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• Kochanek, Schneider & Wambsganss, Gravitational lensing:
Strong, weak & micro, proceedings of the 33rd Saas-Fee Advanced
Course, 2004, Springer
(http://www.astro.uni-bonn.de/̃ peter/SaasFee.html)

• Bartelmann & Schneider, Weak gravitational lensing, 2001,
Phys. Rep. , 340, 297 (astro-ph/9912508)

• Refregier, Weak gravitational lensing by large-scale structure,
2003, ARA&A, 41, 645 (astro-ph/0307212)

• van Waerbeke & Mellier, Gravitational lensing by large scale
structures: A review, Aussois winter school, astro-ph/0305089)

• Munshi et al. 2007, Cosmology with weak lensing surveys,
submitted to Phys.Rep., astro-ph/0612667
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Lensing by the large-scale structure

Overview

• (Weak) gravitational lensing in a nutshell
• Deflection of light in an inhomogeneous Universe
• Shear γ and convergence κ
• Projected power spectrum and cosmological parameters
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(Weak) gravitational lensing in a nutshell

Gravitational lensing theory

Phenomenon of gravitational light deflection in the limits of weak,
stationary fields and small deflection angles

Basis is General Theory of Relativity

Photons travel on null geodesics of space-time metric. Simplified
mathematical treatment of GL.

Achievements of weak lensing

Cluster masses, mass profiles, M/L-relation, SI cross-section of dark
matter, galaxy halos at large scales, power spectrum normalization σ8,
Ωm, structure growth
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Probing matter distribution using distant galaxies

• Light from distant galaxies is continuously deflected on its way
through an inhomogeneous Universe

• Light bundles are differentially distorted due to gravitational
lensing by tidal field of large-scale structure (LSS)
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• Images of galaxies are coherently
distorted leading to shape correlations
which depend on statistical properties
of LSS

• Probes total (dark+luminous) matter,
no tracer for dark matter needed

• Distortions are very small (weak
lensing regime), can be detected only
statistically using large number of
galaxies

3 Mpc

“Cosmic shear”
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Deflection angle

∇⊥φ
α̂

• Perturbed Minkowski metric, weak field φ� c2

ds2 =
(
1 + 2φ/c2

)
c2dt2 −

(
1− 2φ/c2

)
d`2

• Fermat’s principle: light travel time stationary

t =
1
c

∫
path

(
1− 2φ/c2

)
d`

• Deflection angle

α = − 2
c2

∫ O

S
∇⊥φd`
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Propagation of light bundles
• Comoving separation x between two light rays from geodesic

deviation equation, relating neighboring geodesics via Riemann
tensor

−→ d2x

dw2
+Kx = − 2

c2
∆

(
∇⊥φ(x, w)

)
.

(w = comoving distance, K = spatial curvature)
• Solution is integral equation

x(θ, w) = fK(w)θ − 2
c2

∫ w

0
dw′fK(w − w′)∆

(
∇⊥φ(x(θ, w′), w′)

)
.

(fK(w) = comoving angular diameter distance)

w

θ

x(w)∇⊥
φ

β(w) = x(w)/fK(w)
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Deflection angle
Solving differential equation

• Born approximation: replace x on r.h.s. with x0(θ, w) = fK(w) θ
(integrate along unperturbed ray)

• Deflection angle = difference between angular separation of two
light rays in unperturbed and perturbed Universe, at comoving
distance w

α(θ, w) ≡ θ − β(θ, w) =
fK(w)θ − x(θ, w)

fK(w)

=
2
c2

∫ w

0
dw′

fK(w − w′)
fK(w)

∇⊥φ[fK(w′)θ, w′), w′]

• Lensing potential, α = ∇ψ

ψ(θ, w) =
2
c2

∫ w

0
dw′

fK(w − w′)
fK(w′)fK(w)

φ(fK(w′)θ, w′)
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Linearizing the lens mapping

• β(θ) = θ −α(θ) is mapping from unperturbed (θ) to unperturbed
(β) coordinates (lens equation)

• Linearize mapping, defining Jacobian

Aij =
∂βi

∂θj
== δij −

∂2ψ

∂θi∂θj
=

(
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

)
defining convergence κ and shear γ as second-order derivatives of
lensing potential

κ =
1
2
(∂1∂1 + ∂2∂2)ψ

γ1 =
1
2

(∂1∂1 − ∂2∂2)ψ; γ2 = ∂1∂2ψ

• Reduced shear gi = γi/(1− κ)
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Shear and convergence
Liouville’s theorem: Surface brightness is conserved

I(θ) = Is(β(θ)) ≈ Is(β(θ0) +A(θ − θ0))

Effect of lensing

• isotropic magnification (convergence κ)
• anisotropic stretching (shear γ)

Shear transforms a circle into an ellipse.
Define complex ellipticity

γ = γ1 + iγ2 = |γ|e2iϕ;

|γ| = |1− κ|1− b/a
1 + b/a
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Basic equation of weak lensing

Weak lensing regime

κ� 1, |γ| � 1.
The observed ellipticity of a galaxy is the sum of the intrinsic ellipticity
and the shear:

ε ≈ εs + γ

Random intrinsic orientation of galaxies

〈εs〉 = 0 −→ 〈ε〉 = γ

The observed ellipticity is an unbiased estimator of the shear. Very
noisy though! σε = 〈|εs|2〉1/2 ≈ 0.3− 0.4� γ. Beat down noise by
averaging over large number of galaxies.
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Ellipticity and local shear

[from Y. Mellier]
Galaxy ellipticities are an estimator of the local shear.
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Typical numbers

Regime γ γ/σε Ngal for S/N∼ 1

weak lensing by clusters 0.03 0.1 102

galaxy-galaxy lensing 0.003 0.01 104

cosmic shear 0.001 0.003 105

Much more galaxies for precision measurements needed.

Cosmic shear galaxy surveys
ngal [arcmin−2] 10 – 30 (from ground)

60 – 100 (from space)

Area: past: from < 1 deg2 to ≈ 100 deg2.
ongoing: Subaru (33 deg2), DLS (36 deg2), CFHTLS-Wide

(170 deg2)
future: DES, KIDS, SNAP (1000–5000 deg2), Pan-

STARRS-4, LSST, DUNE (20 000 deg2)
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Relation to density contrast

Back to the propagation equation

• Since κ = 1
2∆ψ:

κ(θ, w) =
1
c2

∫ w

0
dw′

fK(w − w′)fK(w′)
fK(w)

∆θΦ(fK(w′)θ, w′)

• Terms ∆w′w′Φ average out when integrating along line of sight,
can be added to yield 3d Laplacian (error O(Φ) ∼ 10−5).

• Poisson equation

∆Φ =
3H2

0Ωm

2a
δ

→ κ(θ, w) =
3
2
Ωm

(
H0

c

)2 ∫ w

0
dw′

fK(w − w′)fK(w′)
fK(w)a(w′)

δ
(
fK(w′)θ, w′

)
.
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Amplitude of the cosmic shear signal

Order-of magnitude estimate

κ(θ, w) =
3
2
Ωm

(
H0

c

)2 ∫ w

0
dw′

fK(w − w′)fK(w′)
fK(w)a(w′)

δ
(
fK(w′)θ, w′

)
.

for simple case: single lens at at redshift zL = 0.4 with size R, source at
zS = 0.8.

κ ≈ 3
2
Ωm

(
H0

c

)2 DLSDL

DS

R

a2(zL)
δρ

ρ

Add signal from N ≈ DS/R crossings:

〈κ2〉1/2 ≈3
2
Ωm

DLSDL

R2
H

√
R

DS
a−1.5(zL)

〈(
δρ

ρ

)2
〉

≈3
2

0.3× 0.1 × 0.1 × 2 × 1 ≈ 0.01
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• Convergence signal from a distribution of source galaxies with pdf
p(w)dw

κ(θ) =

wlim∫
0

dw p(w)κ(θ, w) =

wlim∫
0

dwG(w) fK(w) δ (fK(w)θ, w)

with lens efficiency

G(w) =
3
2

(
H0

c

)2 Ωm

a(w)

∫ wlim

w
dw′ p(w′)

fK(w′ − w)
fK(w′)

.

The convergence is a projection of the matter-density contrast,
weighted by the source galaxy distribution and angular distances.
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Parametrization of redshift distribution, e.g.

p(w)dw = p(z)dz ∝ (z/z0)α exp[−(z/z0)β]
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dashed line: all sources at redshift 1
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The convergence power spectrum

• Variance of convergence 〈κ(ϑ + θ)κ(ϑ)〉 = 〈κκ〉(θ) depends on
variance of the density contrast 〈δδ〉

• In Fourier space:〈
κ̂(`)κ̂∗(`′)

〉
= (2π)2δD(`− `′)Pκ(`)〈

δ̂(k)δ̂∗(k′)
〉

= (2π)3δD(k − k′)Pδ(k)

• Limber’s equation

Pκ(`) =
∫

dwG2(w)Pδ

(
`

fK(w)

)
using small-angle approximation, Pδ(k) ≈ Pδ(k⊥), contribution
only from Fourier modes ⊥ to line of sight

• Relations between κ and γ −→ Pκ = Pγ
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Convergence power spectrum
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Example

A simple toy model: single lens plane at redshift z0, Pδ(k) ∝ σ2
8k

n,
CDM, no Λ, linear growth:

〈κ2(θ)〉1/2 = 〈γ2(θ)〉1/2 ≈ 0.01σ8 Ω0.8
m

(
θ

1deg

)−(n+2)/2

z0.75
0

Weak Lensing and Cosmology 23 / 126



Lensing
by
the
large-
scale
structureLensing by the large-scale structure Projected power spectrum and cosmological parameters

Born-approximation tested with numerical (ray-tracing) simulations.
560 JAIN, SELJAK, & WHITE Vol. 530

FIG. 7.ÈPower spectra of the convergence i (solid curve), shear c
(dashed curve), and the antisymmetric part of the Jacobian matrix, '12È'21(dotted curve). The power spectra of i and c are analytically predicted to be
identical. The power spectrum of is the same as the power spec-'12È'21trum of the rotational component. This is at least 3 orders of magnitude
smaller than that of i, thus validating one aspect of the weak-lensing
approximation. The model used is SCDM, for which nonlinear e†ects are
strongest.

spectrum, again because it is an integral over a broad range
of wavenumbers.

5. MEASURES OF NON-GAUSSIANITY

Given a patch of the sky with measured ellipticities of
background galaxies, we would like to extract cosmological
information with as little loss as possible. For a Gaussian
distribution (likely to be valid on large scales for popular
models of structure formation), one only needs to extract
the power spectrum from the data, which completely deter-
mines all the statistical properties of weak lensing. There is
a well-deÐned procedure for doing this (Seljak 1998), based
on a maximum -likelihood (ML) method : one writes the full
probability distribution (likelihood function) for the mea-
surements as a multivariate Gaussian, whose unknown
parameters are the power spectrum coefficients as a func-
tion of scale. By Ðnding the maximum of the likelihood
function, we Ðnd the estimated values of the power-
spectrum coefficients. The method is asymptotically
unbiased and has minimum variance. One can also derive a
quadratic estimator from this ML method, which is easier
to compute and leads to the same ML solution (Seljak
1998). For scales that are small compared to the survey size,
the quadratic estimator reduces to a simple Fourier method
(Kaiser 1998) : the Fourier transform coefficients of the
reconstructed i are squared and added together for all the
modes contributing to a given power-spectrum bin. The
power-spectrum estimates are Ðnally obtained by subtrac-
ting the noise contribution.

For non-Gaussian distributions, which arise from nonlin-
ear gravitational evolution on small scales, the problem of
how to optimally extract the information in the data is
more difficult to solve. Nonlinear evolution develops corre-

lations between Fourier modes that were uncorrelated in
the linear regime. This mode-mode coupling does not show
up in the two-point correlator of Fourier modes because of
translational invariance, but is present in all the higher
moments. The full likelihood function would have to
describe all these correlations and is therefore not amenable
to analytic expressions.

Given that the full likelihood function is not achievable,
what is the next best thing? In previous studies of nonlinear
clustering, various statistical descriptions of non-
Gaussianity have been developed. Among these are
moments, N-point correlation functions, the bispectrum,
Edgeworth expansion of the PDF, etc. In light of the many
possible statistics one can devise, it is difficult to take a
rigorous, systematic approach. Nevertheless, the fact that
the non-Gaussian signatures have been produced by gravity
allows one to make some general statements regarding the
merits of di†erent estimators. We should emphasize that we
are interested in the best possible statistic to determine )

m
,

the principal free parameter in addition to the power spec-
trum that weak lensing can probe. In some applications of
non-Gaussianity, such as in galaxy clustering, one is inter-
ested in both the biasing relation and To break the)

m
.

degeneracy between the two, the data must be compressed
in more than a single number (e.g., bispectrum, cumulant
correlators, or the three-point correlation function ; Scocci-
marro et al. 1998 ; Szapudi 1998). These complications are
not present in the case of weak lensing, so we can concen-
trate on the simplest statistics and compress all the informa-
tion on into a single number.)

mThe Ðrst question is whether one should look for non-
Gaussian signatures in Fourier space or in real space. We
can, for example, compare the third moment in real space,
Si(r)3T (or skewness, where the inser-S3 \ Si(r)3T/Si(r)2T2,
tion of the extra powers of second moment makes inde-S3pendent of power-spectrum amplitude in perturbation
theory) to the bispectrum, deÐned in Fourier space as

where We found theSi8 (l1)i8 (l2)i8 (l3)T, l1 ] l2 ] l3 \ 0.
bispectrum to be a very noisy statistic, so that even with a
large number of realizations the signal remained very weak.
In contrast, the skewness shows a clear signature of nonlin-
ear evolution and can be measured robustly, as shown in
the next section. This is not surprising, since the bispectrum
has one more parameter (the shape of the triangle of
Fourier modes), and one must compress the data from dif-
ferent triangle shapes Ðrst to obtain more robust informa-
tion. The question of how to combine this information is,
however, not trivial. The skewness in real space is one way
to compress this information into a single number at a given
scale, and while it may not be optimal, it has the advantage
of being physical and easy to compute. Note that to observe
it, we need to reconstruct convergence from the shear,
which is only feasible with sufficiently large Ðelds. As we
show below, large Ðelds are required in any case for the
signal to be observable, so this is less of a constraint than it
would appear at Ðrst. All the results we show are based on
convergence as reconstructed from shear and include any
additional systematic e†ects that could in principle arise
from this procedure. One example of such e†ects is forcing
periodic boundary conditions to the data. This generates
unphysical structure on the edges of the Ðeld, but the e†ects
are very small and do not show up as a signiÐcant e†ect in
any of the statistical tests we applied.

