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Fig. 3.— Projected mass distribution with a smoothing scale of FWHM= 4.′ and units of significance of ν = κ/σκ. The shear is used
without taking into account the LSS lensing effect. The contours of significance start at 1σ with a step value of 1σ. The letters and numbers
denote the names of known background systems (Table 2) and the names of subhalos (Table 3), respectively.
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Nsample,i are the probability distribution and the subhalo
number for the subsamples of the mass bin, respectively.
The probability distribution, Pi(Mfake), is calculated by
the best-fit masses taking into account the measurement
uncertainty. The green dashed lines show a single peak
of the mass function for spurious peaks. The functional
form is different from the observed mass function. The
peak height of spurious peaks is 1 order of magnitude
lower than the observed mass function in the same mass
range. Stacked lensing analysis of false peaks (Section
3.4.3) disfavors the contamination of spurious peaks in
the sample of subhalos. Even if they exist, the contami-
nation level is negligible for a study of the mass function.
We fit the subhalo mass function with single power law

model (e.g., Gao et al. 2012),

dn/d lnMsub ∝ M−α
sub (5)

and a Schechter function (e.g., Schechter 1976;
Shaw et al. 2006),

dn/d lnMsub ∝ M−β
sub exp(−Msub/M∗). (6)

The mass function is modified from these analytical
functions because of finite measurement errors for
the subhalo masses. This corrects the modeling for
the so-called Eddington bias. The model of the mass
function is described by the convolution between the
analytical forms and the errors, dnmodel/d lnMsub =
∫

dn/d lnxp(x,Msub)dx/
∫

p(x,Msub)dx. Here, we
assume a Gaussian probability function, p(x,Msub) =
Σi exp

(

−(x−Msub,i)2/2/σ2
M,i

)

/(2πσ2
M,i)

1/2, where
Msub,i and σM,i are the mass estimate and the error
for i-th subhalo, respectively. The cutoff mass, M∗,
in the Schechter function is sensitive to abundance at
the high-mass end. However, since the abundance of
massive subhalos is small, it is not well constrained,
M∗/Mvir = 0.089+0.135

−0.064. We are therefore unable
to discriminate between the single power law and
the Schechter function. The best-fit power indices,
which characterize the shape of the function at the
intermediate and low ranges, are in good agreement
(α = 1.09+0.42

−0.32 and β = 0.99+0.34
−0.23). We also com-

puted a subhalo mass function including four subhalo
candidates with no optical counter and obtain the
best-fit α = 1.15+0.38

−0.32 and β = 0.99+0.38
−0.24. For further

verification, we excluded the most and least massive of
the massive subhalos to construct a mass function and
found that the best-fit slope values do not significantly
change. The best-fit slopes are in remarkable agreement
with CDM predictions ∼ 0.9 − 1.0 from numerical
simulations (e.g., Diemand et al. 2004; De Lucia et al.
2004; Gao et al. 2004b; Shaw et al. 2006; Angulo et al.
2009; Giocoli et al. 2010; Klypin et al. 2011; Gao et al.
2012) and analytical models (e.g., Taylor & Babul
2004; Oguri & Lee 2004; van den Bosch et al. 2005;
Giocoli et al. 2008). A recent high-resolution nu-
merical simulation study (Gao et al. 2012) found
that the slope of mass function in the range of
10−6 < Msub/M200 < 10−3 gives α = 0.98.
The mass fraction for observed subhalos is estimated as

fsub =
∑

iMsub,i/Mvir = 0.226+0.111
−0.085 with the tangential

fit for the main cluster and fsub = 0.229+0.078
−0.064 with ζc

fit, respectively. Shaw et al. (2006) estimated the mean

Fig. 13.— Subhalo mass function spanning 2 orders of magni-
tude of subhalo masses. The red solid and blue dotted lines are
the best-fit power-law model and Schechter function, respectively.
The best-fit powers are in remarkable agreement with CDM pre-
dictions. Green dashed lines are the mass function for spurious
peaks. The thick and thin dashed lines are the best-fit and the
68% C.L. uncertainty, respectively.

mass fraction as a function of the virial mass, ⟨fsub⟩ =
0.14 ± 0.02(Mvir /8 × 1014 h−1M⊙)0.44±0.06. The mass
fraction for the Coma cluster is larger than the mean
fraction, ⟨fsub⟩ = 0.16, estimated using the best-fit virial
mass. We also calculated the mass fraction within r200,
fsub,200 = 0.222± 0.077.

6.2. Correlation between Subhalo Masses and
Truncation Radii

It is interesting to investigate the correlation between
the subhalos’ masses and truncation radii, because they
are both free parameters in stacked lensing analysis.
We compile the stacked lensing results divided by mass
and cluster-centric bins and find a tight correlation of

Msub ∝ r
1.18+0.10

−0.09

t and Msub ∝ r
1.19+0.17

−0.16

t for the TNFW
and TNFWProb models, respectively. Considering a
functional form of the NFW model, MNFW(< x) ∝
log(1+x)−x/(1+x) (Equation (D2)) where x = r/rs is
the radius normalized by a scale radius, the best-fit slope
values imply that the mass loss occurs in the subhalo
outskirts beyond the scale radius as long as the internal
structure does not change during movement in the host
halo.

