld are generated, which l®ow up corre-
spondingly in the cosmic shear eld and which can be probed byigher-order
shear statistics. The usefulness of these higher-order mgares for cosmic
shear has been pointed out in Bernardeau et al. (1997), Jain &eljak (1997),
Schneider et al. (1998a) and van Waerbeke et al. (1999); in p#cular, the
near-degeneracy betweeng and |, as found from using second-order statis-
tics can be broken. However, there are serious problems withigher-order
shear statistics, that shall be illustrated below in terms o the third-order
statistics.
But rst, we can give a simple argument why third-order stati stics is able

to break the degeneracy between , and g. Consider a density eld on a
scale where the inhomogeneities are just weakly non-linea©ne can then em-
ploy second-order perturbation theory for the growth of the density contrast

. Hence, we write = M+ @ +::: where @ is the density contrast ob-
tained from linear perturbation theory, and @ is the next-order term. This
second-order term is quadratic in the linear density eld, @ / @ ? The
linear density eld is proportionalto g, and the projected density / 4 s.
Hence, in the linear regime, 2 / 2 2 where 2 shall denote here any
second-order shear estimator. The lowest order contributin to the third-
order statistics is of the form

s, W@ 4.

3
m L]
since the term @ ° yields no contribution owing to the assumed Gaussian-
ity of the linear density eld. Hence, a skewness statisticsof the form

3 - 22 1

= A

will be independent of the normalization g, at least in this simpli ed per-
turbation approach. In more accurate estimates, this is notexactly true; nev-
ertheless, the functional dependencies of the second- andhitd-order shear
statistics on g and , are di erent, so that these parameters can be deter-
mined separately.

The shear three-point correlation function. Most of the early stud-
ies on three-point statistics concentrated on the third-order moment of the
surface mass density in a circular aperture, h ( )i; however, this is not a
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directly measureable quantity, and therefore useful only ér theoretical con-
siderations. As for second-order statistics, one should ewsider the correlation
functions, which are the quantities that can be obtained bes directly from
the data and which are independent of holes and gaps in the dat eld.
The three-point correlation function (3PCF) of the shear has three indepen-
dent variables (e.g. the sides of a triangle) and 8 componest as was shown
in Schneider & Lombardi (2003), none of these eight componés vanishes
owing to parity invariance (as was suspected before { this cofusion arises
because little intuition is available on the properties of the 3PCF of a po-
lar). This then implies that the covariance matrix has 6 arguments and 64
components! Of course, this is too hard to handle e ciently, therefore one
must ask which combinations of the components of the 3PCF arenost useful
for studying the dark matter distribution. Unfortunately, this is essentially
unknown yet. An additional problem is that the predictions f rom theory are
less well established than for the second-order statistics

A further complication stems from a certain degree of arbitrariness on how
to de ne the 8 components of the 3PCF. For the 2PCF, the vectorbetween
any pair of points de nes a natural direction with respect to which tangential
and cross components of the shear are de ned; this is no long&ue for three
points. On the other hand, the three points of a triangle de ne a set of centers,
such as the “center of mass', or the center of the in- or circurgircle. After
choosing one of these centers, one can de ne the two comporterof the shear
which are then independent of the coordinate frame.

Nevertheless, progress has been achieved. From ray-tragirsimulations
through a cosmic matter distribution, the 3PCF of the shear can be de-
termined (Takada & Jain 2003a; see also Zaldarriaga & Scocgiarro 2003;
furthermore, the three-point cosmic shear statistics can &o be determined in
the frame of the halo model, see Cooray & Hu 2001; Takada & Jair2003b),
whereas Schneider & Lombardi (2003) have de ned the “naturbcomponents'
of the shear 3PCF which are most easily related to the bispectm of the
underlying matter distribution. Let  ©( ;) = ¢ +i = e 2 pe the
complex shear measured in the frame which is rotated by the agle ; rela-
tive to the Cartesian frame, so that the real and imaginary pats of ¢ are the
tangential and cross components of the shear relative to thehosen center of
the triangle (which has to be de ned for each triplet of points separately).
Then the natural components are de ned as

h e 1) (2 °3)i;
h® (1) °C2) °2a)i,; (165)

and correspondingly for @ and @ . Each of the natural components of the
3PCF constitutes a complex number, which depends just on théhree separa-
tions between the points. Special care is required for lab&hg the points, and
one should follow the rule that they are labeled in a counterelock direction
around the triangle. If such a unique prescription is not sysematically ap-

