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<latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="+Irc46VioNDWo5bzpzNnxfiIYeQ="></latexit><latexit sha1_base64="+Irc46VioNDWo5bzpzNnxfiIYeQ="></latexit><latexit sha1_base64="3E/G8A7jnEQUv7t+cny9Eqb9pao="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit>



Matching

� 2 Sn
<latexit sha1_base64="Wsf7STcjkpmPPt2CFyJMlvIzyI4="></latexit><latexit sha1_base64="Wsf7STcjkpmPPt2CFyJMlvIzyI4="></latexit><latexit sha1_base64="Wsf7STcjkpmPPt2CFyJMlvIzyI4="></latexit><latexit sha1_base64="Wsf7STcjkpmPPt2CFyJMlvIzyI4="></latexit>

Discrete Monge Problem (1781)

min
�2Sn

nX

i=1

kxi � y�(i)k2
<latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="+Irc46VioNDWo5bzpzNnxfiIYeQ="></latexit><latexit sha1_base64="+Irc46VioNDWo5bzpzNnxfiIYeQ="></latexit><latexit sha1_base64="3E/G8A7jnEQUv7t+cny9Eqb9pao="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit>

(i) How to handle repeated points ? 



Discrete Monge Problem (1781)

min
�2Sn

nX

i=1

kxi � y�(i)k2
<latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="+Irc46VioNDWo5bzpzNnxfiIYeQ="></latexit><latexit sha1_base64="+Irc46VioNDWo5bzpzNnxfiIYeQ="></latexit><latexit sha1_base64="3E/G8A7jnEQUv7t+cny9Eqb9pao="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit>

(i) How to handle repeated points ? 
(ii) How to handle different numbers of points ? 
(iii) How to compute this combinatorial problem ?



OPTIMAL TRANSPORT

Leonid Kantorovich



min
�2Sn

nX

i=1

kxi � y�(i)k2
<latexit sha1_base64="zDQvBZuGYaCexw9kQ54xmOvvpzM="></latexit><latexit sha1_base64="zDQvBZuGYaCexw9kQ54xmOvvpzM="></latexit><latexit sha1_base64="zDQvBZuGYaCexw9kQ54xmOvvpzM="></latexit><latexit sha1_base64="zDQvBZuGYaCexw9kQ54xmOvvpzM="></latexit>



min
�2Sn

nX

i=1

nX

j=1

kxi � yjk2 �(i)=j

<latexit sha1_base64="r/UodbEoeFPhP+Ff/wbQpTfCD0Q="></latexit><latexit sha1_base64="r/UodbEoeFPhP+Ff/wbQpTfCD0Q="></latexit><latexit sha1_base64="r/UodbEoeFPhP+Ff/wbQpTfCD0Q="></latexit><latexit sha1_base64="r/UodbEoeFPhP+Ff/wbQpTfCD0Q="></latexit>



min
P2Pn

nX

i=1

nX

j=1

kxi � yjk2 Pij

<latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit>

Pn =

�
P 2 Rn⇥n

permutation matrix

 
<latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit>



min
P2Pn

nX

i=1

nX

j=1

kxi � yjk2 Pij

<latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit>

Pn =

�
P 2 Rn⇥n

permutation matrix

 
<latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit>

We only have to convexify and generalize       .Pn
<latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit><latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit><latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit><latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit>



min
P2Pn

nX

i=1

nX

j=1

kxi � yjk2 Pij

<latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit>

Pn =

�
P 2 Rn⇥n

permutation matrix

 
<latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit>

We only have to convexify and generalize       .Pn
<latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit><latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit><latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit><latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit>

If                               are probability weights, we 
define the associated transportation polytope:
a 2 Rn,b 2 Rm

<latexit sha1_base64="qrPvknv9vDH6IbLfanP8Cilq53Q="></latexit><latexit sha1_base64="qrPvknv9vDH6IbLfanP8Cilq53Q="></latexit><latexit sha1_base64="qrPvknv9vDH6IbLfanP8Cilq53Q="></latexit><latexit sha1_base64="qrPvknv9vDH6IbLfanP8Cilq53Q="></latexit>



min
P2Pn

nX

i=1

nX

j=1

kxi � yjk2 Pij

<latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit>

Pn =

�
P 2 Rn⇥n

permutation matrix

 
<latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit>

We only have to convexify and generalize       .Pn
<latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit><latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit><latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit><latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit>

If                               are probability weights, we 
define the associated transportation polytope:
a 2 Rn,b 2 Rm

<latexit sha1_base64="qrPvknv9vDH6IbLfanP8Cilq53Q="></latexit><latexit sha1_base64="qrPvknv9vDH6IbLfanP8Cilq53Q="></latexit><latexit sha1_base64="qrPvknv9vDH6IbLfanP8Cilq53Q="></latexit><latexit sha1_base64="qrPvknv9vDH6IbLfanP8Cilq53Q="></latexit>

U(a,b) =
�
P 2 Rn⇥m

+ |P m = a, P>
n = b

 
<latexit sha1_base64="DvwHqjVdfrZxx3icOQXsWIglh+o="></latexit><latexit sha1_base64="DvwHqjVdfrZxx3icOQXsWIglh+o="></latexit><latexit sha1_base64="DvwHqjVdfrZxx3icOQXsWIglh+o="></latexit><latexit sha1_base64="DvwHqjVdfrZxx3icOQXsWIglh+o="></latexit>



min
P2Pn

nX

i=1

nX

j=1

kxi � yjk2 Pij

<latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit><latexit sha1_base64="vBEC7kX87Gh/ENBzSI5oEhmLKCg="></latexit>

Pn =

�
P 2 Rn⇥n

permutation matrix

 
<latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit><latexit sha1_base64="VQ3IqLUzAaTKG6O1VV/to6tw7b0="></latexit>

We only have to convexify and generalize       .Pn
<latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit><latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit><latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit><latexit sha1_base64="ri0MdfCQ4+cNcW6QJUxoia9GRog="></latexit>

Discrete Kantorovitch Problem

2-Wasserstein distance

where                    and                    are probability measuresµ =
nX

i=1

a
i

�
xi

<latexit sha1_base64="Yf05ZUhOfQYe33IePpsbiv8BsaI="></latexit><latexit sha1_base64="Yf05ZUhOfQYe33IePpsbiv8BsaI="></latexit><latexit sha1_base64="Yf05ZUhOfQYe33IePpsbiv8BsaI="></latexit><latexit sha1_base64="Yf05ZUhOfQYe33IePpsbiv8BsaI="></latexit>