6.3. Radial Dependence of Subhalo Properties

Subhalos captured by more massive halos are subject
to dynamical friction, losing their angular momentum
and subsequently falling inward the center. Simultane-
ously, their masses are reduced by the tidal force which
increases with an increasing radius from the cluster cen-
ter. The subhalos in the central region have been af-
fected by the tidal field for a longer time than those on
the outskirts. It is thus expected that the subhalo mass



Stacking

Measuring subhalo mass 
of stacked satellite 
galaxies 

Li et al. 2013



 Select satellites directly : Group finder

���������!�
��"��������	

�

�
#$#%�#��������������	��"��

�
����������"������������

����������������������

	��"��

�
&���	��	���������������

	��"��

�
'��������

34���������'�/005

�
(�((��)*

�
+,-�.&
�

�
/012 23%2 45

���������!�
��"��������	

�

�
#$#%�#��������������	��"��

�
����������"������������

����������������������

	��"��

�
&���	��	���������������

	��"��

�
'��������

34���������'�/005

�
(�((��)*

�
+,-�.&
�

�
/012 23%2 45

Yang, Mo and vdBosch 2007, using 
SDSS spectroscopic sample

1.A self-calibrated FOF method.

2.Assign all galaxies to groups.

2.Estimate group mass by  
abundance matching.



Satellite lensing in CFHT/Stripe82 data

Li et al. 2014, MNRAS, 438, 2864
Lensing around satellites in groups 

with mass>5x10^13 solar mass
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Figure 1. Solid dots show the measured excess surface density
profiles, ∆Σ(R), around satellite galaxies in groups with assigned
masses in the range [1013, 5 × 1014] h−1M⊙. In the upper panels,
the rp range of satellite galaxies is [0.1, 0.3]h−1Mpc, while in the
lower panels, the range is [0.3, 0.5]h−1Mpc. Errorbars reflect the
68% confidence intervals obtained using bootstrapping. The black
solid lines in the left-hand panels show the predictions of our fidu-
cial model (see §3), while the dashed and dash-dotted lines show
the predictions using two different models for the center-offsets (see
text for details). The blue dotted lines show the contribu-
tion of stellar component. The right-hand panels show the
same data, but this time the solid lines correspond to the best-fit
models described by Eq.(12). The corresponding best-fit parame-
ters are listed in Table 1.

Skibba et al. 2011; George et al. 2012). In particular,
the recent study by Wang (2013) found that ∼ 20% of
central galaxies is offset from the center of their dark
matter halo, and that the offsets roughly follow a NFW
profile with a concentration parameter c ∼ 6. To test
the potential impact of such center-offsets on the lensing
signal studied here, we consider two different models for
the center offsets: (1) we assume that all central galaxies
have an offset, ∆r that follows a Gaussian distribution
centered on ∆r = 0, and with a standard deviation of
0.1 h−1Mpc . (2) we assume that only 20% of the central
galaxies have a non-zero offset, and that the probabil-
ity distribution for their ∆r follows a NFW profile with
concentration parameter c = 6. The dashed and dotted
lines in the left-hand panels of Fig. 1 show the model pre-
dictions for offset models (1) and (2), respectively. Note
how center-offsets ‘smooth’ out the contribution of the
host halo to the overall lensing signal. Both models yield
results that are virtually indistinguishable, and in even
better agreement with the data than our fiducial model
without center-offsets.

4. CONSTRAINTS ON MODEL PARAMETERS

Our theoretical predication given above is obtained by
modeling halos and subhalos of individual satellites. In
order to see how the observational data constrain the
average mass of subhalos, we fit the data with a simple

Figure 2. Solid dots show the measured ∆Σ(R) around central
galaxies in groups with assigned masses in the range [1013, 5 ×
1014] h−1M⊙. Errorbars reflect the 1σ uncertainties. The solid line
corresponds to the excess surface density of the best-fit single NFW
profile, which has a mass log(M/h−1M⊙) = 13.32, in excellent
agreement with the average of the assigned halo masses of the
groups, which is log(M/h−1M⊙) = 13.37.

model assuming that the average lensing signal has the
same form as a single lens system:

∆Σ = ∆Σhost(R|M, rp) +∆Σsub(R|Msub, ρ0,sub, rs,sub) .
(12)