©)
@
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plied, confusing and wrong conclusions will be obtained abat the behaviour
of the shear 3PCF with respect to parity transformations (asthe author has
experienced painfully enough). In Schneider et al. (2004)explicit relations
are derived for the natural components of the shear 3PCF in tems of the bis-
pectrum (that is, the generalization of the power spectrum br the three-point
statistics) of the underlying mass distribution

Third-order aperture statistics. Alternatively, aperture measures can be
de ned to measure the third-order statistics. Schneider etal. (1998a) calcu-
lated Méfp ) in the frame of the quasi-linear structure evolution model
and showed it to be a strong function of . Van Waerbeke et al. (2001)
calculated the third-order aperture mass, using a tting formula of the non-
linear evolution of the dark matter bispectrum obtained by Scoccimarro &
Couchman (2001) and pointed out the strong sensitivity with respect to cos-
mological parameters. Indeed, as mentioned before M a3p is sensitive only
to the E-modes of the shear eld. One might be tempted to use M3 () as
a measure for third-order B-mode statistics, but indeed, ths quantity van-
ishes owing to parity invariance (Schneider 2003). However M2 M4, is
a measure for the B-modes at the third-order statistical lewel. Jarvis et al.
(2004) have calculated Mgp( ) in terms of the shear 3PCF, for the weight
function (110) in the de nition of Mg,. Schneider et al. (2004) have shown
that this relation is most easily expressed in terms of the néural components
of the shear 3PCF. On the other hand, Jarvis et al. (2004) haveexpressed
M gp( ) interms of the bispectrum of , and as was the case for the aperture
dispersion in relation to the power spectrum of , the third-order aperture
mass is a very localized measure of the bispectrum and is sétige essen-
tially only to modes with three wavevectors with equal magniudes. For that
reason, Schneider et al. (2004) have generalized the de ndn of the third-
order aperture measures, correlating the aperture mass ofitee di erent sizes,
MM ap( 1)Map( 2)Map( 3)i. This third-order statistics is again a very local-
ized measure of the bispectrum, but this time with wave vectas of di erent
magnitude = i, and therefore, by considering the third-order aperture
mass for all combinations of ;, one can probe the full bispectrum. Therefore,
the third-order aperture mass correlator with three independent arguments
(i.e., angular scales) should contain essentially the fulthird-order statistical
information of the - eld, since in contrast to the two-point statistics, the
shear 3PCF does not contain information about long-wavelegth modes.
Furthermore, the third-order aperture statistics can be expressed directly
in terms of the shear 3PCF through a simple integration, very similar to
the relations (125) for the two-point statistics. Finally, the other three third-
order aperture statistics (e.g.,hM» ( 1)Map( 2)Map( 3)i) can as well be ob-
tained from the natural components of the shear 3PCF. These arrelators
are expected to vanish if the shear is solely due to lensing,ub intrinsic
alignments of galaxies can lead to nite correlators which nclude B-modes.
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However, as shown in Schneider (2003JM ap( 1)Map( 2)M> ( 3)i, as well as
M, ( 1)M»> ( 2)M- ( 3)i, are expected to vanish even in the presence of B-
modes, since these two correlators are not invariant with repect to a parity
transformation. Therefore, non-zero results of these two arrelators signify
the violation of parity invariance and therefore provide a dean check on the
systematics of the data and their analysis.

First detections.  Bernardeau et al. (2002) measured for the rst time a
signi cant third-order shear from the VIRMOS-DESCART surv ey, employing
a suitably lItered integral over the measured 3PCF (as de ned in Bernardeau
et al. 2003). Pen et al. (2003) used the aperture statisticsd detect a skewness
in the same data set. The accuracy of these measurements istr&u cient to
derive strong constraints on cosmological parameters, owg to the limited
sky area available. However, with the upcoming large cosmishear surveys,
the 3PCF will be measured with high accuracy. Determining the 3PCF from
observed galaxy ellipticities cannot be done by straightfowardly considering
any triple of galaxies { there are just too many. Jarvis et al. (2004) and
Zhang & Pen (2003) have developed algorithms for calculatig the 3PCF in
an e cient way.