⌫ =
mX

j=1

bj�yj

<latexit sha1_base64="NasLWkpiy4ubTFtlhkNPwTGwZn8="></latexit><latexit sha1_base64="NasLWkpiy4ubTFtlhkNPwTGwZn8="></latexit><latexit sha1_base64="NasLWkpiy4ubTFtlhkNPwTGwZn8="></latexit><latexit sha1_base64="NasLWkpiy4ubTFtlhkNPwTGwZn8="></latexit>

W

2
2 (µ,⌫) = min

P2U(a,b)

nX

i=1

mX

j=1

kxi � yjk2 Pij

<latexit sha1_base64="t7htlnZisy98bw9b0xcBp/HbQH8="></latexit><latexit sha1_base64="t7htlnZisy98bw9b0xcBp/HbQH8="></latexit><latexit sha1_base64="t7htlnZisy98bw9b0xcBp/HbQH8="></latexit><latexit sha1_base64="t7htlnZisy98bw9b0xcBp/HbQH8="></latexit>

If                               are probability weights, we 
define the associated transportation polytope:
a 2 Rn,b 2 Rm

<latexit sha1_base64="qrPvknv9vDH6IbLfanP8Cilq53Q="></latexit><latexit sha1_base64="qrPvknv9vDH6IbLfanP8Cilq53Q="></latexit><latexit sha1_base64="qrPvknv9vDH6IbLfanP8Cilq53Q="></latexit><latexit sha1_base64="qrPvknv9vDH6IbLfanP8Cilq53Q="></latexit>

U(a,b) =
�
P 2 Rn⇥m

+ |P m = a, P>
n = b

 
<latexit sha1_base64="DvwHqjVdfrZxx3icOQXsWIglh+o="></latexit><latexit sha1_base64="DvwHqjVdfrZxx3icOQXsWIglh+o="></latexit><latexit sha1_base64="DvwHqjVdfrZxx3icOQXsWIglh+o="></latexit><latexit sha1_base64="DvwHqjVdfrZxx3icOQXsWIglh+o="></latexit>



Why 
should we 

care?



Many applications in Machine Learning, some 
related to Astrophysics: 

•Brenier et al., Reconstruction of the early 
Universe as a convex optimization problem 1999 

•Wasserstein Dictionary Learning 

•Computer Graphics 

•Generative Models 

•Model fitting (Minimum Kantorovich Estimators)



In practice, one color should 
be mapped to exactly one 
color. In other words, we 
want to find a map 

that is optimal in some 
sense.

T : Rd ! Rd
<latexit sha1_base64="FeQPu4PnmCXhCkTZ10ql+rVWRfg="></latexit><latexit sha1_base64="FeQPu4PnmCXhCkTZ10ql+rVWRfg="></latexit><latexit sha1_base64="FeQPu4PnmCXhCkTZ10ql+rVWRfg="></latexit><latexit sha1_base64="FeQPu4PnmCXhCkTZ10ql+rVWRfg="></latexit>



In practice, one color should 
be mapped to exactly one 
color. In other words, we 
want to find a map 

that is optimal in some 
sense.

T : Rd ! Rd
<latexit sha1_base64="FeQPu4PnmCXhCkTZ10ql+rVWRfg="></latexit><latexit sha1_base64="FeQPu4PnmCXhCkTZ10ql+rVWRfg="></latexit><latexit sha1_base64="FeQPu4PnmCXhCkTZ10ql+rVWRfg="></latexit><latexit sha1_base64="FeQPu4PnmCXhCkTZ10ql+rVWRfg="></latexit>



Monge problem

min
�2Sn

nX

i=1

kxi � y�(i)k2
<latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="+Irc46VioNDWo5bzpzNnxfiIYeQ="></latexit><latexit sha1_base64="+Irc46VioNDWo5bzpzNnxfiIYeQ="></latexit><latexit sha1_base64="3E/G8A7jnEQUv7t+cny9Eqb9pao="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit><latexit sha1_base64="BHURy7hYVK5XgYb0tMQIjFFNNHo="></latexit>



Monge problem

min
�2Sn

nX

i=1
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Algorithm 1: Monte-Carlo (MC) approximation of the SSNB estimator

Figure 4: In the global (top) and local (bottom) regularity settings with d = 2, we plot n = 500 i.i.d
samples from µ (red) and ⌫ (blue). Black lines show the displacements x 7! r ˆ
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(x) for some new
points x 62 supp µ, computed by solving QCQP (2).
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The study of the theoretical rate of convergence of this estimator is left for future work. Recent
results [26, 22] show that assuming some regularity of the Monge maprf

⇤ leads to better sample
complexity rates. Numerical simulations (see section 6.1) seem to indicate better accuracy than
the classical W2(µ̂n

, ⌫̂

n

), even in the case where rf

⇤ is only locally Lipschitz and E 6= {Rd}. If
L < Lip(rf

⇤
), the SSNB estimator ˆ

W2(µ, ⌫) is not consistent, as can be seen in Figure 3.

6 Experiments

All the computations were performed on a i9 2,9 GHz CPU, using MOSEK as a convex QCQP solver.

6.1 Numerical Estimation of Wasserstein Distances and Monge Maps

In this experiment, we consider two different settings:
1. Global regularity: µ is the uniform measure over the unit cube in Rd, and ⌫ = T

]

µ where
T (x) = ⌦

d

x, with ⌦

d

= Diag{0.8+

0.4
d�1 i | 0  i  d�1}. T is the gradient of the convex function

f : x 7! 1
2k⌦1/2

xk2, so it is the optimal transport map. f is globally ` = 0.8-strongly convex and
L = 1.2-smooth.
2. Local Regularity: µ is the uniform measure over the unit ball in Rd, and ⌫ = T

]

µ where
T (x1, . . . , xd

) = (x1 + 2 sign(x1), x2, . . . , xd

). As can be seen in Figure 4 (bottom), T splits the
unit ball into two semi-balls. T is a subgradient of the convex function f : x 7! 1

2kxk2 + 2|x1|,
so it is the optimal transport map. f is ` = 1-strongly convex, but is not smooth: rf is not even
continuous. However, f is L = 1-smooth by part.