Since the lensing signal of the stellar component
is much smaller than that from dark matter sub-
halo, we ignore this component for simplicity. The
model is therefore described by 5 free parameters: the
host halo mass, M ; the projected halo-centric distance
rp; the subhalo mass Msub; the subhalo characteristic
density ρ0,sub; and the subhalo scale radius rs,sub. For
simplicity, the concentration of the host halo is fixed us-
ing the concentration-mass relation of Neto et al. (2007).
As in L13, we fit the data using a Monte Carlo Markov
Chain (MCMC) method provided by the COSMOMC
package (Lewis & Bridle 2002). The best-fit results are
shown in the right-hand panels of Fig. 1. In order to illus-
trate the typical uncertainties and degeneracies among
the various parameters, Figs. 3 and 4 show the joint
constraints on a subset of parameter pairs for satellites
in the [0.1, 0.3] h−1Mpc rp bin. The best-fit value for
the subhalo mass is log(Msub/h−1M⊙) = 11.68 ± 0.67,
which is in excellent agreement with the average mass,
⟨logMsub,theory/h−1M⊙⟩ = 11.30, assigned to the satel-
lite galaxies according to the model described in §3. Due
to the limited data, however, the constraint is not par-
ticularly tight. In particular, the 95% confidence inter-
val for Msub covers the entire range log(Msub/h−1M⊙) =
[9.0, 12.5] s In the case of the parameters ρ0,sub and rs,sub,
no meaningful constraints can be obtained due the lim-
ited amount and quality of the data on small scales.
The results for the [0.3, 0.5] h−1Mpc rp bin are similar.

satellite gglensing 5

Figure 3. The 68% and 95% confidence intervals for parameters
M , rp and Msub. The last panel of each row shows the marginal-
ized posterior distributions. The rp range of satellite galaxies is
[0.1, 0.3]h−1Mpc.

The best-fit values for M , rp and Msub are listed in Ta-
ble 1. Note that the best-fit value for the host halo mass,
Mfit, is with ∼ 1013.7h−1M⊙ significantly larger than
the average mass obtained directly from the SDSSGC
(1013.37h−1M⊙) or from the lensing signal around the
centrals (1013.32h−1M⊙; see Fig. 2). However, this arises
because Mfit is weighted by the number of satellite galax-
ies per host. Since more massive groups host more satel-
lites, on average, this weighting biases the inferred host
halo high(cf. More et al. 2009). Indeed, if we use the
group catalogue to compute the satellite-weighted aver-
age host halo mass, we obtain the values listed in the
fourth column of Table 1, and which are in much better
agreement with the best-fit value for Mfit.

5. SUMMARY

We have used the Yang et al. (2007) galaxy group
catalog constructed from the SDSS spectroscopic sur-
vey to select satellite galaxies and obtained tangen-
tial shears around them using sources selected from the
CFHT/Stripe82 survey. This has resulted in the first
direct, albeit statistical, measurement of gravitational
lensing due to the dark matter subhalos associated with
satellite galaxies.
The lensing effect is measured for satellites in groups

with masses in the range [1013, 5× 1014]h−1M⊙, and the
results agree well with theoretical expectation, although
the errorbars are quite large, especially on small scales.
Fitting the data points with truncated NFW profile, we
obtain an average subhalo mass of log(Msub/h−1M⊙) =
11.68 ± 0.67 for satellites located at projected group-
centric distances in the range [0.1, 0.3]h−1Mpc, and
log(Msub/h−1M⊙) = 11.68± 0.76 for those in the range
[0.3, 0.5]h−1Mpc. Unfortunately, the current data is in-
sufficient to put any meaningful constraints on the cen-

Figure 4. Similar to Fig. 3, but here the 68% and 95% confidence
intervals are shown for parameters Msub, ρ0,sub and rs,sub.

tral density, ρ0,sub, and/or scale radius, rs,sub, of the sub-
halos. The best-fit subhalo masses are consistent (within
the errors) with the truncated subhalo masses assigned
to satellite galaxies using abundance matching. Our re-
sults prove the feasibility of using galaxy-galaxy weak
lensing to study the properties of subhalos, once a well-
defined galaxy group catalog is available to pre-select
satellite galaxies. As discussed in L13, next generation
weak lensing surveys, which will yield many more source
galaxies behind many more foreground galaxy groups,
one will then be able to constrain both the mass and the
structure of subhalos associated with satellite galaxies
in narrow bins of host halo mass bins and group-centric
distance, rp. This will yield constraints on the formation
and evolution of dark matter subhalos, and perhaps even
on the nature of the dark matter through its impact on
the formation of cosmic structure on small scales.
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COCO simulations Bose+ 2016

3.3 keV WDM, COCO simulations Bose et al. 2017 
The power spectrum of this WDM model is also 

 very similar to the “coldest” 7 kev sterile neutrino

Warm ColdCDM  vs WDM 



Identity of Dark matter
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Figure 2. Redshift evolution of the dark matter density in cubes of 2 h�1Mpc on a side, for a CDM (left) and 3.3 keV WDM Universe
(right). From top to bottom, the snapshots for z = 10, z = 6, z = 1 and a zoom-in of a 1010 h�1 M� halo in z = 0 are shown. The
“coldness” of the 3.3 keV model makes di↵erences hard to tell, especially at z = 1, where the largest objects look identical. At early
times, however, the formation of far more smaller objects in CDM can be clearly seen, whereas the equivalent regions in WDM are
smoother. The formation of the largest objects occur at roughly the same time and evolve in a similar fashion. In the bottom panel, we
zoom into a 5 ⇥ 1010 h�1 M� halo, where the lack of substructure in the WDM case relative to the CDM counterpart is stark.