Based on the halo model for the description of the LSS, Takadak Jain
(2003b) studied the dependence of the shear 3PCF on cosmoiogl param-
eters. For relatively large triangles, the 3PCF provides a neans to break
the degeneracies of cosmological parameters that are lefthen using the
second-order statistics only, as argued above. For small tangles, the 3PCF
is dominated by the one-halo term, and therefore primarily probes the mass
pro les of halos. Ho & White (2004) show that the 3PCF on small angular
scales also contains information on the asphericity of darkmatter halos. The
full power of third-order statistics is achieved once redsiit information on
the source galaxies become available, in which case the comhtion of the
2PCF and 3PCF provides a sensitive probe on the equation-o$tate of the
dark energy (Takada & Jain 2004).

Beyond third order. One might be tempted to look into the properties
of the fourth-order shear statistics (though I'm sure the reader can control
herself in doing this { but see Takada & Jain 2002). OK, the four-point
correlation function has 16 components and depends on 5 vables, not to
mention the corresponding covariance or the redshift depetent fourth-order
correlator. One can consider correlating the aperture mas®f four di erent
angular sizes, but in contrast to the third-order statistics, this is expected
not to contain the full information on the trispectrum (whic h describes the
fourth-order statistical properties of ). Perhaps a combination of this fourth-
order aperture mass with the average of the fourth power of tle mean shear
in circular apertures will carry most of the information. An d how much in-



164 P. Schneider

formation on cosmological parameters does the fourth-ordeshear statistics
contain? And even higher orders?

Already the third-order shear statistic is not acccurately predictable from
analytic descriptions of the non-linear evolution of the mater inhomogeneities,
and the situation worsens with even higher ordert* One therefore needs to
refer to detailed ray-tracing simulations. Although they are quite time con-
suming, | do not see a real bottleneck in this aspect: Once a $d and accu-
rate measurement of the three-point correlation function becomes available,
certainly considerable e ort will be taken to compare this with numerical
simulations (in particular, since such a measurement is prbably a few years
ahead, in which the computer power will increase by signi cant factors). If
we accept this point, then higher-order statistics can be obained from these
simulations, and several can be “tried out' on the numericaldata such that
they best distinguish between di erent models. For example one can con-
sider the full probability distribution p(Map; ) on a given data set (Kruse &
Schneider 2000; Reblinsky et al 1999; Bernardeau & Valage&)00; Munshi
et al. 2004). To obtain this from the observational data, oneneeds to place
apertures on the data eld which, as we have argued, is plague with holes
and gaps in the data. However, we can place the same gaps on tlsmu-
lated data elds and therefore simulate this e ect. Similarly, the numerical
simulations should be used to nd good strategies for combimg second- and
third-order shear statistics (and potentially higher-order ones) for an opti-
mal distinction between comological model parameters, andin particular,
the equation-of-state of Dark Energy. Another issue one neds to consider for
third- (and higher-)order cosmic shear measures is that intinsic clustering of
sources, and the correlation between galaxies and the dark atter distribu-
tion generating the shear shear eld has an in uence on the egected signal
strength (Bernardeau 1998; Hamana 2001; Hamana et al. 2002Dbviously,
there are still a lot of important studies to be done.

Third-order galaxy-mass correlations. We have shown in Sect.8 how
galaxy-galaxy lensing can be used to probe the correlation étween galax-
ies and the underlying matter distribution. With the detect ion of third-order
shear statistics already in currently available data sets,one might expect that
also higher-order galaxy-mass correlations can be measutdrom the same
data. Such correlations would then probe, on large angularsales, the higher-
order biasing parameters of galaxies, and thereby put addibnal constraints

13 In the limits of small and large angular scales, analytic app roximations can be
obtained. For small scales, the highly non-linear regime is often described by the
hierarchical ansatz and hyperextended perturbation theor y (see Munshi & Jain
2001 and references therein), whereas on very large scalessond-order perturba-
tion theory can be used. Nevertheless, the range of validity of these perturbation
approximations and their accuracy have to be checked with numerical simula-
tions.
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on the formation and evolution of galaxies. Menard et al. (2003) considered
the correlation between high-redshift QSOs and pairs of foeground galax-
ies, thus generalizing the methods of Sect. 8.4 to third-ordr statistics. The

galaxy-galaxy-shear correlation, and the galaxy-shearsear correlations have
been considered by Schneider & Watts (2004). These correlan functions

have been related to the underlying bispectrum of the dark méer and the

third-order bias and correlation functions, and appropriate aperture statistics

have been de ned, that are related in a simple way to the bispetra and the

correlation functions.