For each of those two settings, we consider i.i.d samples x1, . . . , xn

⇠ µ and y1, . . . , yn

⇠ ⌫ for
different values of n 2 N, and denote by µ̂

n

and ⌫̂

n

the respective empirical measures on these
points. Given a number of clusters 1  K  n, we compute the partition E = {E1, . . . , EK

} by
running k-means with K clusters on data x1, . . . , xn

. In both settings, we run the algorithms with
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Instead of finding assumptions under which the 
optimal map exists and exhibits some regularity, we 
will enforce such regularity directly in the OT 
problem.
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<latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit>



We ask that      is smooth and strongly convexf
<latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit>

`kx� yk  krf(x)�rf(y)k  Lkx� yk
<latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit>



We ask that      is smooth and strongly convexf
<latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit>

`kx� yk  krf(x)�rf(y)k  Lkx� yk
<latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit><latexit sha1_base64="mdVAURJDt5+Xqvllkp4uKn5Livw="></latexit>

f 2 F`,L
<latexit sha1_base64="iIib5CUd4QFYE9jDTo6t+gTrSCE="></latexit><latexit sha1_base64="iIib5CUd4QFYE9jDTo6t+gTrSCE="></latexit><latexit sha1_base64="iIib5CUd4QFYE9jDTo6t+gTrSCE="></latexit><latexit sha1_base64="iIib5CUd4QFYE9jDTo6t+gTrSCE="></latexit>



But there may not even such a regular   that is 
admissible for the Monge problem, i.e. such 
that                      .

f
<latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit>

(rf)]µ = ⌫
<latexit sha1_base64="s16JJ4nUaahsP0sLt1YJBi3jUpY=">AAAF0XicjVTLbtNQEJ0EDCW8UmCHkCyiQJHaYFcI2CBVsGHBokDTVkqiyHZuUqt+4QdSFFlCbFnxefwBfAFbzoydtEmaFFtx5s6dc87M3LHtyHOT1DB+VapXrmrXrm/cqN28dfvO3frmvcMkzGJHtZ3QC+Nj20qU5waqnbqpp46jWFm+7akj+/Qd7x99VXHihsFBOo5Uz7dGgTt0HSuFq1//udUNLNuz9ElXyDrxyO5NjJYh17bResmPYpUP82f9bnJixdFctHkWvWDkXT/L9TcryUvDnIUHWd6vN6Yb+rIxDW1Qee2Hm9UH1KUBheRQRj4pCiiF7ZFFCe4OmWRQBF+PJvDFsFzZV5RTDdgMUQoRFryneI6w6pTeAGvmTATtQMXDLwZSpyYwIeJi2Kymy34mzOxdxT0RTs5tjH+75PLhTekE3stw08j/xXEtKQ3ptdTgoqZIPFydU7J k0hXOXD9XVQqGCD62B9iPYTuCnPZZF0witXNvLdn/LZHs5bVTxmb0Z22WBzgpznAI/WAuv+Ju4lcgddSyg865kgHj9BlqXf+4Ku8c4+LNCglYfSCLXrTpE32QToylE8yaSq8CcK5WspFNiDV30EbEomZT+hwjZiisrBrKtHmo7AtY2XJFVy9Zik5fNh1nfbhI05ZJZRRnyCc2gHc6Q/psJnnO12kF8g4pqBVnfpEWvw1+iUyXuIsT48ky6Tnt0jYsJW9ua42uL7rct+mJ5Eu6izEhsJxlDd8Wc/FLsmwc7rZMo2V+fNHYe1t+ZTboIT2mLWT6ivboPe1jLhz6W3lUeVJ5qn3Wxto37XsRWq2UmPs0d2k//gHwGSTw</latexit><latexit