c� 2014 RAS, MNRAS 000, 1–18

COCO simulations Bose+ 2016 Li et al. 2016 arxiv 1512.06507

How to find small haloes? 
Most  very small haloes don’t form galaxy



Substructure detection in 
strong lenses

Vegetti et al. 2012

Li et al. 2016 arxiv 1512.06507
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Perturber mass function
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Figure 2. The dashed bars show the projected number density

of subhaloes in the Einstein ring region for a lens with host halo

of 10

13 h�1

M� at redshift 0.2. The solid bars show the projected

number density of haloes along the line of sight. The width of the

bars show the mass bin sizes.

Figure 3. The x-axis is the subhalo mass detection limit. The

blue dashed line show the number density of subhaloes with mass

above theM
low

for a host halo mass of 10

13h�1

M� at redshift 0.2,

which is derived by Xu et al. 2014. The red dashed line shows the

number density of subhaloes of a coco-warm universe. The blue

(red) solid lines show the number density of perturbing interlopers

along the line-of-sight for CDM (WDM) case.

Figure 4. The figures shows posterior distribution of mass and

redshift. The input interloper is at z=0.18 with a subhalo of mass

5⇥10

6h�1

M�. The contour shows 68% and 95% confidence level

for 2-d posterior distribution of fitted mass and redshift.

mass. Considering the halo mass function increase towards
the low mass end, the higher the lens redshift is, the more
important the interlopers become.

If we fix the interloper redshift to be z

lens

dur-
ing the fitting, we can derive a best-fit e↵ective mass
M

e↵

(M
int

, z

int

, ✓), where M

int

and z

int

are the true mass
and redshift of the interloper, and ✓ is the angular position
of the interloper. In other words, we can use a subhalo of
M

e↵

at redshift z
lens

to model an image perturbation caused
by the interloper of M

int

at redshift z
int

.
We assume that the mass detection limit of subhaloes

is M
low

within a thin annulus with thickness �✓ around the
Einstein radius. Then any interlopers with M

e↵

> M

low

can
also be detected. We refer to those interloper haloes as “per-
turbing interlopers”. The projected number density of per-
turbing interlopers can be written as:
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(> M
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) =

1
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dz
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(5)
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(M
int,low, z) = M
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, M
max

= 1011h�1M� is the
maximum mass of halo that allowed by the mass function.
Since the number density of haloes is dominated by the low
mass end, the choice of exact M

max

has no e↵ect on the final
results.

The projected subhalo number density in a CDM uni-
verse can be written as:
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m

h
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)�↵

, (6)

and the cumulative surface density of subhaloes in range
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Forecast
M_low=10^7 Msun
Upper: N_lens=20
Lower: N_Lens=100

Li et al. 2016,2018





Modeling the lens

PyAutoLens By Nightingale James
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Subhalo on Einstein ring

Vegetti et al. 2012

108Msun 

Not significant enough



Sensitivity function
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Globular clusters

• There are ~1000 of  globular 
clusters in massive early 
galaxies.

• The GCs can dominate the 
subhaloes around the 
Einstein radius.
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The strong lensing e↵ects of globular clusters

Qiuhan He1, Ran Li1 et al.?
1Key laboratory for Computational Astrophysics, National Astronomical Observatories, Chinese Academy of Sciences, Beijing, 100012, China

21 January 2017

ABSTRACT
Strong lensing Einstein ring systems o↵er a promising place to detect dark matter
substructures below 109 M� through distortions they induced to the strong lensing
image. The abundance of substructures measured in this way can be used to distinguish
two most plausible dark matter particle candidates: cold dark matte ( CDM ) and
warm dark matter ( WDM ), the later of which predicted much less very low mass
substructures. However, the globular clusters that reside in the lens galaxies can also
induce distortions as those subhaloes, which may contaminate the results. In this
paper, we investigate the population of globular clusters in early type galaxies in the
nearby Virgo cluster. We find that the number density of substructures with mass
below 106 M� is dominated by the globular clusters. We also show that the lensing
distortion from globular clusters is quite di↵erent from that of dark matter subhaloes,
thus can be distinguished with high resolution imaging.

1 INTRODUCTION

gravitational lensing
strong lensing Einstein ring
The subhalo mass function di↵erence in CDM and

WDM
VLBI forecast
globular clusters
In this paper
Xu et al.(Ref.?) have used the GC system of Milky Way

as a sample to estimate GC’s e↵ect in a lensing system.
However, as showed in figure(1), the Milky Way(displayed
as a triangle in figure(1)) is much smaller than those SLACS
galaxies, which suggests that the GC’s e↵ect may be less es-
timated by Xu. In fact, as the linear fitting result shows,
since Milky Way’s stellar mass is about ten times smaller
than the stellar mass of those typical SLACS galaxies, the
number of GCs in the Milky Way is around 30 times less
than that of SLACS galaxies. Therefore, a more precise es-
timation of GC’s e↵ect in strong lensing system is needed to
be done for massive galaxies.