In fact, integrals of these higher-order correlations haveprobably been
measured already. As shown in Fig.50, galaxies in regions dfigh galaxy
number densities show a stronger, and more extended galaxyalaxy lensing
signal than more isolated galaxies. Hence there is a corrglan between the
mean mass pro le around galaxies and the local number densitof galaxies,
which is just an integrated galaxy-galaxy-shear correlaton. In fact, such a
correlation is only rst order in the shear and should therefore be much
easier to measure than the shear 3PCF. Furthermore, the gaky-shear-shear
correlation seems to be present in the cosmic shear analysi§ the COMBO-
17 elds by Brown et al. (2003), where they nd a stronger-than-average
cosmic shear signal in the A901 eld, and a weaker cosmic sheaignal in the
CDFS, which is a eld selected because it is rather poor in brghter galaxies.

9.2 Inuence of LSS lensing on lensing by clusters and galaxi es

The lensing e ect of the three-dimensional matter distribution will contam-
inate the lensing measurements of localized objects, suchsagalaxies and
clusters. Some of the associated e ects are mentioned in thisection.

In uence of cosmic shear on strong lensing by galaxies. The lensing
e ect of foreground and background matter in a strong lensirg system will
a ect the image positions and ux ratios. As this 3-D lensing e ects are not
recognized as such in the lens modelling, a “'wrong' lens moldeill be tted
to the data, in the sense that the mass model for the lensing daxy will
try to include these additional lensing e ects not associatd with the galaxy
itself. In particular, the corresponding predictions for the time delays can be
a ected through this e ect.

Since the image separation of strong lens systems are lessath a few
arcseconds, the lensing e ect of the LSS can be well approxiated by a linear
mapping across this angular scale. In this case, the e ect othe 3-D matter
distribution on the lens model can be studied analytically (e.g., Bar-Kana
1996). The lens equation resulting from the main lens (the gkaxy) plus the
linearized inhomogeneities of the LSS is strictly equivalet to the single-plane
gravitational lens equation without these cosmological peturbations, and the
mass distribution of the equivalent single-plane lens can b explicitly derived



166 P. Schneider

(Schneider 1997). For example, if the main lens is describetty elliptical
isopotential curves (i.e., elliptical contours of the de ection potential ) plus
external shear, the equivalent single-plane lens will be ofhe same form. The
orientation of the ellipticity of the lens, as seen by the obgrver, will be rotated
by the forground LSS by the same angle as the potential of theguivalent lens,
so that no observable misalignment is induced. This equivance then implies
that the determination of the Hubble constant from time-del ay measurements
is a ected by the same mass-sheet degeneracy transformatioas for a single
plane lens.

LSS e ects on the mass determination of clusters. The determination
of mass parameters of a cluster from weak lensing is a ectedybthe inhomo-
geneous foreground and background matter distribution. The e ect of local
mass associated with a cluster (e.g., laments extending fom the cluster
along the line-of-sight) will bias the mass determination d clusters high,
since clusters are likely to be located in overdense regior the LSS, though
this e ect is considerably smaller than claimed by Metzler & al. (2001), as
shown by Clowe et al. (2004a).

Hoekstra (2001, 2003) considered the e ect of the LSS on theatermina-
tion of mass parameters of clusters, using either SIS or NFW mdels. For the
SIS model, the one parameter characterizing this mass proé ( ) can be
obtained as a linear estimator of the shear. The dispersionfahis parameter
is then the sum of the dispersion caused by the intrinsic elpticity of the
source galaxies and the cosmic shear dispersion. For the NFWhodel, the
relation between its two parameters M g0, the mass inside the virial radius
ro00, and the concentration c) and the shear is not linear, but the e ect of
the LSS can still be estimated from Monte-Carlo simulationsin which the
cosmic shear is assumed to follow Gaussian statistics with power spectrum
following the Peacock & Dodds (1996) prescription.