The other reason for using real-space methods is that the

Asymmetry of Jacobi-matrix A due to lens-lens coupling negligible
[Jain, Seljak & White 2000]
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Cosmic shear and cosmology

Overview

• Second-order cosmic shear statistics
• Shear tomography (2 1/2 D lensing)
• Third-order cosmic shear statistics
• 3D lensing
• Peak statistics
• Shear-ratio geometry test
• (Flexion)
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Shear components

• Recall: complex shear γ = γ1 + iγ2 = |γ| exp(2iφ) is measure of an
object’s ellipticity

• Tangential and cross-component

γt = −<
(
γe−2iϕ

)
and γ× = −=

(
γe−2iϕ

)

ϕ

γ×

θ

ϑ1

ϑ2

ϑ1

ϑ2

γt

π/2

π/4

ϑ

ϑ
′
− ϑ

ϑ

Shear is polar/Spin-2 quantity!
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Shear in apertures

• Aperture mass: weighted convergence/shear in a circle

Map(θ) =
∫

d2ϑ′ Uθ(ϑ′)κ(ϑ′) =
∫

d2ϑ′Qθ(ϑ′)γt(ϑ′),

Uθ is a compensated filter∫
dϑϑUθ(ϑ) = 0

• Filter functions are related

Qθ(ϑ) =
2
ϑ2

∫ ϑ

0
dϑ′ ϑ′ Uθ(ϑ′)− Uθ(ϑ).

Weak Lensing and Cosmology 27 / 126



Convergence and shear field

κ γ

−0.041 0.095 0.23

N -body simulation and ray-tracing from T.Hamana
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Aperture filter functions
polynomial Gaussian

Uθ(ϑ)

{
9

πθ2

(
1− ϑ2

θ2

) (
1
3 −

ϑ2

θ2

)
|ϑ| < θ

0 else
1

2πθ2

(
1− ϑ2

2θ2

)
exp

(
− ϑ2

2θ2

)
Qθ(ϑ)

{
6

πθ2
ϑ2

θ2

(
1− ϑ2

θ2

)
|ϑ| < θ

0 else
ϑ2

4πθ4 exp
(
− ϑ2

2θ2

)
Û(η) 24J4(η)

η2
η2

2 exp
(
−η2

2

)
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Second-order statistics

• Correlation of the shear at two points yields four quantities

γtγt < 0

> 0 < 0

〈

γtγ×
〉

,
〈

γ×γt

〉

〈

γ×γ×
〉

〈γtγt〉

• Parity conservation −→ 〈γtγ×〉 = 〈γ×γt〉 = 0
• Shear two-point correlation function (2PCF)

ξ+(ϑ) = 〈γtγt〉 (ϑ) + 〈γ×γ×〉 (ϑ)
ξ−(ϑ) = 〈γtγt〉 (ϑ)− 〈γ×γ×〉 (ϑ)
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Relation to the power spectrum

• Two-point correlation function

ξ+(θ) =
1
2π

∫
d` `J0(`θ)Pκ(`)

ξ−(θ) =
1
2π

∫
d` `J4(`θ)Pκ(`),

• Aperture-mass variance/dispersion

〈M2
ap〉(θ) =

1
2π

∫
d` ` Pκ(`)Û2(θ`)

• Top-hat-variance

〈|γ̄|2〉(θ) =
1
πθ2

∫
d2ϑ γ(ϑ)γ∗(ϑ)

=
1
2π

∫
d` ` Pκ(`)

[
2J1(`θ)
`θ

]2
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Filter functions
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Second-order shear statistics
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• 〈M2
ap〉 is narrow band-pass filter of Pκ −→ localized probe

• ξ+, 〈|γ̄|2〉 are low-pass filter of Pκ −→ high S/N, sensitive to large
scales
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Dependence on cosmology

Pκ(ℓ) =

∫

dw G2(w)Pδ

(

ℓ

fK(w)

)

G(w) =
3

2

(

H0

c

)2
Ωm

a(w)

∫ wlim

w

dw′ p(w′)
fK(w′

− w)

fK(w′)

growth of structures,
initial conditions

Parameters
cosmological

redshift distribution
of source galaxies geometrical factors
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Parameter degeneracies
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Cosmological parameters from weak lensing show high level of
near-degeneracies. Pκ relatively featureless because of projection and
non-linear growth.
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Cosmology from cosmic shear

• Probes Universe at low – medium redshifts (z ∼ 0.2− 0.8). That’s
where dark energy is important!

• Probes LSS at small scales (R ∼ 0.3h−1(θ/1′) Mpc): non-linear &
non-Gaussian structure formation

• Independent of relation between dark & luminous matter (e.g.
galaxy bias)

• Most sensitive to Ωm and power spectrum normalization σ8

• Complementary & independent method
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Ωm − σ8
CFHTLS Wide

σ8Ω0.6
m ≈ const

Ωm = 0.3 fixed, flat Universe:
σ8 = 0.85± 0.06
[Hoekstra et al. 2006]

CTIO lensing survey

flat Universe

[Jarvis, Jain & Bernstein 2006]
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Ωm − w

CFHTLS Wide

[Hoekstra et al. 2006]

CTIO lensing survey

[Jarvis, Jain & Bernstein 2006]
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Lift degeneracies

Lifting near-degeneracies by

• combining weak lensing with other experiments (CMB, SNIa, . . .)
• shear tomography
• combining second- and third-order statistics
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Scatter in σ8

galaxy clusters
cosmic shear
GaBoDS cosmic shear
WMAP3

[Hetterscheidt et al. 2006]

Scatter in σ8 from WL larger than error bars? Problem with
systematics, e.g. calibration of shear amplitude? → STEP project
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Redshift distribution p(z)

!"#$%&$'()*

+')

",-./#'0,#0.)

12$)'34(0,5 ,678

9:;<9=>$>?@$')$

-*34'/.A #*$B>9;&:

!"#

19C$DEFDG$H*I2$DJJK

Even with 4 deg2 (CFHTLS
Deep, calibrated with
VVSD): cosmic variance 2 –
8 × larger than statistical
(Poisson) error [van
Waerbeke et al. 2007]

. . . until recently from HDF.
Cosmic variance: wrong p(z) biases measured σ8.
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Determination of parameters

Likelihood function (posterior)

Gaussian likelihood

L(d;p) =
1√

(2π)n detC
exp[−χ2(d;p)/2]

Log-likelihood

∆χ2(d;p) =
(
d(p)− dobs

)t
C−1

(
d(p)− dobs

)
d : data vector, e.g. di = ξ(ϑi), 〈M2

ap〉(θi)
C : covariance matrix, C = 〈ddt〉 − 〈d〉〈dt〉
p : vector of cosmological parameters, e.g. Ωm, σ8, h, w . . .
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The E- and the B-mode

Convergence κ and shear γ are both second derivatives of the lensing
potential ψ. Relation exists

∇κ =
(
∂1γ1 + ∂2γ2

∂2γ1 − ∂1γ2

)
= u

The vector u is the gradient of “potential” κ, therefore

∇× u = 0

→ Gravitational lensing produces only gradient component (E-mode).

But: Measured u from data will not be curl-free due to measurement
errors, systematics, noise, second-order effects, intrinsic shape
correlations.
Use this curl-component (B-mode) to assess data quality!
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Separating the E- and B-mode

E mode

B mode

mass
trough

mass
peak

E mode

B mode

mass
trough

mass
peak

• Local measure for E- and B-mode: 〈M2
ap〉

• Remember: Map(θ) =
∫

d2ϑQθ(ϑ)γt(ϑ).
• Define: M×(θ) =

∫
d2ϑQθ(ϑ)γ×(ϑ).

• Dispersion 〈M2
×〉 is only sensitive to B-mode, i.e., vanishes if there

is no B-mode.
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Fig. 3. Top-hat smoothed variance of the shear (points with
error bars). The three models correspond to (Ω0,Λ, σ8) =
(0.3, 0, 0.9), (0.3, 0.7, 0.9), (1, 0, 0.6) for the short-dashed, solid
and long-dashed lines respectively. The power spectrum is a
CDM-model with Γ = 0.21. The error bars correspond to
the dispersion of the variance measured from 200 realizations
of the data set with randomized orientations of the galaxy
ellipticities.

the separation interval [θ−dθ, θ+dθ], and calculating the
pairwise shear correlation:

E[γγ; θ] =
2∑

α=1

∑

pairs

wkwl egal
α (θk)egal

α (θl)

∑

pairs

wkwl

· (17)

The tangential and radial correlation functions 〈γtγt〉θ and
〈γrγr〉θ are measured also from Eq. (17) by replacing egal

with egal
t and egal

r respectively and dropping the sum over
α. It is worth noting that the estimators given here are
independent of the angular correlation properties of the
source galaxies.

5. Results and comparison to cosmological models

In this section we present our measurements of the 2-point
correlations of the shear using the different estimators de-
fined above. Figures 3 to 8 show the results for the differ-
ent estimators: the variance in Fig. 3, the mass aperture
statistic in Fig. 4, the shear correlation function in Fig. 5,
the radial and tangential shear correlations in Fig. 6, and
the cross-correlation of the radial and tangential shear in
Fig. 8. Along with the measurements we show the pre-
dictions of three cosmological models which are represen-
tative of an open model, a flat model with cosmological
constant, and an Einstein-de Sitter model. The amplitude
of mass fluctuations in these models is normalized to the
abundance of galaxy clusters. The three models are char-

Fig. 4. The aperture mass statistic for the same models as in
Fig. 3. The lower panel plots the R-mode, obtained by making
a 45 degree rotation as described in the text. There is no signif-
icant detection for θ > 5 arcmin (corresponding to an effective
angular scale of 1′, as discussed in the text), which shows the
low level of contamination by galaxy intrinsic alignment and/or
residual systematics.

Fig. 5. Shear correlation function 〈γγ〉θ. The models are the
same as in Fig. 3. The lower panel uses a log-scale for the x-axis
to highlight the small scale details.

acterized by the values of Ω0,Λ and σ8 as follows:

– short-dashed line: Ω0 = 0.3, Λ = 0, σ8 = 0.9
– solid line: Ω0 = 0.3, Λ = 0.7, σ8 = 0.9
– long-dashed line: Ω0 = 1, Λ = 0, σ8 = 0.6.

The power spectrum is taken to be a cold dark matter
(CDM) power spectrum with shape parameter Γ = 0.21.

VIRMOS survey,
CFHT, 6.5 deg2,
IAB = 24.5
[van Waerbeke et
al. 2001]
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770 H. Hoekstra et al. / New Astronomy Reviews 46 (2002) 767–781

For instance, simple models describing the intrinsic the bright galaxies (20,R , 22). These galaxiesC

alignments of galaxies predict a small B-mode (e.g., have sizes that are large compared to the PSF, and

Crittenden et al., 2002), although the amplitude is therefore they are less affected by residual

still uncertain. Hence, any measured B-mode is systematics. Intrinsic alignments are expected to be

dominated by residual systematics in the data (e.g., particularly important for these bright galaxies, and

imperfect correction of the PSF anisotropy) or we therefore conclude that (at least part of) the

intrinsic alignments. The effect of intrinsic align- observed ‘B’-mode is likely to be caused by intrinsic

ments can be minimized by selecting galaxies with a alignments.

broad redshift distribution. In future surveys, with The next step is to relate the observed signal to

photometric redshift information for the galaxies, the estimates of cosmological parameters. Our current

contribution from intrinsic alignments can be re- understanding of the redshift distribution of the

moved completely by correlating the shapes of source galaxies is sufficient to obtain accurate con-

galaxies with different redshifts. straints. The most accurate results are derived when

Fig. 1 shows the results of such a decomposition one uses external priors on the parameters. Useful

into ‘E’ and ‘B’-modes. The analysis, which is constraints come from redshift surveys and the

described in detail in Hoekstra et al. (2002b), uses 53 temperature fluctuations in the CMB. Current weak
2

deg of RCS imaging data. For all three samples we lensing measurements provide joint constraints on

find that the ‘B’-mode (lower panels) vanishes on V and s , and Fig. 2 shows the results fromm 8

scales larger than |10 arcmin, suggesting that nei- Hoekstra et al. (2002b). However, measurements of

ther observational distortions or intrinsic alignments higher order statistics, such as the skewness, can be

of sources have corrupted our measurements. used to break the degeneracies between V , and sm 8

On smaller scales we detect a significant ‘B’- (e.g., van Waerbeke et al., 1999). Recently the first

mode. Interestingly, we detect a significant signal for detection of a measure of skewness was reported

2
Fig. 1. The upper panels show the measured variance of the aperture mass kM l as a function of aperture size u for different samples ofap

2
source galaxies. This signal corresponds to the E-mode. The lower panels show the variance kM l when the phase of the shear is increased'

by p /2, and corresponds to the B-mode. The error bars indicate the 1s statistical uncertainty in the measurements, and have been derived

from the field-to-field variation of the 13 RCS patches (thus the error bars include cosmic variance). Note that the points are slightly

correlated. We detect a significant B-mode on scales 5–10 arcmin. On scales larger than 10 arcmin the B-mode vanishes. The sample of

bright galaxies (20,R , 22) should not be affected significantly by systematics because their sizes are large compared to the PSF.C

Therefore, the significant B-mode at scales of a few arcmin is likely to be caused by intrinsic alignments. To minimize the effect of intrinsic

alignments on our cosmological parameter estimation, we will use the sample of galaxies with 22,R , 24 to this end.C

RCS survey, CFHT+CTIO, 53 deg2, RC = 24
[Hoekstra et al. 2002]
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6 Van Waerbeke et al.: Results from the VIRMOS-Descart Survey

Fig. 3. Panel (a): E and B mode shear correlation function (filled and open points, respectively) as measured from
the VIRMOS-Descart data; panel (b): E and B mode measurements for the aperture mass statistic; panel (c): as
before but now for the top-hat variance. For all three statistics we observe the signal is consistent with no B-mode on
large scales, and a hint of minor contamination on small scales.

ical angular scale range of 2 − 10′. This means that the
smallest scales in the aperture mass statistics give robust
cosmological signal only if the PSF variation is properly
removed.

