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Introduction

Van der Veen et al. (2013)

Goal

I Measure electromagnetic waves impinging on the Earth thanks to
astronomical instruments

I Deduce spectral flux density from maps which measure strength of
radiation

I Study physical phenomena to handle cosmological issues

Astronomical instruments

I Large telescope dishes: expensive, lack of flexibility
I Interferometric array: higher angular resolution
I Phased-array system: cheaper dipole antennas, no moving parts

(software telescope), huge collecting area
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Introduction

Radio astronomy

I Study radio emissions
I Case of LOFAR (LOw Frequency ARray):

LBA (Low Band Antenna) 30-80 MHz
HBA (High Band Antenna) 120-240 MHz
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Motivation

Calibration

I Estimation of all perturbations introduced along the signal path
I Essential to perform image reconstruction with no distorsions

Hamaker et al. (1996)
Kazemi and Yatawatta
(2013)

Non-Gaussianity assumption

I Presence of outliers in the data (weak unknown sources, RFI, ...)
I Robust calibration in the literature: only Student’s t
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Data model Non-structured case

Data model
Non-structured Jones matrices
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Data model Non-structured case

Mathematical model for
non-structured Jones matrices

Hamaker et al. (1996), Smirnov (2011)

B D sources, M antennas, 2 orthogonal polarization directions (x , y)

si = [six , siy ]T i-th incoming radiation

v̄ip(θ) = [vipx (θ), vipy (θ)]T generated voltage at p-th antenna

Jip(θ) Jones matrix, parametrized by unknown vector θ

⇓
v̄ip(θ) = Jip(θ)si

=⇒ Unknown elements = entries of all Jones matrices
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Data model Non-structured case

Noise-free case

Vpq(θ) =
∑D

i=1 Jip (θ)CiJ
H
iq (θ) for p < q, p, q ∈ {1, . . . ,M}

Vpq(θ) = E
{

v̄p(θ)v̄H
q (θ)

}
Hamaker et al. (1996)

Ci = E{sisHi } =

[
Ii + Qi Ui + jVi

Ui − jVi Ii − Qi

]
intrinsic source coherency matrix
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Data model Non-structured case

Full visibility vector

Vpq(θ) =
D∑
i=1

Jip(θ)CiJ
H
iq (θ)

⇓

ṽpq(θ) = vec
(

Vpq(θ)
)

=
D∑
i=1

uipq(θ)

uipq (θ) =
(

J?iq (θ)⊗ Jip (θ)
)
vec(Ci )

Noisy correlation measurements

vpq = ṽpq(θ) + npq

=⇒ x = [vT12, v
T
13, . . . , v

T
(M−1)M ]T =

D∑
i=1

ui (θ) + n

ui (θ) =
[
uT
i12

(θ), uT
i13

(θ), . . . , uT
i(M−1)M

(θ)
]T

n =
[
nT

12, n
T
13, . . . , n

T
(M−1)M

]T
=⇒ Gaussian noise & outliers

V.Ollier (SATIE/L2S) Robust calibration 02/02/2017 9 / 34



Data model Non-structured case

Noise modeling
Spherically invariant random process (SIRP)

npq =
√
τpq gpq

τpq positive real random variable (texture)

gpq complex zero-mean Gaussian process (speckle)

gpq ∼ CN (0,Ω) s.t. tr {Ω} = 1

=⇒ Remove scaling ambiguities

V.Ollier (SATIE/L2S) Robust calibration 02/02/2017 10 / 34



Data model Structured case

Data model
Structured Jones matrices
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Data model Structured case

3DC calibration regime
Direction dependent distorsions with compact array

Lonsdale (2004)

Closely packed group of similar antennas

Wide field of view of individual elements
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Data model Structured case

Noordam (1996), Smirnov (2011), Yatawatta (2012)

Jip(θ3DC
ip ) = Gp(gp)HipZip(αi )Fi (ϑi )

with θ3DC
ip = [ϑi , g

T
p ,α

T
i ]T

Ionospheric delay matrix

Zip(αi ) = exp
{
jϕip

}
I2

where ϕip = ηiup + ζivp,

I αi = [ηi , ζi ]
T source offset

I rp = [up, vp]T known antenna position in units of wavelength
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Data model Structured case