sha1_base64="s16JJ4nUaahsP0sLt1YJBi3jUpY=">AAAF0XicjVTLbtNQEJ0EDCW8UmCHkCyiQJHaYFcI2CBVsGHBokDTVkqiyHZuUqt+4QdSFFlCbFnxefwBfAFbzoydtEmaFFtx5s6dc87M3LHtyHOT1DB+VapXrmrXrm/cqN28dfvO3frmvcMkzGJHtZ3QC+Nj20qU5waqnbqpp46jWFm+7akj+/Qd7x99VXHihsFBOo5Uz7dGgTt0HSuFq1//udUNLNuz9ElXyDrxyO5NjJYh17bResmPYpUP82f9bnJixdFctHkWvWDkXT/L9TcryUvDnIUHWd6vN6Yb+rIxDW1Qee2Hm9UH1KUBheRQRj4pCiiF7ZFFCe4OmWRQBF+PJvDFsFzZV5RTDdgMUQoRFryneI6w6pTeAGvmTATtQMXDLwZSpyYwIeJi2Kymy34mzOxdxT0RTs5tjH+75PLhTekE3stw08j/xXEtKQ3ptdTgoqZIPFydU7J k0hXOXD9XVQqGCD62B9iPYTuCnPZZF0witXNvLdn/LZHs5bVTxmb0Z22WBzgpznAI/WAuv+Ju4lcgddSyg865kgHj9BlqXf+4Ku8c4+LNCglYfSCLXrTpE32QToylE8yaSq8CcK5WspFNiDV30EbEomZT+hwjZiisrBrKtHmo7AtY2XJFVy9Zik5fNh1nfbhI05ZJZRRnyCc2gHc6Q/psJnnO12kF8g4pqBVnfpEWvw1+iUyXuIsT48ky6Tnt0jYsJW9ua42uL7rct+mJ5Eu6izEhsJxlDd8Wc/FLsmwc7rZMo2V+fNHYe1t+ZTboIT2mLWT6ivboPe1jLhz6W3lUeVJ5qn3Wxto37XsRWq2UmPs0d2k//gHwGSTw</latexit><latexit sha1_base64="s16JJ4nUaahsP0sLt1YJBi3jUpY=">AAAF0XicjVTLbtNQEJ0EDCW8UmCHkCyiQJHaYFcI2CBVsGHBokDTVkqiyHZuUqt+4QdSFFlCbFnxefwBfAFbzoydtEmaFFtx5s6dc87M3LHtyHOT1DB+VapXrmrXrm/cqN28dfvO3frmvcMkzGJHtZ3QC+Nj20qU5waqnbqpp46jWFm+7akj+/Qd7x99VXHihsFBOo5Uz7dGgTt0HSuFq1//udUNLNuz9ElXyDrxyO5NjJYh17bResmPYpUP82f9bnJixdFctHkWvWDkXT/L9TcryUvDnIUHWd6vN6Yb+rIxDW1Qee2Hm9UH1KUBheRQRj4pCiiF7ZFFCe4OmWRQBF+PJvDFsFzZV5RTDdgMUQoRFryneI6w6pTeAGvmTATtQMXDLwZSpyYwIeJi2Kymy34mzOxdxT0RTs5tjH+75PLhTekE3stw08j/xXEtKQ3ptdTgoqZIPFydU7J k0hXOXD9XVQqGCD62B9iPYTuCnPZZF0witXNvLdn/LZHs5bVTxmb0Z22WBzgpznAI/WAuv+Ju4lcgddSyg865kgHj9BlqXf+4Ku8c4+LNCglYfSCLXrTpE32QToylE8yaSq8CcK5WspFNiDV30EbEomZT+hwjZiisrBrKtHmo7AtY2XJFVy9Zik5fNh1nfbhI05ZJZRRnyCc2gHc6Q/psJnnO12kF8g4pqBVnfpEWvw1+iUyXuIsT48ky6Tnt0jYsJW9ua42uL7rct+mJ5Eu6izEhsJxlDd8Wc/FLsmwc7rZMo2V+fNHYe1t+ZTboIT2mLWT6ivboPe1jLhz6W3lUeVJ5qn3Wxto37XsRWq2UmPs0d2k//gHwGSTw</latexit><latexit sha1_base64="s16JJ4nUaahsP0sLt1YJBi3jUpY=">AAAF0XicjVTLbtNQEJ0EDCW8UmCHkCyiQJHaYFcI2CBVsGHBokDTVkqiyHZuUqt+4QdSFFlCbFnxefwBfAFbzoydtEmaFFtx5s6dc87M3LHtyHOT1DB+VapXrmrXrm/cqN28dfvO3frmvcMkzGJHtZ3QC+Nj20qU5waqnbqpp46jWFm+7akj+/Qd7x99VXHihsFBOo5Uz7dGgTt0HSuFq1//udUNLNuz9ElXyDrxyO5NjJYh17bResmPYpUP82f9bnJixdFctHkWvWDkXT/L9TcryUvDnIUHWd6vN6Yb+rIxDW1Qee2Hm9UH1KUBheRQRj4pCiiF7ZFFCe4OmWRQBF+PJvDFsFzZV5RTDdgMUQoRFryneI6w6pTeAGvmTATtQMXDLwZSpyYwIeJi2Kymy34mzOxdxT0RTs5tjH+75PLhTekE3stw08j/xXEtKQ3ptdTgoqZIPFydU7J k0hXOXD9XVQqGCD62B9iPYTuCnPZZF0witXNvLdn/LZHs5bVTxmb0Z22WBzgpznAI/WAuv+Ju4lcgddSyg865kgHj9BlqXf+4Ku8c4+LNCglYfSCLXrTpE32QToylE8yaSq8CcK5WspFNiDV30EbEomZT+hwjZiisrBrKtHmo7AtY2XJFVy9Zik5fNh1nfbhI05ZJZRRnyCc2gHc6Q/psJnnO12kF8g4pqBVnfpEWvw1+iUyXuIsT48ky6Tnt0jYsJW9ua42uL7rct+mJ5Eu6izEhsJxlDd8Wc/FLsmwc7rZMo2V+fNHYe1t+ZTboIT2mLWT6ivboPe1jLhz6W3lUeVJ5qn3Wxto37XsRWq2UmPs0d2k//gHwGSTw</latexit>