The amount of residual systematics left in the signal
due to imperfect PSF correction can be estimated from
the correlation between the uncorrected stars and the cor-
rected galaxies. Such an estimator was defined in Heymans
(2003):

ξSYS =
〈e!γ〉2

〈e!e!〉
. (15)

where e! is the star ellipticity before PSF correction, and γ
is the shear estimate of the galaxies. ξSYS is renormalised
by the star ellipticity correlation function 〈e!e!〉, which
makes it directly comparable to the signal 〈γ(r)γ(θ + r)〉,
and not dependent on |e!|.

Figure 4 shows ξSYS for the VIRMOS data. The resid-
ual PSF contamination is consistent with no signal except
maybe for one point around θ $ 22arcmin, which is at
2.4σ. It demonstrates that the anisotropy of the PSF has
been almost completely removed. However, this plot pro-
vides no information about the accuracy of the isotropic
PSF correction (the “pre-seeing” shear polarisability). As
outlined in Hirata & Seljak (2003), the accuracy of the
isotropic correction of the PSF is still somewhat uncertain,
essentially because there is yet no direct way to obtain
a perfect calibration of the shear amplitude to compen-
sate for the PSF smearing. One should emphasize that
Erben et al. (2001) and Bacon et al. (2001) used simu-
lated images to demonstrate that the shape measurement
method used in this paper (Kaiser et al. 1995) is accu-

Table 2. E and B modes of the shear correlation func-
tion. The error is statistical only (see Section 6 for the
covariance error).

θ ξE ξB δξ
0.780000 0.000200166 5.43400e-06 3.33000e-05
1.12000 0.000122166 5.53400e-06 3.25000e-05
1.61000 0.000109166 1.74340e-05 1.85000e-05
2.45000 9.75660e-05 2.18340e-05 1.32000e-05
3.42000 4.56660e-05 -4.60600e-06 1.14000e-05
4.39000 4.43660e-05 9.03400e-06 1.03000e-05
5.37000 2.80660e-05 8.14000e-07 9.46000e-06
6.83000 3.40660e-05 4.73400e-06 6.29000e-06
8.79000 2.48660e-05 2.03400e-06 5.71000e-06
12.2000 2.79660e-05 -2.24600e-06 3.38000e-06
17.0800 1.39860e-05 7.53400e-06 2.98000e-06
21.9600 1.46060e-05 3.04000e-07 2.76000e-06
27.0100 1.18960e-05 1.93400e-06 2.51000e-06
32.3300 1.10960e-05 2.03400e-06 2.32000e-06
37.5400 7.80100e-06 -2.06000e-07 2.31000e-06
42.5400 8.22120e-06 -7.46000e-07 2.23000e-06

rate to 5% or better at recovering the correct shear am-
plitude. The worst calibration was obtained for the most
ellipticial galaxies. Hence, we expect an accuracy due to
isotropic calibration smaller than 5% in this study, which
is still smaller than the statistical error. The PSF anal-
ysis technique based on reducing the B mode amplitude
shows how it is possible to control the PSF anisotropy
correction, however the isotropic correction still has to be
checked using simulated images.

VIRMOS survey,
CFHT, 8.5 deg2,
IAB = 24.5
[van Waerbeke,
Mellier & Hoekstra
2005]
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CFHTLS W3,
18 deg2,
IAB = 24.5
[Fu et al. 2007 (in
prep.)]
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Shear tomography (2 1/2 D lensing)

If redshifts of source galaxies are known . . .

• Divide galaxies into i = 1 . . . n
redshift bins

• Measure power spectrum
(shear statistics) from different
bins P ii

κ and cross-spectra P ij
κ

[Jain, Connnolly & Takada 2007]

• Different projections of LSS, different redshift ranges → evolution
of structure growth, dark energy evolution, lift parameter
degeneracies
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Redshift binning

Requirements

• Redshifts do not have to be very accurate for individual galaxy
but: systematics have to be well controlled!
→ photometric redshifts using a few (3-10) broad-band filters are
sufficient (more later)

• Redshift bins can be broad and overlap, but distribution has to be
known fairly accurately! (E.g. bias of mean zbias and dispersion
σz. Higher moments?)

• Small number of redshift bins sufficient, n = 2 already huge
improvement
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Improvement on parameter constraints
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One can combine these two considerations by diagonal-
izing the covariance matrix and considering the signal to
noise in the diagonal basis. The appropriate strategy for
subdivision depends on the true redshift distribution of
the galaxies and the model for structure formation. One
should therefore perform this test on the actual data to
decide how to subdivide the sample.

Nevertheless, to make these considerations more con-
crete, let us consider the specific goal of measuring the
cosmological parameters pα assuming that the underlying
adiabatic CDM cosmology described above is correct. The
Fisher information matrix can be used to quantify the ef-
fect of subdivision. It is defined as

Fαβ = −

〈

∂2 lnL

∂pα∂pβ

〉

x

, (7)

where L is the likelihood of observing a data set x given
the true parameters p1 . . . pα.

Generalizing the results of Hu & Tegmark (1998) to mul-
tiple correlated power spectra, we obtain1

Fαβ =
#max
∑

#=2

(" + 1/2)fskytr[C
−1

C,αC
−1

C,β] , (8)

under the assumption of Gaussian signal and noise, where
fsky is fraction of sky covered by the survey, the covari-
ance matrix C was defined in equation (4), and commas
denote partial derivatives with respect to the cosmological
parameters pα. We take "max = 3000 to approximate the
increased covariance due to the nonlinearities producing
non-Gaussianity in the signal (Scoccimarro, Zaldarriaga
& Hui 1999). Since the variance of an unbiased estimator
of a parameter pα cannot be less than σ(pα) = (F−1)αα,
the Fisher matrix quantifies the best statistical errors on
parameters possible with a given data set.

For the purposes of this work, the absolute errors on
parameters are less relevant than the improvement in er-
rors from subdividing the data (see Hu & Tegmark for
the former). We therefore test a 4 dimensional subset of
the adiabatic CDM parameter space to see how subdivi-
sion can help separate initial power (A) from the various
contributors to the redshift-dependent evolution of power
(ΩΛ,ΩK ,mν). For reference the standard errors σα for this
parameter space without subdivision are given in Table
1. Errors in the full parameter space would be increased
but note that the neglected parameters (Ωmh2,Ωbh2, and
nS) are exactly those that the CMB satellite experiments
should constrain precisely (see e.g. Jungman et al. 1996;
Eisenstein et al. 1999).

As an example, we take a sample with zmedian = 1 and
n̄ = 2 × 105 deg−2 as appropriate for a magnitude limit
of R ∼ 25 (see Smail et al. 1995b). The signal to noise
in the full sample is quite high, e.g. at " = 100, S/N ∼

25. Thus we expect that subdividing the sample should
improve parameter estimation.

TABLE 1

Parameter Estimation for zmedian = 1
1When taking these derivatives the redshift distribution ni(z) is

held fixed as opposed to the distance distribution [ni(z)dz/dD] in
equation (5).
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Fig. 3.— Tomographic error improvements on ΩΛ for zmedian = 1.
Upper panel: improvement as a function of the fraction of galaxies
in the upper redshift bin for 2 bins versus 3 bins (same fraction in
upper two bins). Lower panel: redshift corresponding to the upper
division.

pα σαf1/2
sky Error Improvement

1 2(1
2 ) 2(1

4 ) 2(1
8 ) 3(1

3 ) 3(1
4 ) 3(1

8 )

ΩΛ 0.040 6.5 6.9 5.7 7.2 7.7 6.9
ΩK 0.023 2.9 3.1 2.9 3.3 3.5 3.2
mν 0.044 1.7 2.0 2.1 2.1 2.2 2.2
lnA 0.064 1.7 2.0 2.0 2.1 2.2 2.1

As shown in Table 1, subdividing this sample in equal
halves, denoted as 2(1/2), improves the errors σα by a
factor of 2 to 7. Since the signal in the lower redshift
bin is smaller than in the higher redshift bin, it suffers
comparatively more from the intrinsic noise variance. One
can optimize the binning to correct for this effect. Divid-
ing the sample so as to isolate the upper quarter [2(1/4)]
improves the errors modestly whereas isolating the upper
eighth deproves them. We plot the full range as a function
of the fraction of galaxies in the upper bin in Fig. 3. Notice
that though the improvement factor is roughly flat from
0.15 − 0.5, it drops rapidly when noise dominates either
the upper or lower fraction. If the signal were the same in
both bins, this would occur at 0.04 and 0.96 for " = 100.
The fact that the true improvement is skewed to smaller
upper fractions reflects the fact that the signal increases
to higher redshifts.

Moving to three divisions makes only a small improve-
ment over two. In Table 1 we give the results of taking
3 bins with an equal number of galaxies in the upper two
bins, e.g. [3(1/4)] represents a division by number of (1/2,
1/4, 1/4). In fact the errors for three bins can be higher
than those with two if not chosen wisely.

We conclude that for a redshift distribution of the form
given by equation (5) with zmedian = 1, α = 1 and β = 4,
crude partitioning suffices to regain most of the redshift
information in adiabatic CDM models where the change
in the growth rate across the distribution is slow and con-
trolled by a small number of cosmological parameters

How robust are these conclusions against changes in the
distribution and model? A wider redshift distribution of-
fers greater opportunities for tomography. For example,

[Hu 1999]

Improvement from shear
tomography on error of ΩΛ
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Results on shear tomography so far . . . not many

1 10

0

CFHTLS Wide
Shear “tomography”
using one band
(magnitude binning)
[Semboloni et al. 2006]

COSMOS: 1.6 �, observed
by HST, Spitzer, GALEX,
XMM, Chandra, Subaru,
VLA, VLT, UKIRT, NOAO,
CTHT, . . . from radio to
X-ray
Many bands from UV to IR
[Massey et al. 2007]



Lensing tomography with clusters

CFHTLS Deep
Weak lensing signal from a
cluster using ugriz
[Gavazzi & Soucail 2007]

Mapping the 3-D dark matter potential 9

Figure 5. Tangential shear as a function of redshift. Each point represents the amplitude of the tangential shear from the fit to the SIS
radial profile in each redshift slice from Fig. 3, plotted at a fiducial radius of 200 arcsec. The dashed line shows the expected redshift
dependence from the best two-parameter fit (zlens, σv) shown in Fig. 4. The solid curve shows the redshift dependence for a cluster at
fixed redshift, with zlens = 0.16, and with the amplitude normalised at z = 1 to the R > 24 point.

ter structure. In particular, we find that the photometric
redshift survey reveals a second cluster, which we will term
CB1, at higher redshift (z = 0.48) and located only ∼90 arc-
sec to the southeast of the brightest cluster galaxy in A902.
In this section we shall exploit this fortuitous alignment of
two clusters and extend our analysis to fit a more complex
mass model along the line of sight. This provides us with
the opportunity to attempt to detect two co-projected clus-
ters via their gravitational shear (c.f. Bacon & Taylor 2003,
Hu & Keeton 2003), and measure their redshifts and veloc-
ity dispersions. In Section 5 we will show that this model
is consistent with the Wiener filtered gravitational potential
map which we will obtain which also shows a cluster-sized
mass concentration at this redshift.

We perform a χ2 fit for two colinear SIS profiles in a
four-dimensional space of χ2(z1, σv,1, z2, σv,2), for two clus-
ter velocity dispersions and redshifts, to the shear pattern
and photometric redshifts behind the cluster A902, using
the methods outlined above. The cluster redshifts are con-
strained so that z2 > z1. We find that the global mini-
mum in this four-parameter space is located at z1 = 0.21,

σv,1 = 350 kms−1 and z2 = 0.45, σv,2 = 650 kms−1. By way
of comparison, when we apply the same approach to A901a
and A901b the first cluster solution in each case is consistent
with the single-cluster model of the previous section, while
the second cluster solution is pushed to the highest redshift
and highest mass end of the four-parameter space.

