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•  LCDM = Lambda-Cold Dark Matter 

•  expanding universe that is accelerating 
today 

•  spatially homogeneous and isotropic                
(flat FLRW metric + perturbations) 

•  dynamics governed by general relativity 
(GR) 

•  basic model has 6 parameters 

•  Planck, Euclid, DES etc.  à precision era 
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Universe Pie Doughnut 

Atoms 100% Atoms 5% 

Dark Energy 68% 

Dark Matter 27% 

2015 <1960 
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How do the lumpy structures in the universe 
affect our observations and our understanding 

of cosmology? 

AIM 

use Szekeres inhomogeneous cosmological models 
to pursue two primary lines of study 

growth rate of large-
scale structures 

potential biases in 
distance measurements 

main question 

(1) (2) 
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•  family of exact solutions (metrics) of Einstein’s 
equations 

Szekeres models 

Rµ⌫ � 1

2
gµ⌫R+ gµ⌫⇤ =

8⇡G

c4
Tµ⌫

•  inhomogeneous and anisotropic but contain FLRW 
metric as a special limit 

•  able to describe exact deviations (perturbations) of 
a smooth and homogeneous background 

•  able to model evolving structures while retaining 
the full nonlinearity of GR 

 (spacetime curvature = energy and momentum) 
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•  no symmetries in general (lacks Killing vector fields) 

•  dust source (pressureless matter) 

•  generalizes FLRW and LT (spherically symmetric) 

more on Szekeres 

             P. Szekeres (1975) 

different formulations           Goode & Wainwright (1982) 

             C. Hellaby (1996) 
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Class I 
5 degrees of freedom 
 

4 degrees of freedom 
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simulation by A. Kravtsov and A. Klypin at NCSA 

NASA/ESA 
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valid for dust and 

describing density fluctuations 

� =
⇢� ⇢̄

⇢̄

@2�

@t2
+ 2H

@�

@t
� 4⇡G ⇢̄ � = 0linear 

evolution: 

density contrast 
� < 0

� = 0

� > 0

underdensity overdensity 
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Goode and Wainwright formulation 

•  metric 

Szekeres density evolution 

ds2 = �dt2 + a2
⇥
H2W 2dr2 + e2⌫(dx2 + dy2)

⇤

spacetime coordinates 

scale factor a(t)

✓
ȧ

a

◆2

=
2M

a3
� k

a2
+

⇤

3

•  evolution equation (Friedmann) 
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•  density 

⇢ =
6M

a3

✓
1 +

F

H

◆

= ⇢b · (1 + �)

•  evolution of density contrast 

= background + exact deviation 

0 =
@

@a
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�00 +

✓
4 + 2⌦⇤ � ⌦m

2a

◆
�0 � 3⌦m

2 a2
� � 2

1 + �
�02 � 3⌦m

2 a2
�2 = 0

FLRW part additional 
nonlinear terms 



matter-dominated era 
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Szekeres Class-II with an Einstein de Sitter background  
Spherical Collapse Model in Einstein de Sitter model   

FLRW - Einstein de Sitter model   

M. Ishak and A. Peel, Phys. Rev. D 85, 083502 (2012)  11 
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including cosmological const. 

A. Peel, M. Ishak, and M. A. Troxel, Phys. Rev. D 86, 123508 (2012)  
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⌦m = 0.11 ⌦⇤ = 0.71 ⌦k = 0.18
Szekeres match 



results summary 

•  increased growth rate compared to spherical 
collapse and FLRW by up to 3-5 times 

•  similar results for spatially curved models (not 
shown) 

•  density singularities avoided due to growth 
rate suppression by L  

•  presence of shear and nonzero tidal field act 
as effective sources 

•  might Szekeres not need as much dark 
matter? 
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Without priors With priors
Lα? Ω0

m Ω0
Λ Ω0

k (χ2) Ω0
m Ω0

Λ Ω0
k (χ2)

Szekeres
No 0.12 0.59 0.29 (0.22) 0.05 0.98 -0.03 (0.62)
Yes 0.11 0.69 0.20 (0.39) 0.05 0.98 -0.03 (0.63)

ΛCDM
No 0.29 0.56 0.15 (0.21) 0.27 0.73 0.00 (0.32)
Yes 0.26 0.69 0.05 (0.39) 0.27 0.73 0.00 (0.43)