Instead, we will try to best approximate   as a 
push-forward of     through a regular map:µ

<latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit>

⌫
<latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit>

But there may not even such a regular   that is 
admissible for the Monge problem, i.e. such 
that                      .

f
<latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit>

(rf)]µ = ⌫
<latexit sha1_base64="s16JJ4nUaahsP0sLt1YJBi3jUpY=">AAAF0XicjVTLbtNQEJ0EDCW8UmCHkCyiQJHaYFcI2CBVsGHBokDTVkqiyHZuUqt+4QdSFFlCbFnxefwBfAFbzoydtEmaFFtx5s6dc87M3LHtyHOT1DB+VapXrmrXrm/cqN28dfvO3frmvcMkzGJHtZ3QC+Nj20qU5waqnbqpp46jWFm+7akj+/Qd7x99VXHihsFBOo5Uz7dGgTt0HSuFq1//udUNLNuz9ElXyDrxyO5NjJYh17bResmPYpUP82f9bnJixdFctHkWvWDkXT/L9TcryUvDnIUHWd6vN6Yb+rIxDW1Qee2Hm9UH1KUBheRQRj4pCiiF7ZFFCe4OmWRQBF+PJvDFsFzZV5RTDdgMUQoRFryneI6w6pTeAGvmTATtQMXDLwZSpyYwIeJi2Kymy34mzOxdxT0RTs5tjH+75PLhTekE3stw08j/xXEtKQ3ptdTgoqZIPFydU7J k0hXOXD9XVQqGCD62B9iPYTuCnPZZF0witXNvLdn/LZHs5bVTxmb0Z22WBzgpznAI/WAuv+Ju4lcgddSyg865kgHj9BlqXf+4Ku8c4+LNCglYfSCLXrTpE32QToylE8yaSq8CcK5WspFNiDV30EbEomZT+hwjZiisrBrKtHmo7AtY2XJFVy9Zik5fNh1nfbhI05ZJZRRnyCc2gHc6Q/psJnnO12kF8g4pqBVnfpEWvw1+iUyXuIsT48ky6Tnt0jYsJW9ua42uL7rct+mJ5Eu6izEhsJxlDd8Wc/FLsmwc7rZMo2V+fNHYe1t+ZTboIT2mLWT6ivboPe1jLhz6W3lUeVJ5qn3Wxto37XsRWq2UmPs0d2k//gHwGSTw</latexit><latexit sha1_base64="s16JJ4nUaahsP0sLt1YJBi3jUpY=">AAAF0XicjVTLbtNQEJ0EDCW8UmCHkCyiQJHaYFcI2CBVsGHBokDTVkqiyHZuUqt+4QdSFFlCbFnxefwBfAFbzoydtEmaFFtx5s6dc87M3LHtyHOT1DB+VapXrmrXrm/cqN28dfvO3frmvcMkzGJHtZ3QC+Nj20qU5waqnbqpp46jWFm+7akj+/Qd7x99VXHihsFBOo5Uz7dGgTt0HSuFq1//udUNLNuz9ElXyDrxyO5NjJYh17bResmPYpUP82f9bnJixdFctHkWvWDkXT/L9TcryUvDnIUHWd6vN6Yb+rIxDW1Qee2Hm9UH1KUBheRQRj4pCiiF7ZFFCe4OmWRQBF+PJvDFsFzZV5RTDdgMUQoRFryneI6w6pTeAGvmTATtQMXDLwZSpyYwIeJi2Kymy34mzOxdxT0RTs5tjH+75PLhTekE3stw08j/xXEtKQ3ptdTgoqZIPFydU7J k0hXOXD9XVQqGCD62B9iPYTuCnPZZF0witXNvLdn/LZHs5bVTxmb0Z22WBzgpznAI/WAuv+Ju4lcgddSyg865kgHj9BlqXf+4Ku8c4+LNCglYfSCLXrTpE32QToylE8yaSq8CcK5WspFNiDV30EbEomZT+hwjZiisrBrKtHmo7AtY2XJFVy9Zik5fNh1nfbhI05ZJZRRnyCc2gHc6Q/psJnnO12kF8g4pqBVnfpEWvw1+iUyXuIsT48ky6Tnt0jYsJW9ua42uL7rct+mJ5Eu6izEhsJxlDd8Wc/FLsmwc7rZMo2V+fNHYe1t+ZTboIT2mLWT6ivboPe1jLhz6W3lUeVJ5qn3Wxto37XsRWq2UmPs0d2k//gHwGSTw</latexit><latexit sha1_base64="s16JJ4nUaahsP0sLt1YJBi3jUpY=">AAAF0XicjVTLbtNQEJ0EDCW8UmCHkCyiQJHaYFcI2CBVsGHBokDTVkqiyHZuUqt+4QdSFFlCbFnxefwBfAFbzoydtEmaFFtx5s6dc87M3LHtyHOT1DB+VapXrmrXrm/cqN28dfvO3frmvcMkzGJHtZ3QC+Nj20qU5waqnbqpp46jWFm+7akj+/Qd7x99VXHihsFBOo5Uz7dGgTt0HSuFq1//udUNLNuz9ElXyDrxyO5NjJYh17bResmPYpUP82f9bnJixdFctHkWvWDkXT/L9TcryUvDnIUHWd6vN6Yb+rIxDW1Qee2Hm9UH1KUBheRQRj4pCiiF7ZFFCe4OmWRQBF+PJvDFsFzZV5RTDdgMUQoRFryneI6w6pTeAGvmTATtQMXDLwZSpyYwIeJi2Kymy34mzOxdxT0RTs5tjH+75PLhTekE3stw08j/xXEtKQ3ptdTgoqZIPFydU7J k0hXOXD9XVQqGCD62B9iPYTuCnPZZF0witXNvLdn/LZHs5bVTxmb0Z22WBzgpznAI/WAuv+Ju4lcgddSyg865kgHj9BlqXf+4Ku8c4+LNCglYfSCLXrTpE32QToylE8yaSq8CcK5WspFNiDV30EbEomZT+hwjZiisrBrKtHmo7AtY2XJFVy9Zik5fNh1nfbhI05ZJZRRnyCc2gHc6Q/psJnnO12kF8g4pqBVnfpEWvw1+iUyXuIsT48ky6Tnt0jYsJW9ua42uL7rct+mJ5Eu6izEhsJxlDd8Wc/FLsmwc7rZMo2V+fNHYe1t+ZTboIT2mLWT6ivboPe1jLhz6W3lUeVJ5qn3Wxto37XsRWq2UmPs0d2k//gHwGSTw</latexit><latexit sha1_base64="s16JJ4nUaahsP0sLt1YJBi3jUpY=">AAAF0XicjVTLbtNQEJ0EDCW8UmCHkCyiQJHaYFcI2CBVsGHBokDTVkqiyHZuUqt+4QdSFFlCbFnxefwBfAFbzoydtEmaFFtx5s6dc87M3LHtyHOT1DB+VapXrmrXrm/cqN28dfvO3frmvcMkzGJHtZ3QC+Nj20qU5waqnbqpp46jWFm+7akj+/Qd7x99VXHihsFBOo5Uz7dGgTt0HSuFq1//udUNLNuz9ElXyDrxyO5NjJYh17bResmPYpUP82f9bnJixdFctHkWvWDkXT/L9TcryUvDnIUHWd6vN6Yb+rIxDW1Qee2Hm9UH1KUBheRQRj4pCiiF7ZFFCe4OmWRQBF+PJvDFsFzZV5RTDdgMUQoRFryneI6w6pTeAGvmTATtQMXDLwZSpyYwIeJi2Kymy34mzOxdxT0RTs5tjH+75PLhTekE3stw08j/xXEtKQ3ptdTgoqZIPFydU7J k0hXOXD9XVQqGCD62B9iPYTuCnPZZF0witXNvLdn/LZHs5bVTxmb0Z22WBzgpznAI/WAuv+Ju4lcgddSyg865kgHj9BlqXf+4Ku8c4+LNCglYfSCLXrTpE32QToylE8yaSq8CcK5WspFNiDV30EbEomZT+hwjZiisrBrKtHmo7AtY2XJFVy9Zik5fNh1nfbhI05ZJZRRnyCc2gHc6Q/psJnnO12kF8g4pqBVnfpEWvw1+iUyXuIsT48ky6Tnt0jYsJW9ua42uL7rct+mJ5Eu6izEhsJxlDd8Wc/FLsmwc7rZMo2V+fNHYe1t+ZTboIT2mLWT6ivboPe1jLhz6W3lUeVJ5qn3Wxto37XsRWq2UmPs0d2k//gHwGSTw</latexit>

min
f2F`,L

W2 [rf ]µ, ⌫]
<latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit>



Instead, we will try to best approximate   as a 
push-forward of     through a regular map:µ

<latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit>

⌫
<latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit>

Smooth and Strong Convex 
Brenier Potentials

But there may not even such a regular   that is 
admissible for the Monge problem, i.e. such 
that                      .

f
<latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit><latexit sha1_base64="gXI641u/IYbxgdNmiAwqMzdi+tc="></latexit>