Figures 6, 7 and 8 show marginalised projections of the
full four-parameter space for the A902/CB1 clusters. Fig-
ure 6 shows the 68%, 95% and 99.5% confidence regions for
χ2(z1, z2), after marginalising over σv,1 and σv,2 . Since we
require z2 > z1 the lower triangle is excluded. The peak
value for the lower redshift cluster is at z1 = 0.4. The higher
redshift cluster is best fit at z2 > 1.1, but with a secondary
minimum visible at z ∼ 0.5. The reason for this can be seen
in the tangential shear as a function of redshift for A902
in Figure 5. The shear amplitude low in the second bin at
z = 0.5, so that the fit pushes the low cluster to slightly
higher redshift than its true value at z = 0.16. The low
shear in the z = 1 bin also means there is a jump in shear
values in higher redshift bins, causing the fit to infer the
second cluster is most likely here.

c© 2003 RAS, MNRAS 000, 1–21

COSMO17
17 bands (5 broad, 12
medium)
[Taylor et al. 2004]
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Growth of structure

COSMOS, [Massey et al. 2007]
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Third-order cosmic shear statistics

• Second-order shear statistics probes power spectrum Pκ(`)
• Third-order statistics probes bispectrum
Bκ(`1, `2, `3) = Bκ(`1, `2, cosβ)

ℓ3

β

ℓ1

ℓ2

Reduced bispectrum, depends on triangle
configuration



Bispectrum: Probing the cosmic web
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Three-point correlation function (3PCF)
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8 components:

〈γtγtγt〉 〈γtγtγ×〉
〈γtγ×γ×〉 〈γtγ×γt〉
〈γ×γtγ×〉 〈γ×γtγt〉
〈γ×γ×γt〉 〈γ×γ×γ×〉

’t’ and ’×’ with respect to (some)
center of triangle

• “Natural components” Γ(0),Γ(1),Γ(2),Γ(3) ∈ C = linear
combinations of the 〈γµγνγλ〉 [Schneider & Lombardi 2003]

• 3PCF has 8 (non-vanishing) components, depends on 3 quantities
and is not a scalar [SL03, Takada & Jain 2003, Zaldarriaga &
Scoccimarro 2003]
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Flavors of 3rd-order statistics

Projected 3PCF, integrated over elliptical region [Bernardeau, van
Waerbeke & Mellier 2002, 2003]

[VIRMOS-DESCART] Measurement consistent with ΛCDM
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Aperture-mass skewness

• 〈M3
ap〉(θ) probes convergence

bispectrum
Bκ(`1 ∝ 1/θ, `2 ∝ 1/θ, `3 ∝ 1/θ)

• Generalized skewness
〈M3

ap〉(θ1, θ2, θ3) =
〈Map(θ1)Map(θ2)Map(θ3)〉 probes
bispectrum
Bκ(`1 ∝ 1/θ1, `2 ∝ 1/θ2, `3 ∝ 1/θ3),
cross-correlation or mode coupling of
the large-scale structure on different
scales [Schneider, MK & Lombardi 2005,
MK & Schneider 2005]

θ1 θ2

θ3
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• E- and B-mode components: 〈M3
ap〉, 〈MapM

2
×〉, 〈M2

apM×〉, 〈M3
×〉

• Quantities with odd power in M× should vanish if shear field is
parity-invariant

[CTIO, Jarvis et al. 2004]
[VIRMOS, Pen et al. 2003]
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Properties of 〈M 3
ap〉

• 〈M3
ap〉 is scalar (3PCF: spin-2 and spin-6)

• separates E- & B-mode
• one can obtain 〈M3

ap〉 from 3PCF
• 〈M3

ap〉 contains same amount of information than 3PCF: 3PCF not
sensitive to power on large scales

• Skewness of LSS (asymmetry between peaks and troughs) can be
probed with aperture-mass skewness

E mode

B mode

mass
trough

mass
peak
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Third-order statistics and cosmology

• On small scales: Need
non-linear model. E.g.: HEPT
(Hyper-Extended Perturbation
Theory) [Scoccimarro &
Couchman 2001], halomodel

• Non-linear models not (yet)
good enough for %-precision
cosmology

• On large scales: Signal too
small to measure?

• Source-lens clustering worrying
(if not fatal) contamination to
lensing skewness

Ray−tracings
HEPT
PT

1.0 10.0
10−10

10−9

10−8

10−7

θ [arcmin]

<Map
3(θ,  θ,  θ)>
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Predictions for CFHTLS Wide (very optimistic . . .)
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More predictions (even more optimistic . . .) Lensing tomography 911

Figure 7. As in the previous figure, but for three redshift bins. In this case, we use six power spectra and 27 bispectra in the analysis. This figure is available
in colour in the on-line version of the journal on Synergy.

Figure 8. Error ellipses (68 per cent CL) for dark energy parameters (!de, w0, wa) when we use lensing tomography (PS + Bispectrum) with three redshift
bins, CMB power spectra from the Planck experiment and combine the two. The constraints include marginalization over the other parameters, including the
optical depth (see the text in more detail). This figure is available in colour in the on-line version of the journal on Synergy.

spectrum. Thus bispectrum tomography provides complementary constraints on cosmological parameters to power spectrum tomography. By
using information from different triangle configurations and all cross-spectra in redshift bins we find that the bispectrum has roughly as much
information as the power spectrum on parameters of interest (see Figs 6 and 7). Parameter accuracies are typically improved by a factor of 3
if both the power spectrum and bispectrum are used, compared to the standard approach of using just the power spectrum (see Table 1). Thus
our study provides strong motivation for the use of the bispectrum from lensing surveys for parameter extraction.

Because lensing observables are significantly affected by non-linear gravitational clustering on angular scales below 1◦, we used a non-
linear model (see discussion below) to compute the lensing bispectrum and to estimate the precision on the parameters σ 8, !de, w0, wa and
dn/d ln k. The constraints on the dark energy parameters are σ (w0) ∼ 0.03f

−1/2
sky and σ (wa) ∼ 0.1 f

−1/2
sky – this sensitivity to the redshift evolution

C© 2004 RAS, MNRAS 348, 897–915
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Primordial Non-Gaussianity from lensing?
Lensing tomography 905

Figure 3. Left-hand panel: the convergence bispectra with two redshift bins for equilateral triangles, plotted against triangle side length. For two redshift

bins, there are 4 different bispectra, as indicated. For comparison the thin solid curve shows the perturbation theory prediction for B(111). Non-linear clustering
significantly enhances the bispectrum amplitude for l ! 100. Right-hand panel: a similar plot, but for the bispectra due to primordial non-Gaussianity, which

are computed from equation (22). The non-Gaussian parameter f NL is taken to be 1. This figure is available in colour in the on-line version of the journal on
Synergy.

ratio for one of these non-Gaussian terms is given by B2/C3
l , and Figs 2 and 3 show that this is much smaller than unity over angular scales

of interest. The Kronecker delta functions such as δl1l ′
1
δl1l ′

2
δl1l ′

3
in the equation above guarantee that the bispectra of different triangles are

uncorrelated, which makes the Fisher matrix analysis significantly simplified. Note that, on the other hand, the bispectra in different redshift

bins are highly correlated.

In the following Fisher matrix analysis, we impose the condition l1 " l2 " l3 so that every triangle configuration is counted once. This
condition leads to the following expression for the covariance:

Cov
[

Bl1l2l3(abc), Bl ′
1
l ′
2
l ′
3
(i jk)

]

≈ "(l1, l2, l3) f −1
skyCobs

(ai)(l1)C
obs
(bj)(l2)C

obs
(ck)(l3)δl1l ′

1
δl2l ′

2
δl3l ′

3
, (28)

where "(l1, l2, l3) = 1 if all l’s are different, "(l1, l2, l3) = 2 if two l’s are repeated and "(l1, l2, l3) = 6 if l1 = l2 = l3, respectively. The
observed power spectrum is given by equation (13). Strictly speaking, although equation (28) is correct only for l1 $= l2 $= l3 when we consider
redshift bins, we checked that it is a good approximation for the Fisher matrix analysis that follows, because triangles with l1 $= l2 $= l3 provide
the dominant contribution over angular scales of interest. Finally, equation (28) shows that for two redshift bins we have the equality B(112) =
B(121) = B(211) (similar conditions hold for other indices) as stated below equation (18), but their covariances are indeed different for a general
set of (l1, l2, l3).

3 S I G NA L - TO - N O I S E R AT I O F O R T H E B I S P E C T RU M

Before going to parameter accuracy forecasts, we examine how feasible it is to simply measure a non-zero convergence bispectrum from a

wide-field lensing survey. Given the bispectrum covariance (28), the cumulative signal-to-noise ratio (S/N) for measuring the bispectra in
redshift bins can be expressed as
(

S
N

)2

=
∑

lmin!l1!l2!l3!lmax

∑

(i, j,k),(a,b,c)

Bl1l2l3(i jk)

{

Cov[Bl1l2l3(i jk), Bl1l2l3(abc)]
}−1

Bl1l2l3(abc), (29)

where {Cov}−1 denotes the inverse of the covariance matrix, and lmin and lmax denote the minimum and maximum multipole moments

considered. The condition l1 " l2 " l3 is imposed, as stated above. Each of the labels (a, b, c) and (i, j, k) denote redshift bins running over
1, . . . , ns, thus providing contributions from n3s bispectra to the S/N. Given a survey that probes l up to lmax, a rough estimate of the S/N is
(

S
N

)2

∼ fskyl6max

(

lmax lmax lmax
0 0 0

)2
B(lmax)2

C(lmax)3
∼ fskyl2maxQ2

κ

[

l2maxC(lmax)
]

∼ 105

(

fsky
0.1

)(

lmax
103

)2 (

Qκ

100

)2 [

l2maxC(lmax)
10−4

]

, (30)

where we have used equation (16) and
∑

l1,l2,l3!lmax
∼ l3max,

(

l l l
0 0 0

)

∼ l−1 for l & 1 and introduced the reduced bispectrum Qκ defined as

Qκ ∼ B(l)/[C(l)]2, often used in the literature (e.g. TJ03c). Note that in the estimate above we ignored the shot-noise contribution of intrinsic
ellipticities to the covariance, and thus the estimate overestimates the S/N (see Fig. 5, later). As implied from Figs 2 and 3 (also see fig. 6

in TJ03c), a plausible model for the convergence bispectrum leads to 60 # Qκ # 150 for l ! 100 (corresponding to θ # 1◦) for the %CDM

C© 2004 RAS, MNRAS 348, 897–915
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Figure 4. The minimum value of f NL in the primordial non-Gaussian model such that the lensing bispectrum is detectable with S/N ! 1, for a survey with

f sky = 0.1. It is plotted against the maximum multipole moment lmax. Here we ignore the contribution from non-linear gravitational clustering. Note that f NL
scales as f −1/2

sky . The different curves show the results for varying numbers of redshift bins used. This figure is available in colour in the on-line version of the

journal on Synergy.

model. This rough estimate shows that a future survey with f sky = 0.1 would allow for a detection with S/N ∼ 300 for lmax = 103, if we

combine the information from all triangle configurations available.

We give below a more quantitative S/N estimate for measuring the convergence bispectrum. As described in Section 2.4.2 and 2.4.3,

there are two cosmological contributions to the lensing bispectrum, due to the primordial non-Gaussianity and gravitational clustering. The

observed bispectrum can be expressed as Bκ = BNGκ + BGRAVκ .

In Fig. 4 we examine the smallest f NL against the maximum multipole moment lmax, defined so that the lensing bispectrum is detectable
with S/N ! 1. We compute this f NL by setting Bκ = BNGκ (that is, we ignore the contamination from the bispectrum induced by gravitational

clustering BGRAVκ ). The sky coverage is taken to be f NL = 0.1 and the minimum multipole moment lmin = 50 so that lmin ∼ 10× 2π/
√

4π fsky.
The figure shows that the tomography of the lensing bispectrum can lower the f NL value, reflecting the fact that n3s bispectra of the tomography
provide additional information on the S/N. As can be seen, f NL is mainly determined by modes with l " 100, due to the high-k suppression
of the kernelMk in the 3D mass bispectrum (see equation 21 and fig. 1 in Verde et al. 2000). In addition, at higher l the structure formation
bispectrum is more dominant (see Fig. 3). Therefore, focusing on large angular scales#1◦ is probably an appropriate strategy for constraining

primordial non-Gaussianity.

The strongest constraint is f NL ≈ 150 f −1/2
sky for lmax = 500 and four redshift bins. This result is comparable to the forecast from the galaxy

bispectrum measurement from the SDSS/2dF surveys in Verde et al. (2000), where the range f NL = 103−104 was derived (for f sky = 10−5

− 0.25 for galaxy catalogues). Unless an almost all-sky lensing survey is available, the CMB bispectrum is likely to provide more stringent

constraint on f NL, as shown by theWMAP result,−59< f NL < 134 at 95 per cent confidence, in Komatsu et al. (2003). Hence, we will ignore

the primordial non-Gaussian contribution in the following analysis. Only if a significantly deeper all-sky lensing survey is feasible would it

be worth returning to this question and exploring measurement strategy.

Fig. 5 shows the S/N for measuring the lensing bispectrum due to structure formation, BGRAVκ . Note that for lmax ! 300 we used a

binning of l in the S/N evaluation as described below (see equation 35), because the direct summation over l values is computationally
time-consuming for large lmax. It is obvious that a survey with f sky = 0.1 allows a significant detection of the lensing bispectrum with S/N #
10 for lmax # 300. Bispectrum tomography leads to only slight improvement in the S/N value. For comparison, the top thin curve shows the

corresponding S/N for measuring the power spectrum (PS) for two redshift bins, which is roughly estimated as (S/N)PS ∼ f −1/2
sky lmax ∼ 316

(f sky/0.1)−1/2(lmax/1000) (the shot noise is ignored). It is apparent that the S/N values for power spectrum and bispectrum become comparable
at lmax ∼ 1000. Further, the bispectrum S/N displays stronger dependence on lmax (roughly S/N ∝ l2max around lmax ∼ 1000) than seen in power
spectrum, because the bispectrum measurement is contributed from l3max triangles, while the power spectrum from different lmax modes.

4 F I S H E R M AT R I X A NA LY S I S F O R L E N S I N G TO M O G R A P H Y

We will use the Fisher matrix formalism (see Tegmark, Taylor & Heavens 1997, for a review), to examine how tomography with the lensing

power spectrum and bispectrum can constrain cosmological parameters and the equation of state of dark energy.