2 GLOBULAR CLUSTER CATALOG

To investigate the e↵ect of the globular clusters(GCs) in
strong lensing systems, we estimate the total number of GCs
in the lens galaxies with the globular cluster catalog of Virgo
galaxies derived by XXX et al.

XXXX Could add more description?
It is shown in Fig.1 that the total number of globular

clusters increases as a function of galaxy stellar mass. A
typical lens galaxy in the SLACs sample has a stellar mass
of a few 1011M�. According to Fig. 1, these galaxies possess
more than 5000 GCs.

The number of the total GCs in a galaxy with stellar

Figure 1. the relation between N
gc

and galaxy’s stellar mass.

The unit of mass is 10

9M�. XXXX, is there a h in unit? XXXX

mass M can be estimated with:

logN
gc

= 1.453 logM + 0.045 (1)

XXXX is Log, Ln or log10XXXX? XXXX Eric, do you have
a fitting formula that we could cite?XXXX

c� 0000 The Authors

QHH, RL et al. 2018



Effects of Globular Clusters

GC NFW NFW fit GC
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Figure 2. The dashed bars show the projected number density

of subhaloes in the Einstein ring region for a lens with host halo

of 10

13 h�1

M� at redshift 0.2. The solid bars show the projected

number density of haloes along the line of sight. The width of the

bars show the mass bin sizes.

Figure 3. The x-axis is the subhalo mass detection limit. The

blue dashed line show the number density of subhaloes with mass

above theM
low

for a host halo mass of 10

13h�1

M� at redshift 0.2,

which is derived by Xu et al. 2014. The red dashed line shows the

number density of subhaloes of a coco-warm universe. The blue

(red) solid lines show the number density of perturbing interlopers

along the line-of-sight for CDM (WDM) case.

Figure 4. The figures shows posterior distribution of mass and

redshift. The input interloper is at z=0.18 with a subhalo of mass

5⇥10

6h�1

M�. The contour shows 68% and 95% confidence level

for 2-d posterior distribution of fitted mass and redshift.

mass. Considering the halo mass function increase towards
the low mass end, the higher the lens redshift is, the more
important the interlopers become.

If we fix the interloper redshift to be z

lens

dur-
ing the fitting, we can derive a best-fit e↵ective mass
M

e↵

(M
int

, z

int

, ✓), where M

int

and z

int

are the true mass
and redshift of the interloper, and ✓ is the angular position
of the interloper. In other words, we can use a subhalo of
M

e↵

at redshift z
lens

to model an image perturbation caused
by the interloper of M

int

at redshift z
int

.
We assume that the mass detection limit of subhaloes

is M
low

within a thin annulus with thickness �✓ around the
Einstein radius. Then any interlopers with M

e↵

> M

low

can
also be detected. We refer to those interloper haloes as “per-
turbing interlopers”. The projected number density of per-
turbing interlopers can be written as:

⌃
pb

(> M

low

) =

1
✓E�✓

Z zs

0

n(M
int,low,Mmax

, z)R(z, ✓E)�R(z, �✓)
d�(z)
dz

dz ,

(5)
where M

e↵

(M
int,low, z) = M

low

, M
max

= 1011h�1M� is the
maximum mass of halo that allowed by the mass function.
Since the number density of haloes is dominated by the low
mass end, the choice of exact M

max

has no e↵ect on the final
results.

The projected subhalo number density in a CDM uni-
verse can be written as:

⌃
sub,cdm(m) = ⌃

0

(
m

h

�1M�
)�↵

, (6)

and the cumulative surface density of subhaloes in range
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Table 2. the surface number density around the Einstein ring

name (VCC) > 10

5M� 10

5 ⇠ 10

6M� > 10

6M�
1226 53.61± 15.72 46.39± 13.62 7.21± 2.33
1978 61.03± 27.17 52.98± 23.59 8.05± 3.72
881 24.94± 4.3 21.75± 3.72 3.19± 1.08
798 46.28± 15.43 36.75± 12.2 9.53± 3.79
763 34.67± 23.54 30.59± 20.78 4.07± 2.83

the unit is arcsec

�2

4 THE LENSING EFFECT OF GCS

The dark matter subhaloes and the GCs have very di↵erent
density profile thus will generate di↵erent lensing signal. In
this part, we compare the image distortions induced by of
the two.

We assume that the main lens is at zl = 0.2 and follows
a SIS profile with velocity dispersion of �v = 350kms�1.
A GC (subhalo) is then placed at the Einstein radius. We
put a source galaxy at redshift zs = 1. The brightness of
the source galaxy follows a Gaussian distribution with dis-
persion �

source

= 0.100. We then use a ray-tracing code to
generate a lensed image on a plane of 8000⇥8000 pixels.
The size of each pixel is 0.00300 XXXX.