Diagonal electronic gain matrix

Gp(gp) = diag{gp}

Known matrix Hip
I Electromagnetic simulations
I A priori knowledge (calibrator sources & antenna positions)

Ionospheric Faraday rotation matrix

Fi (ϑi ) =

[
cos(ϑi ) − sin(ϑi )
sin(ϑi ) cos(ϑi )

]
I Faraday rotation angle ϑi
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Estimation procedure Non-structured case

Estimation procedure

Non-structured Jones matrices
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Estimation procedure Non-structured case

Maximum likelihood method
f (x|θ, τ ,Ω) =

∏
pq

1

|πτpqΩ|
exp

{
− 1

τpq
aH
pq(θ)Ω−1apq(θ)

}

τ = [τ12, τ13, . . . , τ(M−1)M ]T

apq(θ) = vpq − ṽpq(θ)

⇓

log f (x|θ, τ ,Ω) =

− 4B log π − 4
∑
pq

log τpq − B log |Ω| −
∑
pq

1

τpq
aH
pq(θ)Ω−1apq(θ)

Iterative ML algorithm

B Optimization w.r.t. each unknown parameter: concentrated ML estimator

B Probability density function of all τpq not specified: relaxed ML estimator
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Estimation procedure Non-structured case

Proposed algorithm

1 Initialize Ω̂ = Ωinit, τ̂ = τ init

2 Estimation of θ

θ̂ = argmin
θ

{∑
pq

1
τ̂pq

aH
pq(θ)Ω̂

−1
apq(θ)

}
3 Estimation of Ω

Ω̂ = 4
B

∑
pq

apq(θ̂)aHpq(θ̂)

aHpq(θ̂)(Ω̂)−1apq(θ̂)
Ω̂ = Ω̂

tr{Ω̂}

‘
4 Estimation of τ

τ̂pq = 1
4aH

pq(θ̂)Ω̂
−1

apq(θ̂)

5 Repeat steps 2 to 4 until stop criterion reached
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Estimation procedure Non-structured case

Non-structured Jones matrices

Partition per source

θ = [θT
1 , . . . ,θ

T
D ]T = [θT

11
, . . . ,θT

1M
, . . . ,θT

D1
, . . . ,θT

DM
]T

Jip(θ) parametrized by path from i-th calibrator source to p-th
sensor

Jip(θ) = Jip(θip)

with θip ∈ R8×1
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Estimation procedure Non-structured case

EM algorithm
Expectation-Maximization

Yatawatta et al. (2009), Kazemi et al. (2011)

B Motivation

Decrease computational cost
Optimization for single source problems of smaller dimensions
=⇒ optimization w.r.t. θi ∈ C4M×1 instead of θ ∈ C4DM×1

Ensure convergence

Complete data vector w = [wT
1 , . . . ,w

T
D ]T

wi = ui (θi ) + ni s.t. x =
D∑
i=1

wi
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Estimation procedure Non-structured case

B E-step
Goal: conditional expectation of complete data ŵ = E{w|x;θ, τ ,Ω}

n =
∑D

i=1 ni ∼ CN (0,Ψ)

Ψ =

 τ12Ω . . . 0
...

. . .
...

0 · · · τ(M−1)MΩ


ni ∼ CN (0, βiΨ)
D∑
i=1

βi = 1

ŵi = E{wi |x;θ, τ ,Ω} = ui (θi ) + βi

(
x−

D∑
l=1

ul(θl)

)
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Estimation procedure Non-structured case

B M-step
Goal: estimation of θi

f (ŵ|θ, τ ,Ω) =
D∏
i=1

1

|πβiΨ|
exp

{
−
(

ŵi − ui (θi )
)H

(βiΨ)−1
(

ŵi − ui (θi )
)}

φi (θi ) =
(

ŵi − ui (θi )
)H

(βiΨ)−1
(

ŵi − ui (θi )
)

Numerical example: Levenberg-Marquardt (LM) algorithm

Analytical method: Block Coordinate Descent (BCD) algorithm
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Estimation procedure Non-structured case

BCD algorithm
Block Coordinate Descent

Friedman et al. (2007), Hong et al. (2016)

Perform optimization of φi w.r.t. θip ∈ C4×1 with fixed θiq , q 6= p

φi (θip ) =
M∑
q=1
q>p

(
wipq − uipq (θip )

)H
(βiτpqΩ)−1

(
wipq − uipq (θip )