C© 2004 RAS, MNRAS 348, 897–915
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Principle of 3D lensing

[Heavens 2003, Heavens et al. 2006]

• Spherical transformation of the 3D shear field, sampled at galaxy
positions (ϑi, wi) (flat Universe)

γ̂(`, k) =

√
2
π

∑
i

γ(ϑi, wi) j`(kwi) exp(−iϑ`)

Comoving distance wi from (photometric) redshift zph and fiducial
cosmological model

• Log-Likelihood

∆χ2 =
∑
`,k,k′

[
ln detC`(k, k′) + γ̂t(`, k)C−1

` (k, k′) γ̂(`, k)
]

assuming different `-modes are uncorrelated.
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• Covariance matrix is sum of signal and noise term, C = S +N

• Note: The data vector has zero expectation, 〈γ̂〉 = 0! All
information is contained in the (signal) covariance matrix C` which
depends on the 3D power spectrum Pδ. [C.f. CMB anisotropies]

• Applied to COMBO-17 survey (proof of concept)

COMBO-17

• 5 broad-band filters (UBVRI) + 17 medium-band filters for
excellent photo-zs

• 4 selected fields each 30′ × 30′ using WFI @ MPG/ESO 2.2m,
R = 24 (for lensing)

Weak Lensing and Cosmology 68 / 126



Weak
lens-
ing
and
cosmologyWeak lensing and cosmology 3D lensing

3D lensing: first results

Solid: 3D lensing (2 fields)
Dashed: 2D lensing (3 fields)

774 T. D. Kitching et al.

The integrals over θ in equation (5) can be evaluated so that

S =
∫

d2"̃

(2π)2
Q(", "′, "̃, k, k ′)|X "̃|2F (", "′, "̃), (9)

where

F (", "′, "̃) ≡
∏

i=x,y

4

("̃ − ")i ("̃ − "′)i
sin

[
("̃ − ")i

!θ

2

]

sin

[
("̃ − "′)i

!θ

2

]

(10)

i = x, y represents the x and y components of a Cartesian coordinate
system for a survey.

The shot noise part of the covariance matrix is calculated by
assuming a Poisson sampling an underlying smooth density field
and is given by

N =
〈
γ̂α(k, ")γ̂ ∗

β (k ′, "′)
〉

SN

= σ 2
ε !(

4π2

∫
dz n̄z(z)k j)(kr 0)k ′ j)(k ′r 0) δK

αβδK
))′ (11)

where !( = !θ × !θ . σ ε is measured from the data, for the CDFS
field σ ε = 0.19 and for the S11 field σ ε = 0.22.

For large surveys the calculation simplifies as F → (!θ )2δK
))̃

δK
)′ )̃

(see equation 10) and the covariance matrix becomes diagonal in
(", "′). For COMBO-17, the survey is small so that it is necessary
to compute the integral in equation (9) accurately using the full
F (", "′, "̃). We do this for the diagonal components of Q, but we
make an approximation by ignoring the off-diagonal components.
Improvement on this would involve computing the full covariance
resulting in vast computational expense, which is not really war-
ranted by the size of the data set. All correlations between k-modes
for any given "-mode are fully taken into account.

We assume then that the distribution of "-modes can be repre-
sented by a multivariate Gaussian. The likelihood function for a
given " and set of cosmological parameters {θα} is given by

−2 ln L)(θα|D) =
∑

A={R,I }

∑

i={1,2}

N A
i ln(2π)

+ ln(|Ci,)(k, k ′)AA|)

+
∑

kk′

γ̂ A
) (k)

(
C−1

i,) (k, k ′)
)AA

γ̂ A,T
) (k ′), (12)

where A = {R, I} is a sum over the real and imaginary estimators
and i = {1, 2} is a sum over the γ 1 and γ 2 shear components. NA

i
is the number of k-modes in the NA

i × NA
i covariance matrix Ci,)(k,

k′)AA. The log-likelihood is then summed over each independent
" = ()x , )y) mode. Note that since we have four independent data
vectors, two real and imaginary pairs, we only investigate the range
)x ! 0 to avoid double counting.

The ) and k ranges and resolutions used are as follows. In inte-
grating over "̃ in equation (5) we found that the signal converges at
!)̃i = 100 and for the range ()i − 1500) < )̃i < ()i + 1500) where
i = x, y. The k resolution used was !k = 2 × 10−3 Mpc−1, as it
was found that the signal part of the covariance matrix converges
at !k ≈ (2π/rmax) ≈ 2 × 10−3 Mpc−1 where rmax is the distance
corresponding to a maximum redshift of z ≈ 1. The k range used
was 0.01 < k < 1.5 Mpc−1. The ) values available are constrained
by the survey geometry, )i = 2πn

!+
where n is an integer; )1 = 671.

We tested the lower ) limit and found no change in the cosmo-
logical constraints by using )1 = 700 instead, showing that these
results are robust to the details of the lower ) range used. We use
all modes with |"| " 2500 to avoid the highly non-linear régime in

which baryonic physics may have a significant effect (Zhan & Knox
2005;White 2004) on the power spectrum. We calculate non-linear
effects accurately using the fitting formula of Smith et al. (2003) for
the matter power spectrum. The use of a Gaussian likelihood is an
approximation. The scales probed by the technique currently extend
significantly into the non-linear régime, but the integral nature of
lensing is expected to make the shear more Gaussian (Hu & White
2001). However, it remains to be tested with simulations whether
the Gaussian approximation leads to significant error. This will be
the subject of future work. Note that since " = ()x , )y) the ) range
used corresponds to 26 independent "-modes.

The use of spherical Bessel functions in the coefficients used
means that, for any given "-mode, there is a range of k for which
the signal is zero up until a particular value of k ≈ |" |/rmax (see
Castro et al. 2005). These zero modes result in singular covariance
matrices, however, this behaviour can be taken into account using
the prescription given in Appendix A.

3.2 3D Cosmic shear results

This Section presents the result of applying the 3D cosmic shear
analysis to the CDFS and S11 fields. The results will be compared
with the Fisher matrix analysis of Heavens et al. (2006) and with the
2D cosmic shear analysis of Brown et al. (2003). Unless otherwise
stated the fiducial cosmology that will be assumed throughout this
Section is (m = 0.3, (de = 0.7, (b = 0.04, h = 0.71, σ 8 = 0.8, w =
−1.0, ns = 1.0, αn = 0.0, any constraints for particular parameters
are conditional on these values.

Fig. 1 shows the two-parameter 1σ contours from applying the 3D
cosmic shear analysis to the CDFS and S11 fields only. The dashed
line in Fig. 1 shows the two-parameter 1σ contours from Brown et al.
(2003) where a traditional 2D cosmic shear analysis was performed
on all three COMBO-17 fields, CDFS, S11 and A901/2 using only
galaxies with accurate redshifts. It can be seen that the 3D cosmic
shear analysis constrains a very similar area in the (σ 8, (m) plane,
particularly at the concordance values of σ 8 and (m using less than
two thirds the number of galaxies used in the 2D analysis (since
the A901/2 field contains more galaxies than the CDFS and S11

Figure 1. The solid lines show the two-parameter 1σ conditional constraints
in the (σ 8, (m) plane from applying the 3D cosmic shear analysis to the
CDFS and S11 fields only. The dashed contours show the two-parameter
1σ conditional constraints from the Brown et al. (2003) analysis using
50 per cent more fields: CDFS, S11 and A901/2.

C© 2007 The Authors. Journal compilation C© 2007 RAS, MNRAS 376, 771–778
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only 63 per cent of the galaxies used in the 2D analysis have been
analysed).

A common way to express the constraint in the (σ 8, "m) plane is to
constrain the parametrization σ 8("m/0.3)β = α, where β expresses
the curvature of the constraint and α the normalization of the curve.
The 3D cosmic shear analysis constrains these parameters to be

α = 1.06+0.17
−0.16

β = 0.57+0.19
−0.19

(13)

these are consistent with the constraints from the 2D analysis of
Brown et al. (2003). It should be noted, however, that Brown et al.
(2003) have a maximum % limit of ∼10 000, so that they use substan-
tially more modes in the angular direction. Also, their main result
of σ 8("m/0.3)0.49 = 0.72+0.08

−0.09 included galaxies with unknown red-
shifts, the result shown (dashed line in Fig. 1) is their result when
considering galaxies with only reliable redshift estimates. Since
the range in %-modes and the number of galaxies are different in
the two analyses this comparison cannot make any conclusions on
the relative merit of the two techniques. It is sufficient to say that our
results agree with Brown et al. (2003) when we include the same
sort of data i.e. from an analysis in which the majority of the galaxies
were the same the results are consistent with one another.

The high value of σ 8 is unexpected for the CDFS and S11 fields,
the CDFS result on it own favours a lower σ 8 (with substantially
increased error contours), so that the cluster in the S11 field appears
to increase the most likely value of σ 8. Also the effect of not includ-
ing galaxies with photometric redshifts appears to increase the most
likely clustering value in Brown et al. (2003) (compare figs 19 and
20 in Brown et al. 2003). Since we do not include galaxies for which
a redshift is unknown we may expect to find a high clustering value
in a similar way to Brown et al. (2003). We only used galaxies with
reliable redshifts since this paper is a proof of concept for the 3D
weak lensing methods, however, galaxies with unknown redshifts
could also be included in this analysis.

The Fisher matrix calculations in Heavens et al. (2006) can be
used to predict the estimated uncertainties from this analysis. Fisher
matrix predictions, by construction, predict Gaussian likelihood sur-
faces, the curved constraint shown here highlights one limitation of
the Fisher matrix technique to predict uncertainties when the errors
are so large. However, using the techniques outlined in Heavens
et al. (2006), we predict, for two COMBO-17 fields, a conditional
constraint of &σ 8 = 0.19 (assuming "m = 0.3). This is in agreement
with the measured conditional error of σ 8("m = 0.3) = 1.05 ± 0.20,
highlighting that the predictions made in Heavens et al. (2006) are
reliable. The values used in the Fisher matrix calculation were an
area of A = 0.52 deg2, to a median redshift of zmedian = 0.8 using
the photometric redshift error given in equation (2).

Fig. 2 shows the conditional constraint on w from the CDFS and
S11 field only using the 3D cosmic shear analysis. The constraint is
asymmetric in that the range w < −1 is more likely than w > −1.
This is due to the fact that values of w < −1 represent dark energy
scenarios in which the dark energy density is less in the past, so it
is more difficult to constrain its equation of state. Semboloni et al.
(2006) also found a similar asymmetric constraint when using weak
lensing tomography applied to the CFHTLS survey. The conditional
constraint on w is

w = −1.27+0.64
−0.70. (14)

This result is consistent with other observations (for example
Spergel et al. 2006) and with a cosmological constant model for
dark energy. The Fisher matrix calculations, presented in Heavens
et al. (2006) predict a conditional error on w from two COMBO-17

Figure 2. The one-parameter maximum likelihood constraint on w from the
CDFS and S11 fields using the 3D cosmic shear analysis. The dashed line
shows the most likely value and the dot–dashed show the one-parameter 1σ

constraints.

fields to be &w = 0.62 which is in agreement with the constraints
presented here.

Typical reduced χ 2 values for a given !-mode in the CDFS and
S11 fields analyses are χ2

CDFS ≈ 1.01 and χ 2
S11 ≈ 0.98, the number of

degrees of freedom for a given !-mode are the corresponding number
of non-singular k-modes used in the analysis, typically ∼600 for an
average !-mode. The range of χ2 values are consistent with a good
fit to the data.

4 T H E G E O M E T R I C S H E A R - R AT I O A NA LY S I S

We have applied the geometric shear-ratio analysis to the A901/2
field of the COMBO-17 survey in order to conditionally constrain
w, and compare the measured constraint with the predicted con-
straint from a Fisher matrix calculation. The results presented in
this Section are an extension and use of the methods outlined in
Taylor et al. (2007).

4.1 Geometric shear-ratio likelihood

To implement the geometric shear-ratio analysis, we first selected
the peaks in the convergence field of the three clusters, A901a,
A901b and A902. Taylor et al. (2004) have shown that there is a
fourth cluster, CB1, in this field, which lies behind A902 at a redshift
of z = 0.42. Here we shall ignore the contribution of this cluster,
although this will in principle bias our results slightly. To estimate
the effect of the bias, the CB1 cluster increases the tangential shear,
at z ! 0.4, by δγ t " 0.02 (see Taylor et al. 2004). Using the simple
error formula from Taylor et al. (2007) this increase in tangential
shear may bias the value of w by δw " +0.03.

We use the positions of the centre for each cluster given by Taylor
et al. (2004), in which the tangential shear around each cluster is
used to determine the 3D position and mass of the clusters. We
averaged the tangential shear in annuli around each cluster in a
series of redshift bins, following Taylor et al. (2004; see Fig. 3), the
width of the redshift bins is equal to the photometric redshift error at
the redshift of the bin using the result from Section 2.1. The lensing
signal from a cluster is given by the tangential shear

γt = −[γ1 cos(2ϕ) + γ2 sin(2ϕ)], (15)

C© 2007 The Authors. Journal compilation C© 2007 RAS, MNRAS 376, 771–778

COMBO-17 [Kitching et al. 2007]
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Peak statistics

A shear-selected sample of halos (M >∼ 1013.5M�) can be used to
constrain cosmological parameters by comparing to theoretical mass
function n(M, z).

• Galaxy clusters: matter density, normalization σ8, dark energy
evolution and BAO can be measured

• Shear might be better proxy for mass than richness, σv, LX , TX ,
SZ signal, . . .. Independent of morphology, dynamical state,
galaxy formation.

• CDM N -body simulations for calibration [Hennawi & Spergel 2005]
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Detecting peaks

• Measure filtered γt in annuli

M(ζ, θ) =
∫

d2ϑQθ(ϑ)γt(ϑ− ϑ),

• Look for peaks in this “M”-map higher than some S/N-threshold
ν.

• Choices for Q:
• compensated filter (Map), lower limit on mass
• matched filter (Q ∝ γt(NFW )), high efficiency
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• Main difficulty: Noise (intrinsic ellipticty and LSS/chance
projections) increases npeak(ν)!

• Efficiency ε = nhalos/npeaks ≤ 1 (from simulations) because of
many false positives

• The higher ν, the higher ε, but the lower the completeness.
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Cosmology with peak statistics

Problem:
Cannot just compare npeak with theoretical mass function n(M, z)
because of false positives.

• Optical/X-ray follow-up to confirm galaxy cluster: introduces bias
again, back to square one!