We assume that the dark matter subhaloe follows the
NFW profile (ref XXX), which has the form:

⇢(x) =
⇢s

x(1 + x)2
(10)

where x = r
rs

and rs is the scale parameter. According to
Navarro et al.(Ref.?), the two parameter can be determined
by concentration parameter c as,

⇢s = ⇢crit�c (11)

rs = r

200

/c (12)

where �c = 200

3

c3

ln(1+c)�c/(1+c) and M

200

= 200 4

3

⇡r

3

200

, where
r

200

is the radius within which the average density equals
to 200 times of the critical density. We use the M

200

� c

concentration relation derived by XXXX
We use King’s model to represent density profile of a

globular cluster. The density ⇢(r) can be solved from fol-
lowing equations:

d

2

W

dR

2

+
2

R

dW

dR

= �9
⇢

⇢

0

(13a)

⇢ =
9

⇢

0

exp[W �W

0

]

Z W

0

⌘

�3/2
e

�W
d⌘ (13b)

R = r/r

0

(13c)

lim
R!0

2

R

dW

dR

= �6 (13d)

where W

0

and (13d) are initial conditions for the equation
(13a), and r

0

is the scale parameter. King’s model depends
on three parameters: W

0

, ⇢
0

and Mgc, the mass of the GC,
as the parameters to construct a GC model with specified
mass.

XXXX more explanation to the parameters.
To compare the surface mass density profile of two mod-

els, we choose the most massive GC, MW-NGC5139, in the

Figure 3. The density profiles of a globular cluster and a dark

matter halo of the same mass. The unit of radius is pc and surface

mass density’s unit is M�pc�2

studies of McLaughlin & van der Marel (Ref?), whose mass
is 106.37M�. The GC’s W

0

is 6.2 and ⇢

0

is 103.43M�pc
�3.

In the left and middle panels of figure 3, we compare the
surface density profile of NGC 5139 with the subhaloes of
the same mass.

Each panel of Fig.3 shows a section of the Einstein ring
near the position of the substructure. The existence of the
substructure induces a distortion around it. The distortion
induced by the GC changes the brightness around its posi-
tion by about 2%, while a subhalo generate no visible e↵ects
on the plot. The result is easy to understand, because a GC
is much more condensed than the NFW subhalo. The ra-
dius of this GC is 72 pc, while the dark halo is much more
extended with r

200

⇠ 3000 pc.
In the right panel of Fig.3, we show the results of a NFW

profile that is the best-fit to the King’s model of NGC5139.
The best-fit mass of SUB2 model is 107.14M�, XXXX more
massive than that of the GC, and c is 104.46,600 times larger
than that predicted by ?. The amplitude of the brightness
change caused by this ultra-densed NFW halo is comparable
to that caused the GC.

The distortions induced by SUB2 model is bigger than
that of the SUB1, but still not comparable to that of GC.
The mass of SUB2 model is 107.14M� and c is 104.46, 600
times larger than that predicted by ?.

5 DISCUSSION AND SUMMARY

Then we fit the lensing e↵ect of the GC with NFW model in
two di↵erent ways. The first way is using NFW to fit with
only one parameter, M , and the concentration parameter c
is determined by the equation(??). The second way is fit-
ting the GC’s lensing e↵ect through NFW model with two
parameters, M and concentration parameter c. The com-
parison of di↵erent lensing e↵ect is showed in figure(4). We
have reset the color bar to make the lensing e↵ect clearly
seen.

From the central panel in figure(4), we can hardly see
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Expectation for CSS-OS

• ~150000 galaxy scale strong 
lens systems (currently ~400), 
Including ~1000 double lens 
system 

• Hundreds of massive clusters 
with many multiple images 

• Accurate photo-z for both lens 
and source. 

Provide by Yiping Shu
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Strong lensing science 
cases of CSS-OS

• Abundance of dark matter substructure and identity of dark matter 

• Testing GR 

•  Inner density structure of galaxy clusters 

• Galaxy mass and structure 

• Dark matter fraction within galaxies and clusters 

• Shape of dark matter haloes 

• Evolution of Early type galaxies 

• ……
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Summary
• Galaxy-galaxy lensing can be a powerful tool to measure 

subhalo mass for satellite galaxies in groups and clusters. 

• Subhaloes detected from Einstein ring systems provide a 
promising way to distinguish WDM and CDM model.  

• 20 lenses with M_low=1e7 Msun, or 100 lenses with 
M_low=1e8 Msun can put strong constraints on WDM 

• LOS haloes dominate the total number of perturbers. 

• Understanding the sensitivity function is very important for 
constraining the SHMF.



Globular clusters

❖ There are ~1000 of  
globular clusters in 
massive early galaxies.