(rf)]µ = ⌫
<latexit sha1_base64="s16JJ4nUaahsP0sLt1YJBi3jUpY=">AAAF0XicjVTLbtNQEJ0EDCW8UmCHkCyiQJHaYFcI2CBVsGHBokDTVkqiyHZuUqt+4QdSFFlCbFnxefwBfAFbzoydtEmaFFtx5s6dc87M3LHtyHOT1DB+VapXrmrXrm/cqN28dfvO3frmvcMkzGJHtZ3QC+Nj20qU5waqnbqpp46jWFm+7akj+/Qd7x99VXHihsFBOo5Uz7dGgTt0HSuFq1//udUNLNuz9ElXyDrxyO5NjJYh17bResmPYpUP82f9bnJixdFctHkWvWDkXT/L9TcryUvDnIUHWd6vN6Yb+rIxDW1Qee2Hm9UH1KUBheRQRj4pCiiF7ZFFCe4OmWRQBF+PJvDFsFzZV5RTDdgMUQoRFryneI6w6pTeAGvmTATtQMXDLwZSpyYwIeJi2Kymy34mzOxdxT0RTs5tjH+75PLhTekE3stw08j/xXEtKQ3ptdTgoqZIPFydU7J k0hXOXD9XVQqGCD62B9iPYTuCnPZZF0witXNvLdn/LZHs5bVTxmb0Z22WBzgpznAI/WAuv+Ju4lcgddSyg865kgHj9BlqXf+4Ku8c4+LNCglYfSCLXrTpE32QToylE8yaSq8CcK5WspFNiDV30EbEomZT+hwjZiisrBrKtHmo7AtY2XJFVy9Zik5fNh1nfbhI05ZJZRRnyCc2gHc6Q/psJnnO12kF8g4pqBVnfpEWvw1+iUyXuIsT48ky6Tnt0jYsJW9ua42uL7rct+mJ5Eu6izEhsJxlDd8Wc/FLsmwc7rZMo2V+fNHYe1t+ZTboIT2mLWT6ivboPe1jLhz6W3lUeVJ5qn3Wxto37XsRWq2UmPs0d2k//gHwGSTw</latexit><latexit sha1_base64="s16JJ4nUaahsP0sLt1YJBi3jUpY=">AAAF0XicjVTLbtNQEJ0EDCW8UmCHkCyiQJHaYFcI2CBVsGHBokDTVkqiyHZuUqt+4QdSFFlCbFnxefwBfAFbzoydtEmaFFtx5s6dc87M3LHtyHOT1DB+VapXrmrXrm/cqN28dfvO3frmvcMkzGJHtZ3QC+Nj20qU5waqnbqpp46jWFm+7akj+/Qd7x99VXHihsFBOo5Uz7dGgTt0HSuFq1//udUNLNuz9ElXyDrxyO5NjJYh17bResmPYpUP82f9bnJixdFctHkWvWDkXT/L9TcryUvDnIUHWd6vN6Yb+rIxDW1Qee2Hm9UH1KUBheRQRj4pCiiF7ZFFCe4OmWRQBF+PJvDFsFzZV5RTDdgMUQoRFryneI6w6pTeAGvmTATtQMXDLwZSpyYwIeJi2Kymy34mzOxdxT0RTs5tjH+75PLhTekE3stw08j/xXEtKQ3ptdTgoqZIPFydU7J k0hXOXD9XVQqGCD62B9iPYTuCnPZZF0witXNvLdn/LZHs5bVTxmb0Z22WBzgpznAI/WAuv+Ju4lcgddSyg865kgHj9BlqXf+4Ku8c4+LNCglYfSCLXrTpE32QToylE8yaSq8CcK5WspFNiDV30EbEomZT+hwjZiisrBrKtHmo7AtY2XJFVy9Zik5fNh1nfbhI05ZJZRRnyCc2gHc6Q/psJnnO12kF8g4pqBVnfpEWvw1+iUyXuIsT48ky6Tnt0jYsJW9ua42uL7rct+mJ5Eu6izEhsJxlDd8Wc/FLsmwc7rZMo2V+fNHYe1t+ZTboIT2mLWT6ivboPe1jLhz6W3lUeVJ5qn3Wxto37XsRWq2UmPs0d2k//gHwGSTw</latexit><latexit sha1_base64="s16JJ4nUaahsP0sLt1YJBi3jUpY=">AAAF0XicjVTLbtNQEJ0EDCW8UmCHkCyiQJHaYFcI2CBVsGHBokDTVkqiyHZuUqt+4QdSFFlCbFnxefwBfAFbzoydtEmaFFtx5s6dc87M3LHtyHOT1DB+VapXrmrXrm/cqN28dfvO3frmvcMkzGJHtZ3QC+Nj20qU5waqnbqpp46jWFm+7akj+/Qd7x99VXHihsFBOo5Uz7dGgTt0HSuFq1//udUNLNuz9ElXyDrxyO5NjJYh17bResmPYpUP82f9bnJixdFctHkWvWDkXT/L9TcryUvDnIUHWd6vN6Yb+rIxDW1Qee2Hm9UH1KUBheRQRj4pCiiF7ZFFCe4OmWRQBF+PJvDFsFzZV5RTDdgMUQoRFryneI6w6pTeAGvmTATtQMXDLwZSpyYwIeJi2Kymy34mzOxdxT0RTs5tjH+75PLhTekE3stw08j/xXEtKQ3ptdTgoqZIPFydU7J k0hXOXD9XVQqGCD62B9iPYTuCnPZZF0witXNvLdn/LZHs5bVTxmb0Z22WBzgpznAI/WAuv+Ju4lcgddSyg865kgHj9BlqXf+4Ku8c4+LNCglYfSCLXrTpE32QToylE8yaSq8CcK5WspFNiDV30EbEomZT+hwjZiisrBrKtHmo7AtY2XJFVy9Zik5fNh1nfbhI05ZJZRRnyCc2gHc6Q/psJnnO12kF8g4pqBVnfpEWvw1+iUyXuIsT48ky6Tnt0jYsJW9ua42uL7rct+mJ5Eu6izEhsJxlDd8Wc/FLsmwc7rZMo2V+fNHYe1t+ZTboIT2mLWT6ivboPe1jLhz6W3lUeVJ5qn3Wxto37XsRWq2UmPs0d2k//gHwGSTw</latexit><latexit sha1_base64="s16JJ4nUaahsP0sLt1YJBi3jUpY=">AAAF0XicjVTLbtNQEJ0EDCW8UmCHkCyiQJHaYFcI2CBVsGHBokDTVkqiyHZuUqt+4QdSFFlCbFnxefwBfAFbzoydtEmaFFtx5s6dc87M3LHtyHOT1DB+VapXrmrXrm/cqN28dfvO3frmvcMkzGJHtZ3QC+Nj20qU5waqnbqpp46jWFm+7akj+/Qd7x99VXHihsFBOo5Uz7dGgTt0HSuFq1//udUNLNuz9ElXyDrxyO5NjJYh17bResmPYpUP82f9bnJixdFctHkWvWDkXT/L9TcryUvDnIUHWd6vN6Yb+rIxDW1Qee2Hm9UH1KUBheRQRj4pCiiF7ZFFCe4OmWRQBF+PJvDFsFzZV5RTDdgMUQoRFryneI6w6pTeAGvmTATtQMXDLwZSpyYwIeJi2Kymy34mzOxdxT0RTs5tjH+75PLhTekE3stw08j/xXEtKQ3ptdTgoqZIPFydU7J k0hXOXD9XVQqGCD62B9iPYTuCnPZZF0witXNvLdn/LZHs5bVTxmb0Z22WBzgpznAI/WAuv+Ju4lcgddSyg865kgHj9BlqXf+4Ku8c4+LNCglYfSCLXrTpE32QToylE8yaSq8CcK5WspFNiDV30EbEomZT+hwjZiisrBrKtHmo7AtY2XJFVy9Zik5fNh1nfbhI05ZJZRRnyCc2gHc6Q/psJnnO12kF8g4pqBVnfpEWvw1+iUyXuIsT48ky6Tnt0jYsJW9ua42uL7rct+mJ5Eu6izEhsJxlDd8Wc/FLsmwc7rZMo2V+fNHYe1t+ZTboIT2mLWT6ivboPe1jLhz6W3lUeVJ5qn3Wxto37XsRWq2UmPs0d2k//gHwGSTw</latexit>