• Compare with npeak from simulations. To fit cosmological
parameters, need a grid of N -body simulations, expensive! But:
Correlations between peaks not needed, simple and fast
simulations maybe sufficient

Observations:
Shear-selected samples from DLS [Wittman et al. 2006], GaBoDS
[Schirmer et al. 2007, Maturi et al. 2007], BLOX [Dietrich et al. 2007]
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Cosmic shear & peak statistics
Question: Can combining cosmic shear with peak statistics improve
parameters constraints? Isn’t it not just sampling of the high-end part
of the power spectrum?
Answer: No!

16

FIG. 12: Similar to the previous plot, but for the lensing-based cluster counts as a function of the detection thresholds, where
clusters having the lensing signal greater than the threshold are included in the counts. Note that the plotting range of y-axis
in the upper panel of each plot is same as that in Fig. 11. A similar improvement in the parameter error is obtained by adding
the cluster counts, even though the lensing based cluster counts generally contain fewer clusters than the mass-selected cluster
counts as shown in Fig. 2. The inclusion of the covariance between cluster counts and lensing tomography is slightly larger
here, compared to when a mass threshold is used for the cluster counts.

bins for the lensing tomography. Note that the plotting
range of y-axis in the upper panel of each plot is same
as that in Fig. 11, while the plotting range in the lower
panel is different.

First of all, it should be noted that adding the lensing-
based cluster counts into the lensing tomography does
tighten the errors on Ωde, w0 and wa significantly even
though the cluster counts include fewer clusters than
the mass-selected counts (see Fig. 2). For the threshold
(S/N)cluster ∼ 10, which includes clusters with masses
M >∼ 1015M! and mainly covers a narrow redshift range
of 0.05 <∼ z <∼ 0.6, the cluster counts still improve the

dark energy parameters by ∼ 25%, in contrast with only
∼ 4% improvement for the mass-selected cluster counts
with M >∼ 1015M! in Fig. 11. We find the same per-
centage improvement when the CMB priors are not in-
cluded. With the reasonable value of (S/N)cluster ∼ 6
the uncertainties are halved by adding cluster counts to
lensing power spectra. As a result, σ(w0) ≈ 0.12 and
σ(wa) ≈ 0.35 may be attainable for a 5, 000 square degree
survey. The relatively amplified sensitivity to dark en-
ergy is attributed to the fact that the cluster lensing sig-
nal itself depends on the dark energy parameters via the
lensing efficiency, even for a fixed halo mass (see Eq. [4]).

16

FIG. 12: Similar to the previous plot, but for the lensing-based cluster counts as a function of the detection thresholds, where
clusters having the lensing signal greater than the threshold are included in the counts. Note that the plotting range of y-axis
in the upper panel of each plot is same as that in Fig. 11. A similar improvement in the parameter error is obtained by adding
the cluster counts, even though the lensing based cluster counts generally contain fewer clusters than the mass-selected cluster
counts as shown in Fig. 2. The inclusion of the covariance between cluster counts and lensing tomography is slightly larger
here, compared to when a mass threshold is used for the cluster counts.

bins for the lensing tomography. Note that the plotting
range of y-axis in the upper panel of each plot is same
as that in Fig. 11, while the plotting range in the lower
panel is different.

First of all, it should be noted that adding the lensing-
based cluster counts into the lensing tomography does
tighten the errors on Ωde, w0 and wa significantly even
though the cluster counts include fewer clusters than
the mass-selected counts (see Fig. 2). For the threshold
(S/N)cluster ∼ 10, which includes clusters with masses
M >∼ 1015M! and mainly covers a narrow redshift range
of 0.05 <∼ z <∼ 0.6, the cluster counts still improve the

dark energy parameters by ∼ 25%, in contrast with only
∼ 4% improvement for the mass-selected cluster counts
with M >∼ 1015M! in Fig. 11. We find the same per-
centage improvement when the CMB priors are not in-
cluded. With the reasonable value of (S/N)cluster ∼ 6
the uncertainties are halved by adding cluster counts to
lensing power spectra. As a result, σ(w0) ≈ 0.12 and
σ(wa) ≈ 0.35 may be attainable for a 5, 000 square degree
survey. The relatively amplified sensitivity to dark en-
ergy is attributed to the fact that the cluster lensing sig-
nal itself depends on the dark energy parameters via the
lensing efficiency, even for a fixed halo mass (see Eq. [4]).

[Takada & Bridle 2007]
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Shear-ratio geometry test

[Jain & Taylor 2003, Taylor et al. 2007]

The principle:

“The variation of the weak lensing signal with redshift around massive
foreground objects depends solely on the angular diameter distances”.

• Cross-correlation between tangential shear and halo (galaxy
cluster)

wt,h(θ) =
1
2π

∫ wlim

0

dw
fK(w)

nf(w)G(w)
∫ ∞

0
d` ` Pδh

(
`

fK(w)
, w

)
J2(θ`)

[
c.f. ξ±(θ) =

1
2π

∫
dwG2(w)

∫
d` ` Pδ

(
`

fK(w)
, w

)
J0,4(θ`)

]
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Shear-ratio geometry test

• Lens efficiency

G(w) =
3
2

(
H0

c

)2 Ωm

a(w)

∫ wlim

w
dw′ p(w′)

fK(w′ − w)
fK(w′)

for a single source redshift z: w′ → w(z)

G(w(zl)) ∝
fK [w(z)− w(zl)]
a[w(zl)]fK [w(z)]

• Plus single lens redshift zl:

wt,h(θ, z) ∝
fK [w(z)− w(zl)]

fK [w(z)]a[w(zl)]fK [w(z)]

∫
d` ` Pδ[`, w(zl)]J0,4(θ`)

Weak Lensing and Cosmology 78 / 126



Weak
lens-
ing
and
cosmologyWeak lensing and cosmology Shear-ratio geometry test

Shear-ratio geometry test

• Ratio of shear at two source redshifts

wt,h(z1)
wt,h(z2)

=
fK [w(z1)− w(zl)]/fK [w(z1)]
fK [w(z2)− w(zl)]/fK [w(z2)]

is independent of halo details (mass, profile, . . .) and angular
distance θ. Clean measure of angular diameter distance as
functions of redshift ↔ geometry of the Universe.

• Simple signal-to-noise estimate: Assume only shot noise from
intrinsic ellipticities:

S

N
=
〈γ〉rms

σε

√
Ng ≈ 6

(
ng

arcmin−2

A

deg2

)1/2
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Shear-ratio geometry test

Advantages of this method

• High shear values (1% – 10%) around clusters
• First-order in γ, less sensitive to PSF effects, less stringent

imaging requirements

Detailed error analysis must include

• shot-noise
• photo-z errors
• contribution from large-scale structure (cosmic shear):

First detection using three clusters (A901a, A901b, A902) in
COMBO-17, γt(θ, z) fitted to SIS profile [Kitching et al. 2007].
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Observational aspects of weak lensing

Overview

• Shape measurement
• Photometric redshifts
• Intrinsic alignment
• Non-linear structure formation
• Non-Gaussian errors

(Leiden list)
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Measuring ellipticity

Reminder:
Weak gravitational lensing causes small image distortions.
(Linearized) lens mapping: circle → ellipse.

Need to measure “ellipticity” for irregular shaped objects such as faint,
high-redshift galaxies...

[Y. Mellier]
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Defining ellipticity

• Second-order tensor of brightness distribution

Qij =
∫

d2θ q[I(θ)] (θi − θ̄i)(θj − θ̄j)∫
d2 θ q[I(θ)]

, i, j = 1, 2

I(θ) : brightness distribution of galaxy
q : weight function

θ̄ =
∫

d2θ qI [I(θ)]θ∫
d2θ qI [I(θ)]

: barycenter

• Ellipticity

ε =
Q11 −Q22 + 2iQ12

Q11 +Q22 + 2(Q11Q22 −Q2
12)1/2

• Circular object Q11 = Q22, Q12 = Q21 = 0
• Elliptical isophotes, axis ratio r: |ε| = (1− r)/(1 + r)
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From source to image

• Analogously define Qs
ij for source brightness

• With lens equation:
Qs = AQA

[Reminder:

A =
(

1− κ− γ1 −γ2

−γ2 1− κ+ γ1

)
= (1− κ)

(
1− g1 −g2
−g2 1 + g1

)
Jacobi-matrix of mapping between lens and source position. Reduced
shear gi = γi/(1− κ)]

• Relation between source εs and image ellipticity ε

εs =


ε− g

1− g∗ε
for |g| ≤ 1

1− gε∗

ε∗ − g∗
for |g| > 1

,

• weak-lensing regime: κ, |γ| � 1→ ε ≈ εs + γ
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Measuring second-order shear

Estimators

• 2PCF: correlate all galaxy pairs

ξ̂±(ϑ) =
1

Npair

Npair∑
ij

pairs ∈ ϑ−bin

(εitεjt ± εi×εj×)

• Aperture-mass dispersion: place apertures over data field

M̂(θ) =
1
Nap

Nap∑
n=1

1
Nn(Nn − 1)

Nn∑
i6=j

gal ∈ ap.

QiQjεitε
∗
jt

(tophat-variance similar)
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Interrelations
Placing apertures very inefficient due to gaps, masking. Correlating
pairs for 2PCF makes optimal use of data.
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Invert relation between 2PCF and power spectrum −→ express
aperture measures in terms of 2PCF
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Interrelations
734 P. Schneider et al.: B-modes in cosmic shear from source redshift clustering

Fig. 1. The four functions defined in text.

for x ≤ 2, and T+(x) vanishes for x > 2. Hence, the inte-
grals in (32) extend only over 0 ≤ ϑ ≤ 2θ, so that

〈
M2

ap

〉

and
〈
M2

⊥
〉

can be obtained directly in terms of the ob-
servable correlation function ξ± over a finite interval. The
two functions T± are plotted in Fig. 1.

2.5. Shear dispersion

Another cosmic shear statistics often employed is the shear
dispersion in a circle of angular radius θ. It is related to
the power spectra by

〈
|γ̄|2

〉
(θ) =

1
2π

∫
d& & (PE + PB)(&)WTH(&θ), (36)

where

WTH(η) =
4J2

1 (η)
η2

(37)

is the top-hat filter function. In contrast to the aper-
ture measures of the previous subsection, the shear dis-
persion (36) contains both modes; furthermore, the filter
function WTH(η) is much broader than W (η) in (29), as
demonstrated in SvWJK. It thus provides a much less lo-
calized measure of the power spectra than the aperture
measures. On the other hand, this larger filter width im-
plies that the signal of the shear dispersion is larger than
that of the aperture measures, which explains why the first
cosmic shear detections (van Waerbeke et al. 2000; Bacon
et al. 2001; Kaiser et al. 2000) were obtained in terms of
the shear dispersion.

As before, the shear dispersion can be obtained by cal-
culating the mean shear in circles which are laid down on
a grid of points, with the drawback of being affected by

gaps in the data field. Alternatively, the shear dispersion
can be obtained directly from the correlation function,
〈
|γ̄|2

〉
(θ) =

∫
dϑϑ

θ2
ξ+(ϑ)S+

(
ϑ

θ

)
, (38)

where (van Waerbeke 2000)

S+(x) =
1
π

[
4 arccos

(x

2

)
− x

√
4 − x2

]
(39)

for x ≤ 2, and zero otherwise. Hence, the integral in
(38) extends only over the finite interval 0 ≤ ϑ ≤ 2θ,
which makes this a convenient way to calculate the shear
dispersion.

One can also define the shear dispersions of the E- and
B-mode, according to
〈
|γ̄|2

〉

E,B
(θ) =

1
2π

∫
d& & PE,B(&)WTH(&θ), (40)

but they cannot be individually obtained from measuring
the shear directly. Nevertheless, both of these dispersions
can be obtained in terms of the correlation functions,
〈
|γ̄|2

〉

E,B
(θ) =

∫
dϑϑ

2θ2

[
ξ+(ϑ)S+

(
ϑ

θ

)
± ξ−(ϑ)S−

(
ϑ

θ

)]
,

(41)

which can be derived in close analogy to the derivation
of (32), and the function S− is related to S+ in the same
way as the corresponding T -functions,

S−(x) =
∫ ∞

0
dy y S+(y)G(y, x)

=
x
√

4 − x2(6 − x2) − 8(3 − x2) arcsin(x/2)
πx4

(42)

for x ≤ 2, and S−(x) = 4(x2 − 3)/x4 for x > 2. Hence,
the integrals in (41) do not cut off at finite separation,
which was to be expected, since a constant shear cannot
be uniquely assigned to an E- or B-mode, but contributes
to

〈
|γ̄|2

〉
·

3. B-mode from source clustering

In the previous section we have presented the decomposi-
tion of a general shear field into E/B-modes. It is usu-
ally assumed that lensing alone yields a pure E-mode
shear field, so that the detection of a B-mode in the van
Waerbeke et al. (2001) data (see also Pen et al. 2002) was
surprising and interpreted as being due to systematic er-
rors or a signature of intrinsic alignment of sources. Here
we show that lensing indeed does generate a B-mode com-
ponent of the shear if the source galaxies from which the
shear is measured are clustered.