❖ The GCs can dominate 
the subhaloes around the 
Einstein radius.
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ABSTRACT
Strong lensing Einstein ring systems o↵er a promising place to detect dark matter
substructures below 109 M� through distortions they induced to the strong lensing
image. The abundance of substructures measured in this way can be used to distinguish
two most plausible dark matter particle candidates: cold dark matte ( CDM ) and
warm dark matter ( WDM ), the later of which predicted much less very low mass
substructures. However, the globular clusters that reside in the lens galaxies can also
induce distortions as those subhaloes, which may contaminate the results. In this
paper, we investigate the population of globular clusters in early type galaxies in the
nearby Virgo cluster. We find that the number density of substructures with mass
below 106 M� is dominated by the globular clusters. We also show that the lensing
distortion from globular clusters is quite di↵erent from that of dark matter subhaloes,
thus can be distinguished with high resolution imaging.

1 INTRODUCTION

gravitational lensing
strong lensing Einstein ring
The subhalo mass function di↵erence in CDM and

WDM
VLBI forecast
globular clusters
In this paper
Xu et al.(Ref.?) have used the GC system of Milky Way

as a sample to estimate GC’s e↵ect in a lensing system.
However, as showed in figure(1), the Milky Way(displayed
as a triangle in figure(1)) is much smaller than those SLACS
galaxies, which suggests that the GC’s e↵ect may be less es-
timated by Xu. In fact, as the linear fitting result shows,
since Milky Way’s stellar mass is about ten times smaller
than the stellar mass of those typical SLACS galaxies, the
number of GCs in the Milky Way is around 30 times less
than that of SLACS galaxies. Therefore, a more precise es-
timation of GC’s e↵ect in strong lensing system is needed to
be done for massive galaxies.

2 GLOBULAR CLUSTER CATALOG

To investigate the e↵ect of the globular clusters(GCs) in
strong lensing systems, we estimate the total number of GCs
in the lens galaxies with the globular cluster catalog of Virgo
galaxies derived by XXX et al.

XXXX Could add more description?
It is shown in Fig.1 that the total number of globular

clusters increases as a function of galaxy stellar mass. A
typical lens galaxy in the SLACs sample has a stellar mass
of a few 1011M�. According to Fig. 1, these galaxies possess
more than 5000 GCs.

The number of the total GCs in a galaxy with stellar

Figure 1. the relation between N
gc

and galaxy’s stellar mass.

The unit of mass is 10

9M�. XXXX, is there a h in unit? XXXX

mass M can be estimated with:

logN
gc

= 1.453 logM + 0.045 (1)

XXXX is Log, Ln or log10XXXX? XXXX Eric, do you have
a fitting formula that we could cite?XXXX

c� 0000 The Authors

HQ, RL et al. in prep
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Figure 2. The dashed bars show the projected number density

of subhaloes in the Einstein ring region for a lens with host halo

of 10

13 h�1

M� at redshift 0.2. The solid bars show the projected

number density of haloes along the line of sight. The width of the

bars show the mass bin sizes.

Figure 3. The x-axis is the subhalo mass detection limit. The

blue dashed line show the number density of subhaloes with mass

above theM
low

for a host halo mass of 10

13h�1

M� at redshift 0.2,

which is derived by Xu et al. 2014. The red dashed line shows the

number density of subhaloes of a coco-warm universe. The blue

(red) solid lines show the number density of perturbing interlopers

along the line-of-sight for CDM (WDM) case.

Figure 4. The figures shows posterior distribution of mass and

redshift. The input interloper is at z=0.18 with a subhalo of mass

5⇥10

6h�1

M�. The contour shows 68% and 95% confidence level

for 2-d posterior distribution of fitted mass and redshift.

mass. Considering the halo mass function increase towards
the low mass end, the higher the lens redshift is, the more
important the interlopers become.

If we fix the interloper redshift to be z

lens

dur-
ing the fitting, we can derive a best-fit e↵ective mass
M

e↵

(M
int

, z

int

, ✓), where M

int

and z

int

are the true mass
and redshift of the interloper, and ✓ is the angular position
of the interloper. In other words, we can use a subhalo of
M

e↵

at redshift z
lens

to model an image perturbation caused
by the interloper of M

int

at redshift z
int

.
We assume that the mass detection limit of subhaloes

is M
low

within a thin annulus with thickness �✓ around the
Einstein radius. Then any interlopers with M

e↵

> M

low

can
also be detected. We refer to those interloper haloes as “per-
turbing interlopers”. The projected number density of per-
turbing interlopers can be written as:

⌃
pb

(> M

low

) =

1
✓E�✓

Z zs

0

n(M
int,low,Mmax

, z)R(z, ✓E)�R(z, �✓)
d�(z)
dz

dz ,

(5)
where M

e↵

(M
int,low, z) = M

low

, M
max

= 1011h�1M� is the
maximum mass of halo that allowed by the mass function.
Since the number density of haloes is dominated by the low
mass end, the choice of exact M

max

has no e↵ect on the final
results.