)
+

M∑
q=1
q<p

(
wiqp − uiqp (θip )

)H
(βiτqpΩ)−1

(
wiqp − uiqp (θip )

)
+ Cst
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Estimation procedure Non-structured case

BCD algorithm

Estimate the Jones matrix associated with path from i-th calibrator
source to p-th sensor

θ̂ip =


(ΣH

i AipΣi + ΥH
i ÃipΥi )

−1(ΣH
i Aipwip + ΥH

i Ãip w̃ip ) for 1 < p < M

(ΣH
i AipΣi )

−1ΣH
i Aipwip for p = 1

(ΥH
i ÃipΥi )

−1ΥH
i Ãip w̃ip for p = M

I ci = vec(Ci ) = [ci1 , ci2 , ci3 , ci4 ]T

I Jip (θip ) =

[
pi1 pi2
pi3 pi4

]
and Jiq (θiq ) =

[
qi1 qi2
qi3 qi4

]
, θip = [pi1 , pi2 , pi3 , pi4 ]T and

θiq = [qi1 , qi2 , qi3 , qi4 ]T

I Σiq =


αiq βiq 0 0

0 0 αiq βiq
γiq ρiq 0 0

0 0 γiq ρiq

 and Υiq =


λiq µiq 0 0

νiq ξiq 0 0

0 0 λiq µiq
0 0 νiq ξiq


I αiq = q∗i1

ci1 + q∗i2
ci3 , βiq = q∗i1

ci2 + q∗i2
ci4 , γiq = q∗i3

ci1 + q∗i4
ci3 and ρiq = q∗i3

ci2 + q∗i4
ci4

I λiq = qi1 ci1 + qi2 ci2 , µiq = qi1 ci3 + qi2 ci4 , νiq = qi3 ci1 + qi4 ci2 and ξiq = qi3 ci3 + qi4 ci4
I wip = [wT

ip(p+1)
, . . . ,wT

ipM
]T and Aip = bdiag{βiτp(p+1)Ω, . . . , βiτpMΩ}−1

I w̃ip = [w∗
T

i1p
, . . . ,w∗

T

i(p−1)p
]T and Ãip = bdiag{βiτ1pΩ∗, . . . , βiτ(p−1)pΩ∗}−1

I Σi = [ΣT
ip+1

, · · · ,ΣT
iM

]T and Υi = [Υ∗
T

i1
, · · · ,Υ∗

T

ip−1
]T

V.Ollier (SATIE/L2S) Robust calibration 02/02/2017 23 / 34



Estimation procedure Non-structured case

Algorithm 1

1 Initialize Ω̂ = Ωinit, τ̂ = τ init, θ̂i = θiinit , i = 1, . . . ,D

2 EM algorithm (for i = 1, . . . ,D) to repeat until stop criterion reached
E-step: Estimation of wi

ŵi = ui (θ̂i ) + βi

(
x−

D∑
l=1

ul(θ̂l)

)
M-step: Estimation of each θip for p = 1, . . . ,M (to repeat iteratively)

θ̂ip =


(ΣH

i Aip Σi + ΥH
i Ãip Υi )

−1(ΣH
i Aip wip + ΥH

i Ãip w̃ip ) for 1 < p < M
(ΣH

i Aip Σi )
−1ΣH

i Aip wip for p = 1

(ΥH
i Ãip Υi )

−1ΥH
i Ãip w̃ip for p = M

3 Estimation of Ω and τ

Ω̂ = 4
B

∑
pq

apq(θ̂)aHpq(θ̂)

aHpq(θ̂)(Ω̂)−1apq(θ̂)
Ω̂ = Ω̂

tr{Ω̂} τ̂pq = 1
4

aHpq(θ̂)Ω̂
−1

apq(θ̂)

4 Repeat steps 2 to 3 until stop criterion reached
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Estimation procedure Structured case

Estimation procedure

Structured Jones matrices
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Estimation procedure Structured case

Structured Jones matrices

Estimation of the antenna gains

ĝp = argmin
gp

D∑
i=1

||Ĵip − Gp(gp)HipZipFi ||2F

Estimation of the source shifts due to the ionosphere

ϕ̂ip = argmin
ϕip

||Ĵip − GpHipZip(ϕip)Fi ||2F

with ϕip = ηiup + ζivp and αi = [ηi , ζi ]
T

Estimation of the Faraday rotation angle

ϑ̂i = argmin
ϑi

M∑
p=1

||Ĵip − GpHipZipFi (ϑi )||2F
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Estimation procedure Structured case