3.1. Correlation functions and power spectra

Define the “equivalent” surface mass density for a fixed
source redshift, or comoving distance w,

κ(θ, w) =
∫ w

0
dw′ F (w′, w) δ[f(w′)θ, w′] (43)

T±, S± depend on Û , analytical
expressions exist

〈M2
ap〉(θ) =

∫ 2θ

0

dϑϑ
θ2

T+

(
ϑ

θ

)
ξ+(ϑ)

=
∫ 2θ

0

dϑϑ
θ2

T−

(
ϑ

θ

)
ξ−(ϑ)

〈|γ|2〉(θ) =
∫ 2θ

0

dϑϑ
θ2

S+

(
ϑ

θ

)
ξ+(ϑ)

=
∫ ∞

0

dϑϑ
θ2

S−

(
ϑ

θ

)
ξ−(ϑ)
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Interrelations in the presence of a B-mode

〈M2
ap,×〉(θ) =

1
2

[∫ 2θ

0

dϑϑ
θ2

T+

(
ϑ

θ

)
ξ+(ϑ) ±

∫ 2θ

0

dϑϑ
θ2

T−

(
ϑ

θ

)
ξ−(ϑ)

]

〈|γ|2〉E,B(θ) =
1
2

[∫ 2θ

0

dϑϑ
θ2

S+

(
ϑ

θ

)
ξ+(ϑ) ±

∫ ∞

0

dϑϑ
θ2

S−

(
ϑ

θ

)
ξ−(ϑ)

]

ξE,B(θ) =
1
2

[
ξ+(θ) ± ξ−(θ)±

∫ ∞

θ

dϑ
ϑ
ξ−(ϑ)

(
4− 12

θ2

ϑ2

)]
Top-hat-variance and corr. function not local!
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[MK, Schneider & Eifler 2006]

E-/B-mode separation on finite angular range: Ring statistics
[Schneider & MK 2006]
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PSF effects

The problem:

• Need to measure galaxy shapes to percent-level accuracy.
• Galaxies are faint (I > 21), small ( >∼ arcsec = few pixel) and are

1. smeared by seeing
2. distorted by instrumental imperfections: defocusing, abberation,

coma etc., tracking errors, chip not planar, image coaddition

Effect:
1. Makes galaxies rounder
2. Mimics a shear signal � γ !

Solution:
1. Seeing <∼ 1′′

2. Correct for PSF anisotropies
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Example of star images
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KSB

[Kaiser, Squires & Broadhurst 1995]: Perturbative ansatz for PSF effects

εobs = εs + P smε∗ + P shγ

[c.f. εobs = εs + γ from before]

P sm smear polarisability, (linear) response of to ellipticity to
PSF anisotropy

e∗ PSF anisotropy
P sh shear polarisability, isotropic seeing correction
γ shear

P sm, P sh are functions of galaxy brightness distribution.
e∗: fit function (polynomial/rational) to star PSFs, extrapolate to
galaxy positions
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PSF effects depend on galaxy . . .

• size
• magnitude
• morphology
• SED (color gradient within broad-band filter)
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Object selection

Figure 3.6: Galaxies and stars identification for CCD 13 (counting from the upper left corner to the
lower right corner of the field). Left panel : The size vs magnitude diagram. The boxes show the 4 types
of objects mentioned in the text (stars, bright objects, artifacts and galaxies). Right panel: Part of the
field, covering CCDs 13 and 14. Small (red) marks are the galaxies, big (green) circles show the stars
positions. The CCD on the left has 28 stars which correspond to the ones sitting on the vertical line on
the left panel. The parts of the image with no objects marked are masked regions.

In the W1+2+3 field (non-masked areas only) there are 960 stars, which corresponds to 20
to 30 stars per CCD, and 32520 galaxies.

3.2.4 Redshift of the source galaxies

The right panel of Fig. 3.6 shows the positions of the stars and galaxies detected. At this point
we have a catalog containing the coordinates, size and magnitude of the stars and galaxies. There
are still two other important properties of the objects that need to be determined. The first one
is the redshift of the galaxies. These may be determined by one of two alternative methods. They
may be obtained directly if it exists a spectrocopic survey of the same galaxies, or they may be
estimated from the measured fluxes in the different wavelength bands, when data in several filters
are available. In the latter case the measured spectral energy distribution of galaxies is compared
to templates determined from spectral evolution models of galaxies [Bruzual & Charlot, 1993].
There are some publicly available codes to perform these comparisons, one example is Hyper-z
[www, v]. The individual redshifts of galaxies thus estimated are known as photometric redshifts.

In the absence of both spectroscopic surveys and multi-band observations, it is not possible to
estimate the individual redshifts of the galaxies, but it is still possible to obtain the distribution
of redshifts. The idea is to use the redshifts found for other surveys of the same depth and fit
an analytical distribution function to their histogram of galaxies’ redshifts.

At the time of this work, the photometric redshifts estimated from the multi-band observa-
tions of the CFHTLS fields themselves were not available. We followed then this method, using
the photometric redshifts found for the Hubble Deep fields [Fernández-Soto et al., 1999]. The
data consists on 1067 redshifts, estimated using 4 optical filters and 3 infra-red bands and it has
a limiting magnitude of 28, which means it is complete in our magnitude range. The HDF-north

90

CFHTLS Wide [I. Tereno]

From size-magnitude diagram select galaxies and stars.
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PSF pattern

[Hoekstra et al. 2006]

PSF correction works if

• PSF pattern is smooth
(can be fitted by simple
function)

• star density is high enough
(∼ 10-20 stars per chip)
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PSF correction

55 CFHTLS Wide pointings

[Fu et al. 2007 (in prep.)]
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KSB alternatives

Shapelets [Refregier 2003, Massey & Refregier 2003, Kuijken 2006]

• Decompose galaxies and stars into basis functions.
4 A. Refregier

Figure 2. First few 2-dimensional Cartesian basis functions
φn1,n2 . The dark and light regions correspond to positive and
negative values, respectively.

f(x) =

∞∑

n1,n2=0

fnBn(x;β), (22)

where the shapelet coefficients are given by

fn =

∫
d2xf(x)Bn(x; β) (23)

Figure 3 show how an image observed with HST can be de-
composed and reconstructed using shapelets. The resulting
distribution of the coefficients is shown on Figure 4. More
examples can be found on Figure 5. These examples and
associated applications will be discussed in detail in §6.

Of practical interest, is the choice of an appropriate
shapelet scale β and maximum order nmax for the faithful
and efficient decomposition of a given image. Using argu-
ments similar to those of §2.4, it is easy to show that a
decomposition in 2-dimensions which include shapelets of
scale β with order ranging from n1 + n2 = 0 to nmax can
only describe features with scales between the two limits

θmin ≈ β (nmax + 1)−
1
2 , θmax ≈ β (nmax + 1)

1
2 . (24)

Thus, if the function has features with scales ranging from
θmax (eg. the size of the object or that of the image) and
θmin (eg. the pixel size, or the size of a smoothing kernel), a
good choice of β and nmax will be

β ≈ (θminθmax)
1
2 , nmax ≈ θmax

θmin
− 1. (25)

In practice, this provides a good first guess, which can be
refined using a few iterations (see §3.2).

Figure 3. Decomposition of a galaxy image found in the HDF.
The original 60 × 60 pixel HST image (upper left-hand panel)
can be compared with the reconstructed images with different
maximum order n = n1 + n2. The shapelet scale is chosen to be
β = 4 pixels. The lower right-hand panel (n ≤ 20) is virtually
indistinguishable from the initial image.

3.2 Photometry and Astrometry

The most basic quantities to measure for an object image
are its total flux (photometry), centroid position (astrom-
etry) and size. Let us first decompose the intensity f(x)
of the object into shapelet coefficients fn = 〈n; β|f〉 as in
Equation (22).

Using the integral property of Equation (17), it is then
easy to show that the total flux F ≡

∫
d2xf(x) of the object

is

F = π
1
2 β

even∑

n1,n2

2
1
2
(2−n1−n2)

(
n1

n1/2

) 1
2
(

n2

n2/2

) 1
2

fn1n2 ,(26)

where the sum is over even values of n1 and n2.
Using Equations (17) and (13), one can also show that

the centroid of the object xf
i ≡

∫
d2xxif(x)/F is given by

xf
1 = π

1
2 β2F−1

odd∑

n1

even∑

n2

(n1 + 1)
1
2 2

1
2
(2−n1−n2)

×
(

n1 + 1
(n1 + 1)/2

) 1
2
(

n2

n2/2

) 1
2

fn1n2 , (27)

and similarly for xf
2 .

Similarly, the rms radius rf defined by r2
f ≡

c© 2001 RAS, MNRAS 000, 1–13
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Figure 4. Shapelet coefficients for the image decomposition of
the previous figure. Since the coefficient array is sparse, the images
can be reconstructed from the few first largest coefficients.

∫
d2xx2f(x)/F is given by

r2
f = π

1
2 β3F−1

even∑

n1,n2

2
1
2
(4−n1−n2) (1 + n1 + n2)

×
(

n1

n1/2

) 1
2
(

n2

n2/2

) 1
2

fn1n2 , (28)

These expressions can be used, by iteration, to find the op-
timal centre and scale of the basis functions.

3.3 Coordinate Transformations

Let us consider a general coordinate transformation of the
form x → x′ = (1 + Ψ)x + ε, where Ψ is a 2 × 2 matrix,
ε = (ε1, ε2) is a small displacement. Such a transformation
can arise for instance from a translation, rotation or from the
action of gravitational lensing. We assume that the trans-
formation matrix Ψ and the displacement ε are small and
constant across the object. We parametrise the matrix Ψ

following the gravitational lensing conventions as

Ψ =

(
κ + γ1 γ2 − ρ
γ2 + ρ κ − γ1

)
, (29)

where ρ describes rotations and the convergence κ describes
overall dilatations and contractions. The shear γ1 (γ2) de-
scribes stretches and compressions along (at 45◦ from) the
x-axis. The displacements ε1 and ε2 correspond to transla-
tions along the x and y-axis, respectively.

Under this transformation, the intensity f(x) of an ob-
ject becomes

Figure 5. Reconstruction and compression of three HST galaxy
images using shapelets. The left-hand column shows the orginal
images extracted from the HDF and list Npix their size in pix-
els. The right-hand column shows their reconstructed image from
the Ncof largest coefficients (in absolute value) of their shapelet
decomposition. Because the coefficient matrix is typically sparse,
a large compression factor Npix/Ncof is achieved. The shapelet
scale was chosen to be β = 4 pixels in all 3 cases.

f ′(x′) = f(x(x′)) $ f(x′ − Ψx
′ − ε). (30)

Since we are now considering infinitesimal transformations,
we can Taylor expand this expression and only keep the
terms which are first order in Ψ. After using Equations (11)
and (13), we find

f ′ $ (1 + ρR̂ + κK̂ + γjŜj + εiT̂i)f, (31)

where R̂, K̂, Ŝi and T̂i are the operators generating rota-
tion, convergence, shears and translations, respectively, and
where we have used the Einstein summation convention. The
generators are given by

R̂ = −i (x̂1p̂2 − x̂2p̂1) = â1â
†
2 − â†

1â2

K̂ = −i (x̂1p̂1 + x̂2p̂2) = 1 +
1
2

(
â†2
1 + â†2

2 − â2
1 − â2

2

)

Ŝ1 = −i (x̂1p̂1 − x̂2p̂2) =
1
2

(
â†2
1 − â†2

2 − â2
1 + â2

2

)

Ŝ2 = −i (x̂1p̂2 + x̂2p̂1) = â†
1â

†
2 − â1â2

T̂j = −ip̂j =
1√
2
(â†

j − âj), j = 1, 2. (32)

The rotation generator R̂ is thus simply equal to the angular
momentum operator in 2-dimensions

L̂ = x̂1p̂2 − x̂2p̂1 = i
(
â1â

†
2 − â†

1â2

)
, (33)
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• PSF correction, convergence and shear acts on shapelet
coefficients, deconvolution feasible

• Beyond second-order (quadrupole moment)
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KSB alternatives

PCA decomposition [Bernstein & Jarvis 2002, Nakajima & Bernstein 2007]

Similar to shapelets method, but shears the basis functions until they
match observed galaxy image

im2shape [Kuijken 1999, Bridle et al. 2002]

Fits sum of elliptical Gaussian to each galaxy (MCMC). In principle
offers clean way to translate shape measurement errors into errors on
cosmological parameters. But: Very slow!
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Weak lensing from space

Advantages and disadvantages

• No seeing, resolution is diffraction-limited (HST: < 100 mas)
• Deeper (higher z, larger number density), better IR-coverage than

from earth
• HST: PSF undersampled, ’ugly’, time-variations
• small field of view, few stars
• CCD ’aging’, many cosmic rays, CTE problems

Results

• Cluster WL: excellent results (high shear signal, calibration less
crucial)

• Cosmic shear: COSMOS, GEMS, GOODS, ACS parallel survey
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Space-based cosmic shear surveys

4 

 
 

Figure 3 | Comparison of baryonic and non-baryonic large-scale structure. The total projected mass 
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[Massey et al. 2007]
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STEP = Shear TEsting Programme

• World-wide collaboration of most of the weak lensing groups,
started in 2004.

• Blind analysis of simulated images to test and calibrate different
shape measurement methods, data reduction pipelines.

STEP 1 Simple Galaxy and PSF types Heymans et al. 2006
STEP 2 Galaxy images with shapelets

Results from STEP 1 used Massey et al. 2007
STEP 3 Space-based observations in prep.
STEP 4 Back to the roots?
. . .
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STEP results

• Multiplicative m and
additive errors σc,
γobs−γtrue = mγtrue + c

• Best methods measure
better shear than 7%

• STEP 2: Sub-percent
level not yet reached
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Principle of photo-zs

• Redshifted galaxy spectra have different colors

!"#$#%&$'()

'&*+"(,$

!"#$%#&"%' ()*"++,"# -../

-.!/01203/4#56/0778

[from Y. Mellier]

• 4000 Å-break strongest
feature → ellipticals
(old stellar population)
best, spirals ok,
irregular/star-burst
(emission lines) very
unreliable
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Photometric redshifts

• Redshift desert z ≈ 1.5− 2.5, neither 4000 Å-break nor Ly-break
in visible range

• Confusion between low-z dwarf ellipticals and high-z galaxies
• Need UV band and IR for high redshifts! But: UV very

insensitive, IR absorbed by atmosphere, have go to space
• Need database of galaxy spectra templates (observed or synthetic)
• Calibrate with spectroscopic galaxy sample. But always
Nspec � NWL
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Photo-z calibration

Minimize
catastrophic
failures

zph − z
1 + z

<∼ 0.5

17.5 ≤ i′AB ≤ 24

[Ilbert et al. 2006]
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Photometric errors and cosmology
Degradation of wa-constraint as fct.
of uncertainty
in photo-z parameters ∆zbias = ∆σz

Cumulative number of galaxies in
spectroscopic sample for
degradation = 1.5

perfect redshifts:
σ0(wa) =0.69 (I)
σ0(wa) =0.96 (II) [Ma, Hu & Huterer 2006]
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Size of spectroscopic sample

Error on bias and dispersion in µth redshift bins

∆zµ
bias =

σµ
z (ind. gal)√
Nµ

spect

∆σµ
z =

σµ
z (ind. gal)√
Nµ

spect/2

Assume σz(ind. gal) = 0.1, 5 photo-z bands. To reach ∆zµ
bias = 10−3,

we need a total of Nspec = 5 · 104 spectra!
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Requirements for high-precision cosmology

• some 104 spectra to very faint magnitudes
• IR bands from space

Other possibilities

• Intermediate calibration step between ≈ 5 bands and spectra:
large number of broad bands from UV to far-IR (103 spectra
sufficient?)