Table 5.2: Best fit parameters for Szekeres and ΛCDM models. We use the χ2 minimization
described in Eq. (5.13) in order to choose the best cosmological parameters that fit f to the
observed growth factor as given in Table 5.1. We present results both including and omitting
available Lyman-α data. We also present results with priors placed on the Szekeres model, such
that 0.039 ≤ Ω0

b ≤ 0.049 from BBN (with Ω0
dm = 0). For comparison, we include the χ2 for each

best fit along with the χ2 for standard ΛCDM parameters. Values are rounded to the nearest
percent. The Szekeres model with no priors fits the growth data with approximately the same χ2

as that of the ΛCDM model.

data. Certain assumptions based on ΛCDM are necessary to obtain this growth data for f , and thus

may impact a direct comparison of the data to the growth resulting from modeling the evolution

of structure in a Szekeres universe. However, we explore here the formalism of such a comparison

and provide some first insight into the Szekeres models’ ability to fit real growth data.

5.5.1 Growth factor and growth index in the Szekeres models

In ΛCDM, the growth factor is written from the growth equation as

f ′ +

(

2 +
Ḣ

H2

)

f + f2 −
3

2
Ωm = 0, (5.5)

where H here is the ΛCDM Hubble parameter; see for example Linder (2005); Polarski & Gannouji

(2008); Gong, Ishak, & Wang (2009); Mortonson, Hu, & Huterer (2009); Linder & Cahn (2007);

Gannouji & Polarski (2008); Ishak & Dossett (2009); Dossett et al. (2010).

In a similar way to previous work done for ΛCDM, we can derive the growth factor for the

Szekeres models. From the definition of f in Eq. (5.4), we substitute

δ′ = f
δ

a
(5.6)

and

δ′′ =
(

f2 − f + f ′
) δ

a2
(5.7)

76

•  growth factor 

 

comparison to data 

A. Peel, M. Ishak, and M. A. Troxel, Phys. Rev. D 86, 123508 (2012)  

f 0 +

 
2 +

Ḣ

H2

!
f + f2 � 3

2
⌦m = 0

f 0 +

✓
1 + ⌦⇤ � 1

2
⌦m

◆
f +

✓
1� 2

1 + ��1

◆
f2 � 3

2
(1 + �)⌦m = 0

f =
d ln �

d ln a

Szekeres 
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A. Peel, M. Ishak, and M. A. Troxel, Phys. Rev. D 86, 123508 (2012)  
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•  best-fit Szekeres model fits data as well as FLRW but with 
different parameters 

•  best-fit Szekeres has less matter and more spatial curvature 

•  nonzero curvature consistent with other studies of 
inhomogeneous models and averaging 

•  analyzing data in inhomogeneous model strongly impacts 
determination of cosmological parameters 
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excluding Ly-a 



Light propagation and distance measures 
in a Swiss-cheese model universe 
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the universal expansion 

Supernova Cosmology Project (Union 2.1 Compilation): http://supernova.lbl.gov/Union/ 17 
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image courtesy of NASA/ESA 18 



toward (more) realistic light propagation 

full (Riemann) curvature = Ricci curvature + Weyl curvature 

FLRW Universe 

Ricci ≠ 0 
Weyl = 0 

Ricci = 0 
Weyl ≠ 0 

19 

LCDM 
 
QUESTION 
 
SZEKERES 
 
GROWTH 
 
LIGHT PROP. 
 
SWISS-CHEESE 
 
SUMMARY 
 
FUTURE 

Rµ⌫↵� = Cµ⌫↵�+gµ[↵ R�]⌫ � g⌫[↵ R�]µ � 1

3
Rgµ[↵g�]⌫



Swiss-cheese model universe 

LCDM 
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Swiss-cheese model universe 

LCDM 
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Swiss-cheese model universe 

LCDM 
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Swiss-cheese model universe 

LCDM 

Szekeres 

Szekeres 

Szekeres Szekeres 

Szekeres Szek 
Szek 

Szek 

Sz 

Sz 

Szekeres 
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Swiss-cheese model universe 