The projected subhalo number density in a CDM uni-
verse can be written as:

⌃
sub,cdm(m) = ⌃

0

(
m

h

�1M�
)�↵

, (6)

and the cumulative surface density of subhaloes in range
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Table 2. the surface number density around the Einstein ring

name (VCC) > 10

5M� 10

5 ⇠ 10

6M� > 10

6M�
1226 53.61± 15.72 46.39± 13.62 7.21± 2.33
1978 61.03± 27.17 52.98± 23.59 8.05± 3.72
881 24.94± 4.3 21.75± 3.72 3.19± 1.08
798 46.28± 15.43 36.75± 12.2 9.53± 3.79
763 34.67± 23.54 30.59± 20.78 4.07± 2.83

the unit is arcsec

�2

4 THE LENSING EFFECT OF GCS

The dark matter subhaloes and the GCs have very di↵erent
density profile thus will generate di↵erent lensing signal. In
this part, we compare the image distortions induced by of
the two.

We assume that the main lens is at zl = 0.2 and follows
a SIS profile with velocity dispersion of �v = 350kms�1.
A GC (subhalo) is then placed at the Einstein radius. We
put a source galaxy at redshift zs = 1. The brightness of
the source galaxy follows a Gaussian distribution with dis-
persion �

source

= 0.100. We then use a ray-tracing code to
generate a lensed image on a plane of 8000⇥8000 pixels.
The size of each pixel is 0.00300 XXXX.

We assume that the dark matter subhaloe follows the
NFW profile (ref XXX), which has the form:

⇢(x) =
⇢s

x(1 + x)2
(10)

where x = r
rs

and rs is the scale parameter. According to
Navarro et al.(Ref.?), the two parameter can be determined
by concentration parameter c as,

⇢s = ⇢crit�c (11)

rs = r

200

/c (12)

where �c = 200

3

c3

ln(1+c)�c/(1+c) and M

200

= 200 4

3

⇡r

3

200

, where
r

200

is the radius within which the average density equals
to 200 times of the critical density. We use the M

200

� c

concentration relation derived by XXXX
We use King’s model to represent density profile of a

globular cluster. The density ⇢(r) can be solved from fol-
lowing equations:

d

2

W

dR

2

+
2

R

dW

dR

= �9
⇢

⇢

0

(13a)

⇢ =
9

⇢

0

exp[W �W

0

]

Z W

0

⌘

�3/2
e

�W
d⌘ (13b)

R = r/r

0

(13c)

lim
R!0

2

R

dW

dR

= �6 (13d)

where W

0

and (13d) are initial conditions for the equation
(13a), and r

0

is the scale parameter. King’s model depends
on three parameters: W

0

, ⇢
0

and Mgc, the mass of the GC,
as the parameters to construct a GC model with specified
mass.

XXXX more explanation to the parameters.
To compare the surface mass density profile of two mod-

els, we choose the most massive GC, MW-NGC5139, in the

Figure 3. The density profiles of a globular cluster and a dark

matter halo of the same mass. The unit of radius is pc and surface

mass density’s unit is M�pc�2

studies of McLaughlin & van der Marel (Ref?), whose mass
is 106.37M�. The GC’s W

0

is 6.2 and ⇢

0

is 103.43M�pc
�3.

In the left and middle panels of figure 3, we compare the
surface density profile of NGC 5139 with the subhaloes of
the same mass.

Each panel of Fig.3 shows a section of the Einstein ring
near the position of the substructure. The existence of the
substructure induces a distortion around it. The distortion
induced by the GC changes the brightness around its posi-
tion by about 2%, while a subhalo generate no visible e↵ects
on the plot. The result is easy to understand, because a GC
is much more condensed than the NFW subhalo. The ra-
dius of this GC is 72 pc, while the dark halo is much more
extended with r

200

⇠ 3000 pc.
In the right panel of Fig.3, we show the results of a NFW

profile that is the best-fit to the King’s model of NGC5139.
The best-fit mass of SUB2 model is 107.14M�, XXXX more
massive than that of the GC, and c is 104.46,600 times larger
than that predicted by ?. The amplitude of the brightness
change caused by this ultra-densed NFW halo is comparable
to that caused the GC.

The distortions induced by SUB2 model is bigger than
that of the SUB1, but still not comparable to that of GC.
The mass of SUB2 model is 107.14M� and c is 104.46, 600
times larger than that predicted by ?.

5 DISCUSSION AND SUMMARY

Then we fit the lensing e↵ect of the GC with NFW model in
two di↵erent ways. The first way is using NFW to fit with
only one parameter, M , and the concentration parameter c
is determined by the equation(??). The second way is fit-
ting the GC’s lensing e↵ect through NFW model with two
parameters, M and concentration parameter c. The com-
parison of di↵erent lensing e↵ect is showed in figure(4). We
have reset the color bar to make the lensing e↵ect clearly
seen.

From the central panel in figure(4), we can hardly see
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