• Angular correlation between photo-z bins to determine true
z-distribution (e.g. correlation between low- and high-z bins ←
contamination by catastrophic outliers)
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Intrinsic alignment

Intrinsic-intrinsic correlation (II)

• Reminder: basic equation of weak lensing ε = εs + γ

• Second-order correlations

〈εiε∗j 〉 = 〈εsiεs∗j 〉+ 〈εsiγ∗j 〉+ 〈γjε
s∗
j 〉+ 〈γiγ

∗
j 〉

• 〈εsiεs∗j 〉 6= 0 for zi ≈ zj , and if shapes of galaxies intrinsically
correlated, e.g. through spin-coupling with dm halo, tidal torques

• II measured in COMBO-17 (Heymans et al. 2004), not measured
in SDSS (Hirata et al. 2004). B-modes as diagnostics?

• Theoretical predictions do not agree with each other
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Theoretical predictions of II-correlation

[Brown et al. 2002]

Conclusion
• II-contamination probably unimportant. Can be reduced by going

deep, and down-weighting (physically) close pairs (photo-zs!)
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Intrinsic-shear correlation (GI)

• 〈εsiγ∗j 〉 6= 0 for zi < zj , and if
foreground galaxy aligned with its
halo that causes lensing signal

δ>0 δ>0

mass quadrupole

• Anti-correlation
between background
shear and foreground
orientation →
underestimate σ8 by up
to 10%

• Unlike II, GI cannot be
down-weighted!
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Weak Lensing and Cosmology 112 / 126





Observationalas-
pects
of
weak
lensingObservational aspects of weak lensing Non-linear structure formation

Non-linear structure formation

Problems

• Non-linear predictions of dark-matter Pδ not better than ≈ 5% on
small scales [Peacock&Dodds 1996, Smith, Peacock et al. 2003]

• With baryonic physics much worse!
• Dark energy dependence not really tested, extrapolations valid?
• Accuracy of non-linear bispectrum Bδ 15− 30% [Scoccimarro &

Couchman 2001]

• Halo model, semi-analytic, works also for higher-order statistics,
but many fine-tuning parameters
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Necessary accuracy of Pδ not to be dominated by systematic errors in
Pδ (@ k ∼ 1 h/Mpc).
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Non-Gaussian errors

• Second-order correlations

〈εiε∗j 〉 = 〈εsiεs∗j 〉+ 〈γiγ
∗
j 〉 = σ2

εδij + ξ+(ϑij)

• Error of second-order correlations is square of above.
Schematically:

cov = c1 σ
4
ε + c2 σ

2
ε 〈γγ〉+ c3 〈γγγγ〉

≡ D +M + V

D : ’diagonal term’, shot noise due to intrinsic
ellipticity and finite numbers of galaxies

M :mixed term
V : sample “cosmic” variance, due to finite observed volume
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Cosmic variance term V

If shear field were Gaussian: V = 3 〈γγ〉2, cov known analytically
[Schneider, van Waerbeke, MK & Mellier]. But this is not the case! What
is 〈γγγγ〉c?

Possible ways to get Vnon−Gauss:

• Field-to-field variance from data, if large number of independent
patches observed

• From ray-tracing simulations
• Fitting formulae [Semboloni et al. 2007]

• Cov. of Pκ, fourth-order statistics from halo-model, [e.g. Cooray &
Hu 2001]
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Non-Gaussian cosmic variance important on small scales

〈M2
ap〉, survey area = 3 square degree
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2

Fig. 1.— Shown above in the top panel is a color image from the Magellan images of the merging cluster 1E0657−558, with the white
bar indicating 200 kpc at the distance of the cluster. In the bottom panel is a 500 ks Chandra image of the cluster. Shown in green contours
in both panels are the weak lensing κ reconstruction with the outer contour level at κ = 0.16 and increasing in steps of 0.07. The white
contours show the errors on the positions of the κ peaks and correspond to 68.3%, 95.5%, and 99.7% confidence levels. The blue +s show
the location of the centers used to measure the masses of the plasma clouds in Table 2.

nated by collisionless dark matter, the potential will trace
the distribution of that component, which is expected
to be spatially coincident with the collisionless galax-
ies. Thus, by deriving a map of the gravitational po-
tential, one can discriminate between these possibilities.
We published an initial attempt at this using an archival
VLT image (Clowe et al. 2004); here we add three addi-
tional optical image sets which allows us to increase the
significance of the weak lensing results by more than a
factor of 3.

In this paper, we measure distances at the redshift of
the cluster, z = 0.296, by assuming an Ωm = 0.3, λ =
0.7, H0 = 70km/s/Mpc cosmology which results in 4.413
kpc/′′ plate-scale. None of the results of this paper are
dependent on this assumption; changing the assumed
cosmology will result in a change of the distances and
absolute masses measured, but the relative masses of
the various structures in each measurement remain un-
changed.

2. METHODOLOGY AND DATA

We construct a map of the gravitational poten-
tial using weak gravitational lensing (Mellier 1999;
Bartelmann & Schneider 2001), which measures the dis-
tortions of images of background galaxies caused by the
gravitational deflection of light by the cluster’s mass.
This deflection stretches the image of the galaxy pref-
erentially in the direction perpendicular to that of the
cluster’s center of mass. The imparted ellipticity is typi-
cally comparable to or smaller than that intrinsic to the
galaxy, and thus the distortion is only measurable statis-
tically with large numbers of background galaxies. To do
this measurement, we detect faint galaxies on deep op-
tical images and calculate an ellipticity from the second
moment of their surface brightness distribution, correct-
ing the ellipticity for smearing by the point spread func-
tion (corrections for both anisotropies and smearing are
obtained using an implementation of the KSB technique
(Kaiser et al. 1995) discussed in Clowe et al. (2006)).
The corrected ellipticities are a direct, but noisy, mea-
surement of the reduced shear "g = "γ/(1 − κ). The shear
"γ is the amount of anisotropic stretching of the galaxy
image. The convergence κ is the shape-independent in-
crease in the size of the galaxy image. In Newtonian

gravity, κ is equal to the surface mass density of the lens
divided by a scaling constant. In non-standard gravity
models, κ is no longer linearly related to the surface den-
sity but is instead a non-local function that scales as the
mass raised to a power less than one for a planar lens,
reaching the limit of one half for constant acceleration
(Mortlock & Turner 2001; Zhao et al. 2006). While one
can no longer directly obtain a map of the surface mass
density using the distribution of κ in non-standard grav-
ity models, the locations of the κ peaks, after adjusting
for the extended wings, correspond to the locations of
the surface mass density peaks.

Our goal is thus to obtain a map of κ. One can combine
derivatives of "g to obtain (Schneider 1995; Kaiser 1995)

∇ ln(1−κ) =
1

1 − g2
1 − g2

2

(

1 + g1 g2
g2 1 − g1

) (

g1,1 + g2,2
g2,1 − g1,2

)

,

which is integrated over the data field and converted into
a two-dimensional map of κ. The observationally un-
constrained constant of integration, typically referred to
as the “mass-sheet degeneracy,” is effectively the true
mean of ln(1−κ) at the edge of the reconstruction. This
method does, however, systematically underestimate κ
in the cores of massive clusters. This results in a slight
increase to the centroiding errors of the peaks, and our
measurements of κ in the peaks of the components are
only lower bounds.

For 1E0657−558, we have accumulated an exception-
ally rich optical dataset, which we will use here to mea-
sure "g. It consists of the four sets of optical images shown
in Table 1 and the VLT image set used in Clowe et al.
(2004); the additional images significantly increase the
maximum resolution obtainable in the κ reconstructions
due to the increased number of background galaxies,
particularly in the area covered by the ACS images,
with which we measure the reduced shear. We reduce
each image set independently and create galaxy cata-
logs with 3 passband photometry. The one exception
is the single passband HST pointing of main cluster,
for which we measure colors from the Magellan images.
Because it is not feasible to measure redshifts for all
galaxies in the field, we select likely background galax-
ies using magnitude and color cuts (m814 > 22 and not
in the rhombus defined by 0.5 < m606 − m814 < 1.5,

2

Fig. 1.— Shown above in the top panel is a color image from the Magellan images of the merging cluster 1E0657−558, with the white
bar indicating 200 kpc at the distance of the cluster. In the bottom panel is a 500 ks Chandra image of the cluster. Shown in green contours
in both panels are the weak lensing κ reconstruction with the outer contour level at κ = 0.16 and increasing in steps of 0.07. The white
contours show the errors on the positions of the κ peaks and correspond to 68.3%, 95.5%, and 99.7% confidence levels. The blue +s show
the location of the centers used to measure the masses of the plasma clouds in Table 2.

nated by collisionless dark matter, the potential will trace
the distribution of that component, which is expected
to be spatially coincident with the collisionless galax-
ies. Thus, by deriving a map of the gravitational po-
tential, one can discriminate between these possibilities.
We published an initial attempt at this using an archival
VLT image (Clowe et al. 2004); here we add three addi-
tional optical image sets which allows us to increase the
significance of the weak lensing results by more than a
factor of 3.

In this paper, we measure distances at the redshift of
the cluster, z = 0.296, by assuming an Ωm = 0.3, λ =
0.7, H0 = 70km/s/Mpc cosmology which results in 4.413
kpc/′′ plate-scale. None of the results of this paper are
dependent on this assumption; changing the assumed
cosmology will result in a change of the distances and
absolute masses measured, but the relative masses of
the various structures in each measurement remain un-
changed.

2. METHODOLOGY AND DATA

We construct a map of the gravitational poten-
tial using weak gravitational lensing (Mellier 1999;
Bartelmann & Schneider 2001), which measures the dis-
tortions of images of background galaxies caused by the
gravitational deflection of light by the cluster’s mass.
This deflection stretches the image of the galaxy pref-
erentially in the direction perpendicular to that of the
cluster’s center of mass. The imparted ellipticity is typi-
cally comparable to or smaller than that intrinsic to the
galaxy, and thus the distortion is only measurable statis-
tically with large numbers of background galaxies. To do
this measurement, we detect faint galaxies on deep op-
tical images and calculate an ellipticity from the second
moment of their surface brightness distribution, correct-
ing the ellipticity for smearing by the point spread func-
tion (corrections for both anisotropies and smearing are
obtained using an implementation of the KSB technique
(Kaiser et al. 1995) discussed in Clowe et al. (2006)).
The corrected ellipticities are a direct, but noisy, mea-
surement of the reduced shear "g = "γ/(1 − κ). The shear
"γ is the amount of anisotropic stretching of the galaxy
image. The convergence κ is the shape-independent in-
crease in the size of the galaxy image. In Newtonian

gravity, κ is equal to the surface mass density of the lens
divided by a scaling constant. In non-standard gravity
models, κ is no longer linearly related to the surface den-
sity but is instead a non-local function that scales as the
mass raised to a power less than one for a planar lens,
reaching the limit of one half for constant acceleration
(Mortlock & Turner 2001; Zhao et al. 2006). While one
can no longer directly obtain a map of the surface mass
density using the distribution of κ in non-standard grav-
ity models, the locations of the κ peaks, after adjusting
for the extended wings, correspond to the locations of
the surface mass density peaks.

Our goal is thus to obtain a map of κ. One can combine
derivatives of "g to obtain (Schneider 1995; Kaiser 1995)
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which is integrated over the data field and converted into
a two-dimensional map of κ. The observationally un-
constrained constant of integration, typically referred to
as the “mass-sheet degeneracy,” is effectively the true
mean of ln(1−κ) at the edge of the reconstruction. This
method does, however, systematically underestimate κ
in the cores of massive clusters. This results in a slight
increase to the centroiding errors of the peaks, and our
measurements of κ in the peaks of the components are
only lower bounds.

For 1E0657−558, we have accumulated an exception-
ally rich optical dataset, which we will use here to mea-
sure "g. It consists of the four sets of optical images shown
in Table 1 and the VLT image set used in Clowe et al.
(2004); the additional images significantly increase the
maximum resolution obtainable in the κ reconstructions
due to the increased number of background galaxies,
particularly in the area covered by the ACS images,
with which we measure the reduced shear. We reduce
each image set independently and create galaxy cata-
logs with 3 passband photometry. The one exception
is the single passband HST pointing of main cluster,
for which we measure colors from the Magellan images.
Because it is not feasible to measure redshifts for all
galaxies in the field, we select likely background galax-
ies using magnitude and color cuts (m814 > 22 and not
in the rhombus defined by 0.5 < m606 − m814 < 1.5,
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Results from the bullet cluster

• Combined strong+weak lensing, optical, X-ray analysis [Bradač et
al., Clowe et al. 2006]

• Self-interaction of dark matter: σ/m < 1.25cm g−1 [Randall et
al. 2007]

• [Angus, Shan, Zhao & Famaey 2007]: MOND + 2 eV hot neutrinos as
collisionless dark matter, falsifiable by KATRIN β-decay
experiment by 2009. Not a new idea [Sanders 2003, McGaugh 2004]
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