•  exact inhomogeneous universe with LCDM 
background dynamics 

•  Einstein’s equations continuous throughout spacetime 

•  lines of sight are primarily underdense 

•  overdense shells mimic filamentary cosmic web 

•  incorporates nonlinear GR effects 

���
��
��

�����
�

�������
�����	�Λ

��


�
�����
��
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the Szekeres holes 

•  parameterized density profile with                  within 
interior 

•  sizes of 30, 45, and 60 Mpc structures to mimic 
largest structures in the universe 

•  maximum:                             minimum:  

A. Peel, M. A. Troxel, and M. Ishak, Phys. Rev. D 90, 123536 (2014)  23 
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⇢/⇢bg ⇡ 12 ⇢/⇢bg ⇡ 1.3



method 

Sachs optical 
equations 

n1 

n2 

D-  

D+ 

d✓

ds
+ ✓2 + |�|2 = �1

2
Rµ⌫k

µk⌫

d�

ds
+ 2✓� = �1

2
Cµ⌫↵�m

µk⌫m↵k�

expansion 

 

shear ✓ � = �1 + i�2

(Ricci) 

 

(Weyl) 
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null geodesic 
equation 



sanity check 

     reproduced results of spherically symmetric case 
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FIG. 13: On the bottom the luminosity distance dL(z) in the five-hole model (jagged curve) and the ΛCDM solution with
ΩM = 0.6 and ΩDE = 0.4 (regular curve) are shown. In the middle is the change in the angular diameter distance, ∆dA(z),
compared to a ΛCDM model with ΩM = 0.6 and ΩDE = 0.4. The top panel shows the distance modulus in various cosmological
models. The jagged line is for the five-hole LTB model. The regular curves, from top to bottom, are a ΛCDM model with
ΩM = 0.3 and ΩDE = 0.7, a ΛCDM model with ΩM = 0.6 and ΩDE = 0.4, the best smooth fit to the LTB model, and the EdS
model. The vertical lines mark the edges of the five holes.

from FRW results that we do. First of all, we note that we are able to reproduce their results using our techniques.
The difference between their results and ours is that our model has very strong nonlinear evolution, in particular, close
to shell crossing where we have to stop the calculation. The authors of Ref. [9] also used smaller holes with a different
density/initial-velocity profile. This demonstrated that a large change in observables may require either non-spherical
inhomogeneities, or evolution very close to shell crossing. (We remind the reader that caustics are certainly expected
to form in cold dark matter models.)

Let us return now to the reason for our results. As we have seen previously, due to spherical symmetry there are no

Peel, Troxel, Ishak, Phys. Rev. D 90, 123536 (2014)  Marra, Kolb, Matarrese, Riotto, Phys. Rev. D 76, 123004 (2007)  
25 
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various ways to traverse a hole 

‘radial’ paths: 

 π direction π/2 
direction 

3π/2 
direction 

arbitrary: 

 

26 

LCDM 
 
QUESTION 
 
SZEKERES 
 
GROWTH 
 
LIGHT PROP. 
 
SWISS-CHEESE 
 
SUMMARY 
 
FUTURE 



single hole ‘radial’ paths 

A. Peel, M. A. Troxel, and M. Ishak, Phys. Rev. D 90, 123536 (2014)  

�µ = µ⇤CDM � µSwiss�cheese
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multiple randomized holes 

A. Peel, M. A. Troxel, and M. Ishak, Phys. Rev. D 90, 123536 (2014)  
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statistical results 

A. Peel, M. A. Troxel, and M. Ishak, Phys. Rev. D 90, 123536 (2014)  29 
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magnification expectation 
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•  explored two applications of Szekeres models to 
precision cosmology 

•  found larger growth rate in MDE compared to FLRW 
and spherical collapse 

•  showed best-fit Szekeres model fits growth data as 
well as the standard model but with different 
parameters 

•  built a Swiss-cheese universe model with exact and 
nonlinearly evolving holes 

•  studied effect of inhomogeneities on distance 
measures 

•  saw           and          too small to induce systematic 
bias in Hubble diagram 

summary 
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future possibilities 

•  explore constant M notion in class II models 

•  build statistically homogeneous class II model     
(where             ) 

•  compare results to higher-order perturbation 
theory 

Improving the Swiss-cheese model: 

•  different hole density profiles 

•  more realistic hole sizes and distribution 

•  relax exact matching condition à different 
statistics? 
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  Thank you! 
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