Algorithm 2

1 Initialize ϑ̂i = ϑiinit
, α̂i = αiinit

, i = 1, . . . ,D , ĝp = gpinit , p = 1, . . . ,M
2 Estimation of ϑi , i = 1, . . . ,D

ϑ̂i = argminϑi

∑M
p=1 ||Ĵip − ĜpHip Ẑip Fi (ϑi )||2F

3 Estimation of gp , p = 1, . . . ,M

[ĝp ]k =
(∑D

i=1[Ŵ∗ip ]k,k

)−1∑D
i=1[X̂∗ip ]k,k

for k ∈ {1, 2}, with X̂ip = R̂ip ĴHip , Ŵip = R̂ip R̂H
ip

and R̂ip = Hip Ẑip F̂i

4 Estimation of αi = [ηi , ζi ]
T , i = 1, . . . ,D

α̂T
i =

ϕ̂T
i ΛH

 ∑M
p=1 v

2
p −

∑M
p=1 upvp

−
∑M

p=1 vpup
∑M

p=1 u
2
p


∑M

p=1 u2
p

∑M
p=1 v2

p−(
∑M

p=1 upvp)2

with ϕ̂i = [ϕ̂i1 , . . . , ϕ̂iM ]T , Λ =

[
u1 . . . uM
v1 . . . vM

]
, exp

{
2jϕ̂ip

}
=

Tr

{
M̂ip

}
Tr

{
M̂H

ip

} and

M̂ip = Ĵip F̂H
i HH

ip
ĜH
p

5 Repeat steps 2 to 4 until stop criterion reached
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Numerical simulations SIRP noise

Numerical simulations

Besson et al. (2013)

Additive noise term follows a SIRP

Particular case of Student’s t (texture ∼ inverse gamma)

Compare MSE and CRB

MSE([θ̂]k) = E
{(

[θ̂]k − [θ]k
)2}

> [CRB(θ)]k,k

Expression of the FIM

[F]k,l = 2
ν + 4

ν + 5

∑
pq

<

{
∂ṽH

pq(θ)

∂[θ]k
Ω−1 ∂ṽpq(θ)

∂[θ]l

}
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Numerical simulations SIRP noise
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Figure 1: MSE of the real part of the 64 unknown parameters
for a given SNR

D = 2 bright signal sources, M = 8 antennas

100 Monte-Carlo runs
128 real unknown parameters of interest
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Figure 2: MSE vs. SNR for the real part of a given unknown
parameter and the corresponding CRB
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Numerical simulations SIRP noise
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Figure 1: εh<{θ} as function of the h-th iteration, for second

loop from Algorithm 1

Convergence properties

ε
h
<{θ} = ||<

{
θ
h − θh−1

}
||22

with h-th iteration
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Figure 2: εh<{θ} as function of the h-th iteration, for first loop

from Algorithm 1
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Numerical simulations Realistic model

Realistic model

D = 2 calibrator sources,
D ′ = 8 weak outlier sources,
background Gaussian noise

M=8 antennas,

128 real parameters of interest
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SIRP assumption (proposed algorithm)
Gaussian assumption (Kazemi et al., 2013 - Madsen et al., 2004)
Student's t assumption (Kazemi et al., 2013)

Figure: MSE of the real part of the 64 unknown parameters for
a given SNR
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Numerical simulations Structured case

Structured case

D = 2 calibrator sources,
D ′ = 4 weak outlier sources,
M = 8 antennas

g = [gT
1 , . . . , g

T
M ]T

Similar behavior for ϑ1, ϑ2, η2, η1,ζ1

and ζ2
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SIRP assumption (proposed algorithm)
Student's t assumption (Kazemi et al., 2013)
Gaussian assumption (Kazemi et al., 2013 - Madsen et al., 2004)

Figure: MSE of the real part of the 16 complex gains for a
given SNR
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Conclusion

Conclusion
I Robust calibration algorithm based on iterative relaxed

concentrated MLE and SIRP modeling
I Perturbation effects are modeled by Jones matrices
I Study of non-structured and structured case (compact arrays like a

LOFAR station)
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Thank you for your attention
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