For the SIS model, the e ect of the LSS on the determination of  is
small, provided the cluster is at intermediate redshift (so that most source
galaxies are in the background). The noise caused by the ni ellipticity
in this case is almost always larger than the e ect by the LSS.There is an
interesting e ect, however, in that the relative contribut ion of the LSS and
shape noise changes as larger aperture ts to the SIS model arconsidered:
The larger the eld over which the shear is tted to an SIS model, the larger
becomes the impact of cosmic shear, and this increase compstes for the
reduced shape noise. In e ect, cosmic shear and shape noisegether put an
upper limit on the accuracy of the determination of , from shear data. The
same is true for the determination of the mass parameters ofte NFW model,
as shown in Fig. 56. The uncertainties of the mass parametersf NFW pro les
are about twice as large as if the e ects from the LSS are ignad, whereas
the e ect is considerably smaller for the one-parameter moeél of the SIS. One
should also note that a decrease of the shape noise, which che obtained by
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using data with a fainter limiting magnitude, yields an incr ease of the noise
from the LSS, since the fainter galaxies are expected to be dtigher redshift
and therefore carry a larger cosmic shear signal. For low-@shift clusters,

these two e ects nearly compensate.
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Fig.56. The dispersion of the determination of the mass and concentration of
three NFW halos at redshift zy = 0:3. These parameters were derived by tting
an NFW shear pro le to the shear simulated from an NFW halo wit h parameters
indicated in the gure and adding shape noise and noise from cosmic shear. The
outer angular scale over which the t was performed is max . Dotted curves show
the e ect from shape noise alone, dashed curves show the disgrsion from cosmic
shear, and the solid curves contain both e ects. Surprising ly, the accuracy of the
NFW parameters does not increase once max 15 is reached, as for larger radii,
the cosmic shear noise more than compensates for the reduceckllipticity noise.
Another way to express that is that the lensing signal at very large distance from
the halo center is weaker than the rms cosmic shear and therebre does not increase
the signal-to-noise any more (from Hoekstra 2003)

The e ciency and completeness of weak lensing cluster searc hes.
We take up the brief discussion at the end of Sect. 5.8 about ta potential
of deriving a shear-selected sample of galaxy clusters. Thest studies of
this question were based on analytical models (e.g., Kruse &chneider 1999)
or numerical models of isolated clusters (Reblinsky & Bartémann 1999).
Those studies can of course not account for the e ects of lemsg by the LSS.
Ray-tracing simulations through N-body generated LSS werecarried out by
Reblinsky et al. (1999), White et al. (2002), Hamana et al. (204), Vale &
White (2003), Hennawi & Spergel (2004) and others. In these @smological
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simulations, halos were identi ed based on their 3-D mass ditribution. They
were then compared to the properties of the lensing resultstitained from ray
tracing, either by considering the (smoothed) surface masslensity (that
could be obtained from a mass reconstruction from the shear eld) or by
studying the aperture massMg,, which can be obtained directly from the
shear. In both cases, noise due to the nite intrinsic sourceellipticity can be
added.

The two basic quantities that have been investigated in theg studies are
completenessand e ciency . Completeness is the fraction of dark matter ha-
los above some mass threshol¥ i, that are detected in the weak lensing
data, whereas e ciency is the fraction of signi cant lensing detections that
correspond to a real halo. Both of these quantities depend om number of
parameters, like the mass threshold of a halo and the limitig signi cance

of a lensing detection [in the case of the aperture mass, thisould corre-
spond to (80)], as well as on the choice of the lIter function Q. Hennawi &
Spergel (2003) have pointed out that even without noise (fran observations
or intrinsic galaxy ellipticities), the e ciency is limite d to about 85% { even
under these idealized condition, the selected sample will & contaminated by
at least 15% of spurious detections, generated by projectio e ects of the
LSS.

To compare these predictions with observations, the six higest-redshift
EMSS clusters were all detected at high signi cance with a wak lensing anal-
ysis (Clowe et al. 2000). Clowe et al. (2004b) have studied 28igh-redshift
clusters with weak lensing techniques. These clusters wemptically selected
and are expected to be somewhat less massive (and potentialinore a ected
by foreground galaxies) than the EMSS clusters. Only eight 6these 20 clus-
ters are detected with more than 3 signi cance, but for none of them does
the SIS t produce a negative 2. Only for four of these clusters are the
lensing results compatible with no shear signal.