min
f2F`,L

W2 [rf ]µ, ⌫]
<latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit>



Even when the measures are discrete, this is a 
infinite dimensional optimization problem !

min
f2F`,L

W2 [rf ]µ, ⌫]
<latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit>



Even when the measures are discrete, this is a 
infinite dimensional optimization problem !

min
f2F`,L

W2 [rf ]µ, ⌫]
<latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit>



Even when the measures are discrete, this is a 
infinite dimensional optimization problem !

min
f2F`,L

W2 [rf ]µ, ⌫]
<latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit>

min
z1,...zn2Rd

u2Rn

W 2
2

 
nX

i=1

ai�zi , ⌫

!

<latexit sha1_base64="DXNmDVC/OKAW5qztY1ANvg1POwI="></latexit><latexit sha1_base64="DXNmDVC/OKAW5qztY1ANvg1POwI="></latexit><latexit sha1_base64="DXNmDVC/OKAW5qztY1ANvg1POwI="></latexit><latexit sha1_base64="DXNmDVC/OKAW5qztY1ANvg1POwI="></latexit>



Even when the measures are discrete, this is a 
infinite dimensional optimization problem !

min
f2F`,L

W2 [rf ]µ, ⌫]
<latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit><latexit sha1_base64="mx4kdxw7Tg23hR5I9lIwpFL/siQ="></latexit>

ui � uj + hzj , xi � xji

+
1

2(1� `/L)

✓
1

L

kzi � zjk2 + `kxi � xjk2 � 2
`

L

hzj � zi, xj � xii
◆

<latexit sha1_base64="7CuyBhdhNJntP0F79puIYlWIIfY="></latexit><latexit sha1_base64="7CuyBhdhNJntP0F79puIYlWIIfY="></latexit><latexit sha1_base64="7CuyBhdhNJntP0F79puIYlWIIfY="></latexit><latexit sha1_base64="7CuyBhdhNJntP0F79puIYlWIIfY="></latexit>

min
z1,...zn2Rd

u2Rn

W 2
2

 
nX

i=1

ai�zi , ⌫

!

<latexit sha1_base64="DXNmDVC/OKAW5qztY1ANvg1POwI="></latexit><latexit sha1_base64="DXNmDVC/OKAW5qztY1ANvg1POwI="></latexit><latexit sha1_base64="DXNmDVC/OKAW5qztY1ANvg1POwI="></latexit><latexit sha1_base64="DXNmDVC/OKAW5qztY1ANvg1POwI="></latexit>



x1, . . . , xn ⇠ µ

<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂
n

=
1

n

nX

i=1

�
xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>



x1, . . . , xn ⇠ µ

<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂
n

=
1

n

nX

i=1

�
xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>



x1, . . . , xn ⇠ µ

<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂
n

=
1

n

nX

i=1

�
xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>z?1 , . . . , z

?
n, u

?
<latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="TW54CVv7aBLwUi6rjV+XYsikY9I="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="px3dbuOGXZ12wyG3F09aXTcgsRk="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit>



x1, . . . , xn ⇠ µ

<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂
n

=
1

n

nX

i=1

�
xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>z?1 , . . . , z

?
n, u

?
<latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="TW54CVv7aBLwUi6rjV+XYsikY9I="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="px3dbuOGXZ12wyG3F09aXTcgsRk="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit>

We can easily compute the map on any new point  
by solving a cheap QCQP

x 2 Rd
<latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit>



x1, . . . , xn ⇠ µ

<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>
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i=1

�
xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>z?1 , . . . , z

?
n, u

?
<latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="TW54CVv7aBLwUi6rjV+XYsikY9I="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="px3dbuOGXZ12wyG3F09aXTcgsRk="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit>

We can easily compute the map on any new point  
by solving a cheap QCQP

x 2 Rd
<latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit>

min
v2R, g2Rd

v

s.t. 8i, v � ui + hz?i , x� xii

+
1

2(1� `/L)
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1

L

kg � z

?
i k2 + `kx� xik2 � 2

`

L

hz?i � g, xi � xi
◆

<latexit sha1_base64="mm0cvB1awhgVo24/+iZ5QwhYyUY="></latexit><latexit sha1_base64="mm0cvB1awhgVo24/+iZ5QwhYyUY="></latexit><latexit sha1_base64="mm0cvB1awhgVo24/+iZ5QwhYyUY="></latexit><latexit sha1_base64="mm0cvB1awhgVo24/+iZ5QwhYyUY="></latexit>



x1, . . . , xn ⇠ µ

<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂
n

=
1

n

nX

i=1

�
xi

<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>z?1 , . . . , z

?
n, u

?
<latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="TW54CVv7aBLwUi6rjV+XYsikY9I="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="px3dbuOGXZ12wyG3F09aXTcgsRk="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit>

We can easily compute the map on any new point  
by solving a cheap QCQP

x 2 Rd
<latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit>

This defines an estimator      of the optimal transport 
map sending     to   

rf?
<latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit>

µ
<latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit>

⌫
<latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit>



x1, . . . , xn ⇠ µ

<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>

µ̂
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nX

i=1

�
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<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>z?1 , . . . , z

?
n, u

?
<latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="TW54CVv7aBLwUi6rjV+XYsikY9I="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="px3dbuOGXZ12wyG3F09aXTcgsRk="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit>

We can easily compute the map on any new point  
by solving a cheap QCQP

x 2 Rd
<latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit>

This defines an estimator      of the optimal transport 
map sending     to   

rf?
<latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit>

µ
<latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit>

⌫
<latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit>

We define the SSNB estimator as a plug-in:



x1, . . . , xn ⇠ µ

<latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit><latexit sha1_base64="oHT9FhholLD0gyjeinzP3ZAkbWQ="></latexit>

y1, . . . , yn ⇠ ⌫
<latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit><latexit sha1_base64="voGE80QMB7Z8TZZ+O9PU+duzAks="></latexit>
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<latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit><latexit sha1_base64="n9bsX8GHnxxDTejQnQh8OsTqbCM="></latexit>

⌫̂n =
1

n

nX

i=1

�yi

<latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit><latexit sha1_base64="AR0RwGUc4iwwqaRAi3X7Y1rter0="></latexit>

f? 2 argmin
f2F`,L

W2 [rf ]µ̂n, ⌫̂n]
<latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit><latexit sha1_base64="jzIB5iZqaFlOCU8CEvR/0Vx1IAU="></latexit>z?1 , . . . , z

?
n, u

?
<latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="TW54CVv7aBLwUi6rjV+XYsikY9I="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="m/arMyQhcCk1MbkK9qpp/5ifZQY="></latexit><latexit sha1_base64="px3dbuOGXZ12wyG3F09aXTcgsRk="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit><latexit sha1_base64="jom2fNxFrBODUKDl4Ibsj57rKXo="></latexit>

We can easily compute the map on any new point  
by solving a cheap QCQP

x 2 Rd
<latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit><latexit sha1_base64="yTp2bvaCqmxbCdocE2pATatYbtg="></latexit>

This defines an estimator      of the optimal transport 
map sending     to   

rf?
<latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit><latexit sha1_base64="b1AC0N5/swy6rOGF0GRczGe1Ido="></latexit>

µ
<latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit><latexit sha1_base64="Zx2ZVNOs2Mw/Qe8VQB/Q0R+tlSQ="></latexit>

⌫
<latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit><latexit sha1_base64="/vd6oOxdO4YM6Ia5ceXzZEiOVtA="></latexit>

We define the SSNB estimator as a plug-in:
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?(x)k2dµ(x)
<latexit sha1_base64="Uj8BWdVkaMFOYXw8kX+zMxkUFvg="></latexit><latexit sha1_base64="Uj8BWdVkaMFOYXw8kX+zMxkUFvg="></latexit><latexit sha1_base64="Uj8BWdVkaMFOYXw8kX+zMxkUFvg="></latexit><latexit sha1_base64="Uj8BWdVkaMFOYXw8kX+zMxkUFvg="></latexit>
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gi := rf(xi)

Regularity ‘’by part’’



` = 0
<latexit sha1_base64="eMlH2bYQu4gmnoTwEo6ZOBpvzxc="></latexit><latexit sha1_base64="eMlH2bYQu4gmnoTwEo6ZOBpvzxc="></latexit><latexit sha1_base64="eMlH2bYQu4gmnoTwEo6ZOBpvzxc="></latexit><latexit sha1_base64="eMlH2bYQu4gmnoTwEo6ZOBpvzxc="></latexit>

` = 0.5
<latexit sha1_base64="u0sPwDG61n3PyUNDMUFYL/89HSg="></latexit><latexit sha1_base64="u0sPwDG61n3PyUNDMUFYL/89HSg="></latexit><latexit sha1_base64="u0sPwDG61n3PyUNDMUFYL/89HSg="></latexit><latexit sha1_base64="u0sPwDG61n3PyUNDMUFYL/89HSg="></latexit>

` = 1
<latexit sha1_base64="KkmtCpYuDt+yp3enowHg9eqT7SE="></latexit><latexit sha1_base64="KkmtCpYuDt+yp3enowHg9eqT7SE="></latexit><latexit sha1_base64="KkmtCpYuDt+yp3enowHg9eqT7SE="></latexit><latexit sha1_base64="KkmtCpYuDt+yp3enowHg9eqT7SE="></latexit>

L = 1
<latexit sha1_base64="x5ZvAtVQuOfTTwMyqweM0+QZrB4="></latexit><latexit sha1_base64="x5ZvAtVQuOfTTwMyqweM0+QZrB4="></latexit><latexit sha1_base64="x5ZvAtVQuOfTTwMyqweM0+QZrB4="></latexit><latexit sha1_base64="x5ZvAtVQuOfTTwMyqweM0+QZrB4="></latexit>

L = 2
<latexit sha1_base64="EE0VCjPtKlDaDxUgFjAAHzPBDLk="></latexit><latexit sha1_base64="EE0VCjPtKlDaDxUgFjAAHzPBDLk="></latexit><latexit sha1_base64="EE0VCjPtKlDaDxUgFjAAHzPBDLk="></latexit><latexit sha1_base64="EE0VCjPtKlDaDxUgFjAAHzPBDLk="></latexit>

L = 5
<latexit sha1_base64="QslLV0zMzg4pcKsCgOlbg0urNLA="></latexit><latexit sha1_base64="QslLV0zMzg4pcKsCgOlbg0urNLA="></latexit><latexit sha1_base64="QslLV0zMzg4pcKsCgOlbg0urNLA="></latexit><latexit sha1_base64="QslLV0zMzg4pcKsCgOlbg0urNLA="></latexit>
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Cédric Villani