10 Concluding remarks

Weak lensing has become a standard tool in observational comlogy, as we
have learned how to measure the shape of faint galaxy imagesd to correct
them for distortions in the telescope and camera optics anddr PSF e ects.
These technical issues are at the very center of any obseniahal weak lens-
ing research. It appears that at present, the accuracy with vhich shear can
be measured is su cient for the data available today, in the sense that sta-
tistical uncertainties are likely to be larger than potenti al inaccuracies in the
measurement of unbiased shear estimates from faint imageghis, however,
will change quickly. The upcoming large cosmic shear surveywill greatly re-
duce statistical uncertainties, and then the accuracy of skar measurements
from the data will be the essential limiting factor. Alterna tives to KSB have
been developed, but they need to undergo thorough testing dere becoming
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a standard tool for observers. It should also be noted that tle KSB method

is applied di erently by dierent groups, in particular wit h regards to the

weighting of galaxies and other details. What is urgently needed is a study in

which di erent groups apply their version of KSB to the same data set and

compare the results. Furthermore, starting from raw data, the speci c data

reduction methods will lead to slightly di erent coadded im ages, and shear
measurements on such di erently reduced imaged should be copared. These
technical issues will be a central challenge for weak lensinin the upcoming

years.

The ongoing and planned wide- eld imaging surveys mentiond at the
end of Sect. 7.7 will allow us to investigate several centrafjuestions of cos-
mology. The two aspects that | consider most relevant are theinvestigation
of the equation-of-state of the Dark Energy and the relationbetween galaxies
and the underlying dark matter distribution. The former que stion about the
nature of Dark Energy is arguably the central challenge of maern cosmol-
ogy, and cosmic shear is one of the very few methods how it carebstudied
empirically. The relation between dark matter and galaxiesis central to our
understanding of how galaxies form and evolve, and galaxyajaxy lensing is
the only way how this relation can be investigated without a priori assump-
tions.

Essentially all weak lensing studies today have used faint glaxies as
sources, since they form the densest source population cuntly observable.
The uniqueness of faint optical galaxies will not stay foreer, with the cur-
rently planned future instruments. For example, there is a fich literature of
weak lensing of the cosmic microwave background which prodes a source
of very accurately known redshift. Weak lensing by the largescale structure
enhances the power spectrum of the CMB at small angular scase and the
Planck satellite will be able to measure this e ect. In particular, polarization
information will be very useful, since lensing can introdu@ B-modes in the
CMB polarization. The James Webb Space Telescope, with itsdrge aper-
ture of 6.5 meters and its low temperature and background wil increase the
number density of observable faint sources in the near-IR ugo 5 m to sev-
eral hundred per square arcminute, many of them at redshiftsbeyond 3, and
will therefore permit much more detailed weak lensing studes, in particu-
lar of clusters (see Fig.57; an observation of this huge nundr of arcs and
multiple images will answer questions about the mass distbution of clusters
that we have yet not even dared to ask). The envisioned next geeration ra-
dio telescope Square Kilometer Array will populate the radb sky with very
comparable source density as currently the deepest opticamages. Since the
beam (that is, the point-spread function) of this radio inte rferometer will be
known very accurately, PSF corrections for this instrument will be more reli-
able than for optical telescopes. Furthermore, higher-or@r correlation of the
shear eld with sources in the eld will tell us about non-Gau ssian properties
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Fig.57. Simulated image of lensed features in the very central part of the massive
cluster A2218, as observed with the future JWST. For these simulations, the mass
pro le of the cluster as constrained from HST observations a nd detailed modelling
(Kneib et al. 1996) has been used. The number density of (unlensed) sources was
assumed to be 4 10°deg 2 down to K=29. The redshift distribution assumed is
broad and extends to redshift z 10 with a median value zmeqs 3. The brighter
objects (cluster galaxies and brightest arcs) seen by HST are displayed as contours,
to make the faint galaxy images visible on this limited dynam ic range reproduction.
An enormous number of large arcs and arclets are seen; in paricular, numerous
radial arcs can be easily detected, which will allow us to determine the “core size'
of the cluster mass distribution. Due to the broad redshift d istribution of the faint
galaxies, arcs occur at quite a range of angular separationsfrom the cluster center;
this e ect will become even stronger for higher-redshift cl usters. It should be noted
that this 1 arcminute eld does not cover the second mass clump seen with HST;
an JWST image will cover a much larger area, and more strong lensing features
will be found which can then be combined with the weak lensing analysis of such a
cluster. For this simulation, a pixel size of 006 was used; the JWST sampling will
be better by a factor of 2 (from Schneider & Kneib 1998)
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of galaxy-matter correlations and biasing, and therefore povide important
input into models of galaxy formation and evolution.
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